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IIpeaucioBue

JanHoe yuebHoe nocobue HaluCaHO aBTOPOM Ha OCHOBE MHOTOJIETHErO
ONBITA MPENoAaBaHuHs OBLIEr0 Kypca TEOPeTHHECKOH MeXaHHKU Ha (dusnye-
ckoMm dakyabrere MY umenn M. B. JlomoHocoBa cTynentam-dusukam 2-ro
1 3-ro kypcoB. COOPHHK COAEPKUT MAKCHUMAIBHO 10APOOHO pa3obpaHHbIe De-
neHus cpbiire 50 33134 [0 OCHOBHBIM Pa3JenaMm Kypca, KOTOPBIE HO3BOJISIOT
Ha JOCTATOYHO I1Y6OKOM yPOBHE NO3HAKOMHTH YUTATENS ¢ OCHOBHBIMM I10-
HATHAMH M METOJaMM Kiaccudyeckolt Mexanumku. OCHOBY mocobust cocrasas-
10T HauboJlee THNHYHBbIE KIACCHYECKHE 33349l [0 TEOPETHYECKOH MeXaHuKe,
NO3BOJSAIOIME IPKO NPOJAEMOHCTPUPOBATE MX npumerenue. [locobue cozna-
BaJIOCh, TIPEXKAE BCEro, KaK METOJMYECKOe PYKOBOACTBO IS CAMOCTOSATE b~
HO# pabOThl CTYIEHTOB B IIPOLECCe IIOATOTOBKY K CEMHHAPCKUM 3aHATHSAM,
KOJIOKBHYMaM, 3a4eraMm H sxk3amenam. Ilepen xaxxnoft TeMolf kpaTko npu-
BeJeHB OBIHe METOANYECKNE PEKOMEHAAIMHN s PELieHns 344, KOTOphIe
B JaJbHeRIeM Ha KOHKDETHbIX NMPUMepPax MaKCHMAJbHO AETANbHO MOACHA-
10Tcs. Bee BBIYHMC/IEHHST H BBIKJIAJAKH [IPOBEJEHBI JeTajdbHeHIunM o6pazoM,
4TO6B NOKA3aTh KPACOTY UCHOJIb3YeMOro MaTeMaTHueCKOro annapara 1 Teo-
PETHYECKMX KOHCTPYKLMH, C OJHOH CTOPOHBL, 1 OPOCTOTY M3JIATAEMbBIX METO-
JIOB, ¢ ApyTo# cToposbl. ITocobue coCTaBIeHO ¢ PACYETOM TOTO, YTO YHTALe]b
yXKe O3HAKOMJIEH ¢ OCHOBHBIMH (DAaKTaMM U3 TEOPETHYECKOTO MATEPHAJa 1O
u3y4aeMoii Teme (Ha OCHOBE JIEKIMOHHOTO KypCa, YueOHUKOB U 1p.), JeTaiau
KOTOPOIO ¥ NpOpabaThiBalOTCS B TAHHOM DYKOBOJACTBE HA KOHKDETHBIX TIpH-
Mepax. ABTOD He CTABWJI LIEJIH HANMCAHUS BCEOOBEMIIHBAIOIIETO H3ZAHUS.

Kuura opHeHTHPOBaHa HpeXKJe BCEro Ha CTYAEHTOB 2-r0 M 3-r0 Kypca
dusuueckoro daxynsrera MI'Y. ABrop nHajzeerca, 4TO JAHHAS KHUIA OKa-
JKETCS TIO/IC3HbIM JOHOJHEHHEM K CYUIeCTBYIOIUM y4eOHBIM nocoGusm 1o
TEOPETHYECKONR MeXaHWKe He TOJIBKO jjis YYallUXCsl, HO U IS ACIHPAHTOB,
NPOXOASILIMX NEJArOTMYECKYI0 MPAKTHKY, & TakxKe [penojasaresel, nery-

HIMX CEMUHAPDCKHE 3aHATHA 110 TE()peTI’l‘IeCKOﬁ MeXaHHKe.

ABTOp BHIpaskaerT OrpOMHYI0 NPU3HATEIBHOCTL CBOEMY KOJLIETe NOLEH-
ty Qubre Cepadumosne IlapioBoii, B3sBuiell Ha ceba HeserkKuil TPy BHH-
MATEJBHOIO YTEHMS DPYKOIHCH M €€ KOPPEKTYDPy, 3a OBCTOATE bHbIH pa3bop
paboThl H Psii HHTEPECHBIX TPEJIOKEHUH, KACAOUMXCA METOAMYECKHX 0CO-
Gennocrell cOOPHUKA, IIEHHBIX COBETOB M IOJIE3HBIX 3aMEYaHU#, BO MHOIOM
cnoCOBCTBOBABUIMM Y1y UIIEHHS JAHHOTO HOCOOHUS.

Aprop OyzseT NpU3HATEIEH BHUMATEIbHOMY YHTATEJ1I0, OOHADY KUBLIEMY
OTIeYATKH, HETOYHOCTH B TeKCTe KHUrd. IIpockba BCe 3aMevaHus u npeyio-
JKEHUS [0 COAEPKAHUIO JAHKOIO yueBHOro nocobust npuchliiaTh Ha 31€KTPOH-
HbLt agpec: ab.pimenov@physics.msu.ru.



I'nmasa 1

KunemaTuka marepuaibHON
TOYKU

Ob6mpe peKOMeHJAIIUHA.

BonbumMHCTBO KHHEMATHYECKHX 33434 NOCBAIIEHB HAXOMXKIAEHHIO 3aKOHA
JIBUJKEHUS MEXaHMYECKHMX CHCTEM U PElIalOTCs [IyTE€M COCTABICHMS CHCTEMbI
nuddepernuanbubX ypaBHenuit. Jast aToro, cHadana HeobxoauMo onpese-
JIUTHCA ¢ BBHIOOPOM KOODIMHAT, B KOTOPBIX yA06HO fyner pemars 3amaudy.
OBmux ¥ yHUBEPCAJIBHBIX PelenToB BHGOpa KOOPIMHAT, HaBEPHOe, He Cyile-
CTByeT. 3a4aCTyI0 NPHUXOLUTCS IEHCTBOBATL METOAOM Npo6 ¥ OmMBOK: Bhi-
6paTh, K IPUMEDY, /IeKAPTOBBI KOODAMHATHI, OMBITATLCS COCTABUTL CHCTEMY
YPAaBHEHHH; eC/ld CHCTeMa OKa3blBAEeTCs CJOXKHOM Jyisi JajdbHeRulero pere-
HUsA, MOXKHO nonpoboBaTh BHOpaTh Kakune-1160 KPHBOJIMHEHHbIE KOODAHHA-
Tbl. TeM He MeHee 04eHb 4acTO COOOPAXKEHUSI CUMMETDHUH, IETAIN U JaHHBIE
B YCJIOBMM 33Ja9H MHTYHTHBHO HAaBOAST HA PALHOHAJbHbLIN BHIGOD CHCTEMB
roopaunar. Korga koopaunaTe! Boifpanbi, HeOBXOUUMO 1103a60TUTHCS O Bbi-
DaKeHusX JUld KHHEMATUYECKMX BEKTODHBIX BeJM4YMH (Paiuyc-BEKTOD, CKO-
POCTb, YCKOPEHME U T.J1.) B BHJIE PAa3/I0KEHHs [0 JOKAIbHOMY 6a3HCy COOTBET-
cTBylomelt cucrembl koopauuar. Cucrema auddepeHuyaibEbIX yPaBHEHHI
HOJIy 48eTCA 1yTeM NPUPaBHUBAHUS KOIGDODUIMEHTOB Pa3/I0sKeHUT 33 1aHHBIX
B YCJIOBHM 33434H BEKTODHBIX BEJIMYHMH IIPH COOTBETCTBYIOIIMX OPTaX BHI-
GpaHHOM CHCTEMB! KOODAMHAT.

3amaua 1.1. Touka gBuakercss B NJIOCKOCTH TaK, YTO YrOJ MeEXy ee
BEKTOPDOM CKOPOCTH M PaAUyC-BEKTOPOM BCE BPeMsl OCTAeTCsl NOCTOSIHHBIM U
paBubiM «. HaliTi ypaBHeHue TPAEKTOPUHM TOYKH.

Pemenne.

Byaem pemaTs 3anady B NOISPHLIX KoOpauHaTax. U306pas3um Ha pucyH-
Ke PaJinyC-BeKTOP T, BEKTOP CKOPOCTH U, OPTHl €,, €, JOKaJbHOro Gasuca.
BenoME#M H3BECTHOE BbIPayKeHHe [JIsl BEKTOPA CKOPOCTH B BUJE Pa3Jfioxe-
Hus 110 6a3uCy NOJISPHOM CUCTEMBI KOOPIAMHAT:

T = pE, + ppé,. (1.1)

V3 pucyHka HaX0auM, 4TO IPOEKIMA BEKTOPA CKOPOCTH U Ha OPT €, JIOKAIb-
Horo Gasuca (pajualbuas COCTABISIONIAN BEKTOPa CKOPOCTH )

U, = UCos Q.
a IPOEKIUsl Ha OPT €, (TPaHCBEpCa/bHAs COCTABIISIOLIAs)
’U(p = —rvSsimnao.

IpnpaBuuBas ux koddopuunenTaM npu €,, €, B pasioxenun (1.1), nonyuaem
cucreMy AuddepeHIHANbHBIX yPABHEHMIA:

p = vCosa. (1.2)
p¢ = —vsina. ’

TlopeauM omHO ypaBHeHME HA APYTOe C LEebI n30aB/CHUS OT BPEMEHM, KO-
topoe dburypupyer B gjuddeperuuane dt B NPOU3BOAHBIX p. O
p_ dp/dt _ dp

- = = = — ctga. 1.3)
p  pdp/dt  pdp ° (13



Pa3zzensis nepeMennbie (IOMHs, YTO o = const), umeem

d
L —dp ctga.

D/leMeHTapHOEe MHTETPUPOBAHUE NPUBOLHT K
Inp=—pctga+C. (1.4)

AngurusHas xosHcTaHTa C' MHTErPMPOBAHHS MOXKeT GHITh HaiilleHa M3 Ha-
YaJIbHBIX YCIOBHME (3aMETHM, B YCJIOBHM 33/Ia4d OHHM SIBHO He 334aHbI, HO
BCerza noApasyMenawres!):

p(to) = po, w(to) = o

TMonaras t =ty B (1.4), HaxoxUM
C =1npg + pp ctga.

B wurore, nocijie NOZCTAHOBKH HalIeHHON 81JAWTHUBHOM KOHCTAHTHI MHTErpH-
posayus B (1.4) ypaBHeHHe TPaEKTOPHH NPHMET BU;

() = poe—(/p - '\DO)Ctga_

Sagaga 1.2. 3asn Gexur 1o npamo#t co CKOpocThIO vy. ET0 HauwHaer
[PEeCJIeIOBaTh CO CKOPOCTHIO Uy cOBaKa, KOTOpasd B X04€ IOrOHHM BCera 6exkuT
B HANpAaBJIeHWH CTPOro Ha 3aliua. B HavanbHbIM MOMEHT BpeMeHH paccTosiHue
MeXIy HEMM DABHO @ M HAIIPABJIEHWS] MX JBUXKEHHUS OPTOrOHA/IbHbI. Haittu
ypaBHEHHE TPACKTOPHH CODAKM B CHCTEME OTCYETA, CBA3AHHOM C 3alleM.

Pemenne.

B cucreme orcyeTa, cBA3aHHON ¢ 3afilieM, BBEIEM OCH JEKAPTOBOH CHCTe-
Mbl KOOPAMHAT Tak, YTOOBI 3asl HAXOAWICH B HaYaje KOODAUHAT. 3alJady
OyaeM pemiaTh B HONSPHBIX KOODAMHATAX. BEKTOP CKOpPOCTH T3 COGAaKyM B CH-
creMe OTCYeTa, CBA3AHHOM ¢ 3aiiHeM, COIMACHO KJIACCHYECKOMY IPHHUMILY
CJIOXKEHMS CKOpocTel, MoxeT BBITh 3anucana Kax

-

vy = 172 - 1. (1_5)

~
€ €y
Mocaenoparensro npoenupys papescTso (1.5) Ha opTH JMoKambHOTO 6a3uca
€, N €,, HalileM COCTABIISIOUIME BEKTOpa s:
vs, = —vp+uisine, (1.6)
U3, = —UjCoSQ 1.7

C apyroit cTOpOHbI, pafnalbias ¥ TPAHCBEPCAIbHAS COCTABIIAIONINE BEKTODA,
B HOJIAPHBIX KOOpAMHATAX, KaK M3BECTHO, MOTYT ObITH 3aIlHCAHBI COOTBECT-
BEHHO Kak '

v = P, (1.8)
Vip = PP (19)

3
YaureiBas, 4TO @ = 5~ @, uMeeM cucremy ancddepeHNUaIbHbIX ypaBHe-
HUH:

P = —Ua — U1 COS P, (1.10)
pp = vy sinyp. ’

Togenus 01HO ypaBHEHHE HA ApYToe, nonyuuM auddepeHnuanbHOe ypaBHe-
HMe C ABYMSHA NE€PEeMEHHbIMH:

dp Vg 1
—_ = | = —4ctgp]. 1.11
pdy (vl sin gp) fhit)
Pazfenssi 1epeMeHHbIE U HHTEIDUDYH, IOJLYYHUM
dp %) 1
— == [dg|—= t : 1.12
/ P / ¢ (v1 sin g e gtp) ( )

UnTerpaist B NOSY4EHHOM DABEHCTBE BBIYUCIAIOTCH CTAHAAPTHHIM 00Pa30OM.
Hnrerpan ciesa:

d
/7” =lnp+Cy, (1.13)

9



Ilepsri#t mTErpan cnpaBa Gepercs AOMHOXKEHMEM YHCAMTENs M 3HAMeHaTe-
JIsL TOJBIHTErpasbHOM GYHKIMM Ha sin ¢ M BBEJECHHEM HOBOM NepeMeHHOM
UHTErPUPOBAHHUSA Y = COS @

/d<ﬂ :/singodgo__ deosp
sing s’ E™ :_Coszga = |y =cosyp| =
=_/__fi}/__="l/d 1,1
+n-u 2/ ¥\1+y 1)~
1. |14yl 1. |1+cosp|
=-=In [ N Y Sl
21—y s lel—cosw + G, (14

Bropoit unrerpas cnpasa:

cosp dsing
ctgpdp = f dp = / = Inlsi : 5
/ g dp o %) i Injsing| + C3.  (1.15)
Cobupas aaautusHbe KoHCTaHTH Oy, Cy, C3 B ogny C, 3auiieM pesyssrarT
UHTerpupoBanusi ypasrenus (1.11) B Buge:

1

™ — Injsinp| +C. (1.16)

Koncranty nnrerpuposanus C HaififieM u3 HayasIbHbIX ycaoBuit. T1o yeaosuio
CKa33HO, YTO B Ha4YajlbHbI# MOMEHT BpeMEHM { = ty HANPABNCHHUS JBMIKCHHUS
3afina u cobaKy NeprneHIUKYIAPHBI, YTO 03HAYAeT

3r

@(to) = >

H pacCTOsAHHE MEXKJAYy HHMH DaBHO Q, 9TO 3KBHUBAJEHTHO
p(to) = a.

Tlosromy, nonaras B (1.16) t = t;, naltmem
C=Ina.

OKOH‘{aTeJIbHO, HCKOMO€ ypaBHEHHE TPAeKTOPUM IPHMET BUI:
Vg
2’(11 1

|sin ¢p|

. 1+ cos
) = 11_00522

(1.17)

10

3agaua 1.3. Touka onuchiBaer Kapauouay p = 2a cos? £ Takum ob6pa-

30M, 9TO €e PAJMYC-BEKTOp BPAILAETCs C NOCTOSHHOM ckopocTbio w. Haditu
BEKTOp CKOPOCTH M BEKTOP YCKOPEHMst TOUKM KaK (yHKuuu yria (.

Pemuenne.
[TocToSHCTBO YrJOBOH CKODOCTH BPAlEHUs PaiuyC-BEKTOPA IKBHBAJIEHTHO
YCJIOBHIO

P =w. (1.18)

Ky

O

TlepernmuieM ypaBHEHUE TPACKTODHM B SKBHBAJECHTHOM BU[E, NOHM3HB CTe-
lIeHb TPHIOHOMETpHUYecKoll dyHKIMU:
p =a(l+ cosp). (1.19)
BekTop CKOPOCTH B NOJSPHBIX KOODJMHATAX, KAK H3BECTHO, UMEET BUJ:
T=pe,+ ppE,. (1.20)
Juddepennupys ypaBHeHue TPAEKTOPUH (1.19) no Bpemenu, umeeM:
p= —apsing (1.21)

Yuurbias coornomenus (1.18) u (1.21), sexrop cxopocru (1.20) kak dyHK-
LHIO YI/Ia (0 32IMIIEM KaK

#(p) = —aw sinp &, + a(l + cos p)w &,. (1.22)

Jlns HAXOM/EHHs: BEKTOpa yCKOpenHsi Heobxommo npomudbeperuspo-
BaTh HonyyeHHoe Bripaxkenne (1.22) zis CKOPOCTH.

L. d . o . 3
i=v=m (—awsin @ €, + a(l + cos Y)w €,) = —awp cos P €, —
—aw sin ¢ €, — awpsin p &, + a(l + cos p)w é,. (1.23)

11



IMpunnmas Bo Buumanue yciosue (1.18), nmeem:

G = —aw?cos &, — awsin p €, — aw?sin Y &, + a(l + cos p)w &,. (1.24)

Janee HeoGXOAUMO BEISICHHTB, YeMy PABHBI IPOM3BOAHbIE 10 BPEMEHHU OT BEK-
TODOB €,, €, JOKaJIbHOro 6a3nca MossipHON cucTeMbl koopauHar. Jis sToro
BCIIOMHHUM, 9TO OHHM PacKJIaJblBAIOTCA N0 BA3UCY AEKAPTOBOM CHCTEMBI KOOD-
JHHAT CJAEeLYIOIHM 06pa3oM:

-

€, = cos €, + sin p &, (1.25)
€, = —sinyé, +cosgé, (1.26)

TTockonbKy OPTBI AEKAPTOBOM CHCTEMBl KOODAMHAT €, €, He U3MEHSAIOTCS CO
BpEMEHeM, TO eCTh UX NPOH3BOAHEIE €, = €, = 0, ¢ yuerom ycmosus (1.18),

OyaeM HMeTb:
€p = —psinpe; + peospéy = Y&, =wé,, (1.27)
€p = —pCosp e, — PSiNPE, = —PE, = —wE,. (1.28)

Toraa seipaxcenue (1.24) Ana BeKTOpa YCKOPEHHS KaK DYRKUMY YINIA ¢ IIPH-
HUMaeT BUJ:

—~

2

(¢) = ~aw2(1 + 2 cos <p) &, — 2aw’sin  &,. (1.29)

3agzaua 1.4. Yacruna ABUAKeTCs 10 JUIMICY, 32JAHHOMY YDaBHEHHEM

2y
St E= 1 (1.30)
TaK, YTO BEKTOD €€ yCKODEHHs BCe BpeMs OCTA€TCH HAIDABIEHHBIM INapaJ-
JIENIbHO OcH y. HaliTn BenuuuHy yckoperust w(t') TOYKM B TOT MOMEHT, KOLAA
Ts(gﬁzmnara y(t') = b/3, ecan B navanbubit Moment z(0) = 0, y(0) = b
v = Yp.

¥

Pemenne.

OueBuaHo, 4TO B TOYKe LIKICA C KOOpAMHATAMH T = 0, y = b, 3aaaiomei
H3Ya/IbHOE NOJIOXKEHNE YACTHIIEI, BEKTOP €6 CKOPOCTH HANPAB/IEH [apaJslieib-
HO oci = (cM. puc.). TIpeAnonoxKumM, 4TO B TOT MOMEHT 4ACTHIA IBHIKETCS

12

B NOJIOXKUTENBHYIO CTOPOHY ocu z. Torza B Haya/bHBI# MOMEHT BpEMEHH
HMeeM:

3(0) =vy,  (0)=0. (1.31)

yt 7,

b/3F—---\
kll ‘ ,3/ ?

BexTop yckOpeHus U B AeKapTOBBIX KOODIMHATAX, KAK M3BECTHO, MOXET
6bITh 3aIMCaH B BUJE:

W = i€, + e, , (1.32)

ITo ycsioBuiO 3aa4d OH BCE BpeMsl OCTAercd HAlpPaBIEHHbIM BJOJb OCH Y,
YTO 03HAYAET PABEHCTBO HYJIO B OG0 MOMEHT BPEMEHH ero COCTaBJIsiomen
BAOJIb OCH Z:

#(t) =0. (1.33)

370, B CBOIO OYepe/b, IPUBOJHT K BHIBOAY, YTO NPOEKLHS BEKTOPA CKODOCTH
Ha OCh I OCTAETCA INOCTOSHHON M PABHOM, COMNACHO 32JAHHBIM HAYAIBHBIM
yesopuam (1.31) vy:

£(t) = £(0) = vo. (1.34)

/.

TTosromy Hama 3a7a4a CBOTUTCH K HAXOMXKAEHHIO 3HAYEHUS §j B MOMEHT ¢
[@(t)] = 1§t (1.35)
TIpoauddepenuyupyem ypasrerue Tpaekropust (1.30) no Bpemenu:

z(t)a(t) | yt)yd) _
a? * 2

4TO, IPMHUMad BO BHEMaHue ycaoBue (1.34), MoxeT 6bITE 3aIMCAHO KaK:

0, (1.36)

s y®ut) _ (1.37)

a? b2
13



[Tponuddepeniupobas no Bpemenu emie pa3, 6yaeM UMeTh:

x‘(;lvc AV +b:g(t)i/'(t) _0 (1.38)

Yeaopre (1.34) no3sosiser NepenucaTs MOCAELHEe COOTHOLIEHHE B BHUJE:

2 -2 .
Y, ¥o(8) + y()y(t)

e + = = 0. (1.39)
Vimenno orcrona Ml MMeeM BO3MOXXHOCTb BBIPA3UTh BTOPYIO NPOM3BOIHYIO
ODAMHATHL YACTHMLBI §j:

" 1 [v2p?
T} i o s | B - )2
() "o ( a2 TV (t)) (1.40)
Benwuuny y(t) naiinem u3 pasencrsa (1.37):
3 bz’Uo .'L(t)
TV e et
y(t) 2 70 (1.41)

IToaromy

a1 (w0 (P 2)) | 1 o b2 22(t)
" y(t>(a2 () W)“@Tt)?‘lf‘(”a‘zy—z@)-

2 .
Bripaxcas z° u3 ypasresus sjmnca (1.30), oxonyaTesibHO HAXOIUM:

. 1 v2p? b — 2 (t) v2bt
i) = - 775 5 1 - J
0 @ 70 e
3HauuT, B MOMEHT Bpemenu i/, B KoTophilt y(t') = b/3, GyaeM uMeTh:
o vgb* 27vdb
it = — o Tr i (1.43)

To ecrb MOAYJIb BEXTOPA YCKOPEHUS B ITOT MOMEHT, COTJIACHO COOTHOMICHHIO
(1.35),

27udb

)| =~

(1.44)
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I'maBa 2

Meron Jlarpamxka

2.1 @ysHKuMA 1 YypaBHeHus Jlarpanxa

O6umme peKOMEHJalum.

Pemenne nioboit 3a1auu B PaMKax J1arpaHxKeporo GhoMain3ma HauMHa-
erca ¢ nocrpoenms Jarpamxuana (dyuxuuu Jlarpamwxa) paccMaTpuBaeMoii
cucrembl. s 3T0r0 HEOOX0UMO IPEXK e BCEr'o OTBETHTH HA J(BA BONDOCA:
1) ckonbko crenenelt cBoGons umeer cucrema’

2) kakue 06O6MmEHHbIE KOOPAMHATHL PAIMOHAIBLHO BHIGDATS MIs OAHO3HAYHO-
O 3aJaHHA NOJOMKEHUs TeNl CHCTEMbL?

Jna orsera Ha nepsblil Bonpoc OPMAIbHO MOXXHO NPUMEHUTh COOTHO-
WeHMe 115 9uciIa crenedell ceobompt: s = 3N — K|, rae N — 4ucI0 Marepu-
aJIBHBIX TOYEK, 3 KOTOPBIX COCTOUT cHcTeMa, K — 4mucao ypaBHeHuil ro/o-
HOMHBIX cBszeit. Ho 1j1s 3TOr0, B 4aCTHOCTH, TPUAETCH ABHO BHIIMCHIBATD BCE
ypaBHeHst FOJIOHOMHBIX cBasell. Janie Bcero K 3ToMy BONPOCY NOAXOAAT Me-
Hee CTPOro: YHCI0 CTeleHeli CBOGONB — 3TO MEHMMAIBHOE YHCIIO HE3ABHCH-
MBIX KOOPXHMHAT, HEOBXOAMMBIX JJIsi OJHOSHAYHOIG 33JAHMS NOJOKEHAS BCEX
Ten cuereMst B J060# MoMenT Bpemeny. Ha uHTyuTnBHOM ypoBHE HeoGxo-
JIMMO NIOHATH, CKOJBKO M KAKUE HYKHO BBECTH KOOPAMHATH! B MHHUMAABHOM
KomuecTBe, 4To6bl (PUKCHPOBATL HOJIOMKEHHST BCEX TEJl CHCTEMBI B KaxK bl
moMeHT BpeMenu. J{ns OTBeTa Ha BTOpOH BONPOC, B IPHHIMIE, HET HUKA-
KEX orpasuyenui, nump Ob BBeNEHHbIE KOODAMHATH Obliii HE3ABUCHMBIMY,
B WX 4HCAO COBHAIAJIO C uMcioM crenexelt cpoboant cucrembl. Onmako He
cTouT 3abBIBATE O COOOPAKEHUAX PALMOHATILHOCTH, YUYUTHIBAIOUAX, K NPH-
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Mepy, cammeTpur cuctembt. OT yaaunoro Bbibopa 0600LIEHHEIX KOOPAMHAT
3aBHCUT YCIIeX pellleHus 3aJa4n.

Hasa nocrpoenuns dpynxuun Jlarpanxa HeoGX04UMO PaCcCMOTPETh IIPOM3-
BOJIBHOE OTKJIOHEHHOE COCTOSIHHE CHUCTEMBI, J|Isi KOTOPOro ClEeAyeT 3alucaTh
KHUHETHYECKYIO M NOTEHUIMAJIBHYIO S3HEPIUH ee TeJl, HAIIPUMED, CHaYyaaa B Je-
KapTOBbIX KOODAMHATAX. 3aTeM, Hallle M3 YHCTO reOMETPUYECKHX coobpa-
JKeHMil, yCTaHABJINBAs CBA3b JEKAPTOBBIX KOODAMHAT € BHIOpaHHbIME 06006-
LIEHHBIMY, B KOHEYHOM KTOre, HeOOXOZHMMO KMHETHUYECKYIO ¥ NOTeHIMATbHYIO
JHEpI'vy NEPENUCATb B TEPMUHAX 0B0OIEHHBIX KOODIMHAT.

Cneayet TakaKe NOMHHUTL O TOM, YTO HAJIMYUE B CHCTEME NMCCHIATHBHBIX
cus1 (CUT TpeHUS, CONPOTHBJICHUS) HE OTPAYKAETCH HA BUJE JIarPaHKUAHA CH-
crembl. [TosTomy npu nocrpoenun pyskiuit Jlarpanka TaKMX CHCTEM MOMXKHO
3a6biTh npo ux npucyTeTBHe. O HUX HEOOXOAMMO BCIOMHHTH IIDH COCTaBJIe-
HUM YpaBHEHKH NBMKEHUS: CHJIE TPEHUSA JAI0T O cebe 3HATH B IPABBIX YACTAX
ypasHenu#t Jlarpanxa B BHAe 0GOGIIEHHBIX JUCCUNIATUBHBIX cul QF, BRIpa-
2KEHUs A/ KOTOPBIX CJEAYeT CTPOMTb OTAEJLHO COMNIACHO MX ONpeAeeHUI0
Y, B KOHEYHOM CY€Te, NIPeJCTABUTh KaK (DYHKIMM HE3ABUCHMbIX BbIOPAHHBIX
00OBIEHHBIX KOODAMHAT ¥ UX NMEPBBIX MPOU3BOLHBIX.

Oyukiusa Jlarpanxa apnserca QyHknuel oGOOLIEHHBX KOODAHHAT ¢; U
obobuiennpix ckopocrelt ¢; (1, BooGuwe rosopsi, u BpeMenu t). Ilosromy npu
TOCTPOEHHH JIArPAHKHAHA C/lelyeT IIPOC/IeAUNTD, YTOOb HUKAKUE APYIrUe KO-
OpPAMHATH U HEPEMEHHbIe, KpoMe 00OOIIEHHbIX, HE OCTAJNCh B OKOHYATEIb-
HOM BbIPAXKEHMHU.

Sazaya 2.1.1. ITocTpouTs JarpankKnal MaTeMaTh 4eCKOT0 MAATHHKA MacC-

coft m ¢ AJMHOM HHTH [, COBEPLWIAIOIIETO IJIOCKOE [IBMIXKEHME B OIHODOI-
HOM M IIOCTOSIHHOM II0J1€ TSUKECTH § 1OJ NEHCTBMEM CHJIBI CONPOTHBICHMS
Feonp = —3¥. 3anucars ypasnenue Jlarpansa.

Pemenne.

CoBepUIEHHO OYEBUAHO, YTO JJid 33JaHHsA HOJOXKEHUS TOUYEYHOR Macchl,
COBepLIAIOIIEH MIOCKOe NBUKEHHE HA HUTH NOCTOSHHOM JJIMHBI, JOCTATOYHO
BBECTH OJHY KOODIMHATY, HallpUMeED, yToJi OTKJOHEHHSI HUTH OT BEPTHKAJIM.
10 03HAYAET, UTO JAHHAH CUCTEMA UMeeT ONHY CTeNeHb CBOOOJLI.

Opnako JJ1s NOJHOTHI KAPTHHBL [OSICHUM, I0YEMY PacCMaTpPUBaeMasl CU-
cTeMa MMeeT UMEHHO OAHY CTeneHb cBOGOMbI, IOAX0s K BOMPOCY YUCTO dOp-
MaJtbHO. JI1s 9T0ro HeoBXOXMMO SIBHO BHIIUCATL BCE YDABHEHUSA 'OJIOHOMHBIX
cBsizeit. Boibepem ocH CHCTEMBI KOODAMHAT TAK, YTOOBI TOYKA KPEIJIeHUs Ma-
STHUKA HAXOIMJIACh B Hayase koopiuHarT. [IycTb MiOCKOCTH PHCYHKA COOT-
BETCTBYeT 3HA4YEHUI0 KoopAuHATH z = ( (0Ch z HalpaBieHa «HA HAC» ).

y

L L Z

|
F]
|
|

TTockoybKy MasiTHUK COBEPLIAET IJIOCKOEe JBM2KEHHE, KOOPIMHATA Z €r0 OCTa-
eTcsl BCersna MOCTOSHHON M B PacCMATDMBAEMOH cucTeMe KOOPJAMHAT PaBHOH
aymo. Hepacrsixkumas Huth obecnevnBaer MOCTOSHCTBO PACCTOSHUST MEXKAY
TOYEYHOR Maccofl W TOYKON KpeIvieHMs HUTH, TaK 4YTO KOOPJAMHATH I H Y
MasITHUKA B J11060# MOMEHT YAOBJIETBOPSIOT COOTHOLIECHHUIO:

22 +yf =1

TaxuM 0Opa3oM, ypaBHEHMs CBA3eil, HAJIOXKEHHbIX Ha PACCMATPUBAEMYIO Me-
XAHHYECKYIO CHCTEMY, MMEIOT B!

{ z=0, 2.1)

2+ y? =12

TO eCI'b UHCJIO YPaBHEHUi rONOHOMHBIX cBszelt K = 2. A mocKosnbKy cucreMa
COCTOMT M3 OZHOM MaTepHasbHOi Touky (N = 1), mosToMy HMeeMm:

s =3N -K=3-2=1,

TO €CTb MATEMATHYECKUN MasITHMK HMeeT OJHY CTelleHb CBO60,HJ>L
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BriGepem B KauecTBe eIMHCTBEHHON OGOOIEHHON KOOPAMHATBI YKa3aH-
HbI yroJs orkyoHenust HUTH . CileayeT NOMHHTBL O TOM, 4TO, KaK U jobas
KOOD/MHATS, BBEJEHHBI! HAMHM yTO/l & UMEET ONpeJe/NeHHOE HAIPABJICHHE OT-
cueta. ITosTomy Heobxonumo ero ¢bukcupoBaTh 1 celsi, TOCKOAbKY, 3HaKM
KOODAMHAT OyAyT CYIECTBEHHBIMH IPH IIOCTPOEHMH Jarpamykuana. Ilycrs
NIOJIO’KUTEJIbHbIe 3HAYEHHS YA (@ COOTBETCTBYIOT OTKJOHEHHIO MAasITHHUKA
BIPABO OT BEPTHKAJHM, OTPUIATEIbHBIE — BJIEBO.

14 nocTpoenus arpaHXKuana MasiTHUKA PACCMOTPHM IPOH3BOJILHOE OT-
KJIOHEHHOE OT BEPTHKAJM ero COCTOSHME, HANpHMep, M306paskeHHOe HA pu-
cynxe. CBsI3b [eKapTOBBIX KOODAMHAT Z, y ¢ 0606IeHHON «v YCTaHABINBACTCH
YHCTO FEOMETPHYECKH:

z = lsina,
{ ’ (2.2}

y = —lcosa.

Ansi paccMaTpMBaEMOr0 NOJIOKEHHS MAATHHKA, B CHJY Hamel 10roBopeH-
HOCTH O HaNpaBJeHWH oTcyeTa 0DOOIIEHHOH KOOpAMHATH, o < 0, mpu srom
x < 0,y < 0. loaToMy 4715 COTTIACOBAHHOCTH 3HAKOB v, T, Y B IPABBIX YACTIX
(2.2) gast & nocTaBNEH 3HAK «+», JJIA Y — 3HAK <—»,

Jubdepenuppys (2.2)no Bpemennu,

d
— (Isina) = lacos a.

;r =
dt
(2.3)
Y= % (—lcosa) = lasin o,
A1 KBaAPaTa BEKTOPa CKOPOCTH MAsITHUKA OVIeM MMETh:
v = 2%+ gt = 1262 (2.4)
A nmoroMmy KMHeTHueCKasi SHEPIUsl MaATHHUKA
a2
mu 1
T 1722
T = = —.2mla. (2.5)

[lorenumasbaas 3Heprust U MadATHHKA B IOJIe TSTOTEHHS] MOYKET OBITH
HalileHA M3 ONpPEJEIEHHH NOTEHLMAJBHBIX CHJ, KaK CHI, KOTODbIE MOTYT

BBITh PEJCTaB/IEHH B BHIE IPALMEHTA CKaJfpHOH DYHKUMH, HA3BIBAEMOH
NOTEeHIHAJOM HJ/IM NOTEHLUAJIbHOM d8eprueii:
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FP = _VU. (2.6)

B nammem cayuae nmoTeHIMAJbHAS CUJIA

A‘p — - —

F? = mg = —mge,,.
[TosTomy pasencTso (2.6), onpee/siomee NOTEHUUAIBEYIO IHEPIUIO, IPHMe-
HMTEJIBHO K HAlIEMY CJIy4aio, B JeKAPTOBBIX KOODAMHATAX NPMHUMAET BMIL:

—mgéy, = — ?E€+Qg-é'+aU?
96y = oz © 9y Y o8z *

TpupasnrBas kK03hDULUEHTH! IPH HE3ABUCUMbIX OPTAX €, €y. €, B DA3/I0XKe-
HHEX B JIEBOA ¥ NpaBOil 4acTsaX, NOLYHAEM CHCTEMY yDaBHeHui

ou
Eraa
ou ’ &
1 e mg, 2.7
ou
R
oMM H3 HauboJee MPOCTHIX PeLieHUuH KOTOPOro SIBIsSeTCs
U = mgy. (2.8)

OTMeTuM, 4TO 3HAK NOTEHIMAIBHOM IHEPTHUHN JKECTKO CBA3AH C HAIPAaBJIEHU-
em oceit ccrembl koopaunaT. Crejyer HOHEMATb, YTO MOCKO/IbKY NOTEHIHA
U 3amaercs cucremoit nucddepeHInaibHbIX YPaBHEH B YaCTHBIX NPOU3BOI-
HBIX, Mbl HE MOXKEM €0 OIPEAEINTb OAHO3HAYHO: BOOOLIe rOBOPH, K HalileH-
oMy pemtenuio (2.8) MOXHO A06aBUTH NPOU3BOJIbHYIO (DYHKIMIO BPEMEHH
f(t), ne napymus npu sToM TpeboBannii ypasuenul (2.7). Heonnosnaunocrs
HAXOXKIEeHHS TOTeHLUMAJIa MOJHOCTBIO COLJIACYETCs € HEeOQHO3HAYHOCTBIO B
ONpeeIHIH JIarpaHKKuana. [[03TOMY, KOHEMHO Ke, HMEeeT CMBIC] BhOMpaTh
Haubosee IPOCTHIE 10 BHAY X CTPYKTYPE YaCTHbe peweHus cucremsr (2.7)
AJis II0TE€HLUANA.

OnraKo /18 OICTAHOBKA HaiIeHHOrO NoTeHuyasa B pyuknuio Jlarpas-
3Ka IpexJe HeoOXOLUMO ero NEepeiucaTh B TepMHHAX 000OUIEHHOH KOOpau-
HaThl a ¢ yueroM (2.2):

U = —-mglcosa. (2.9)
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ITosTomy Jlarpar>Xuan MaTeMAaTHYECKOIO MASTHUKA UMEET BU:
C » 1 2.9
=T-U-= Eml &* + mglcosa. (2.10)

Jna cocrap/ieHus ypaBHEHHs IBUXKEHHS HeOBXOAMMO IOCTPOUTL 06OO-
WEHHYI0 AUCCUNIATUBHYIO cuity. HanoMHum, urto B camom obiieM ciiyyae oHa
onpeensieTcss PaBeHCTBOM

d = d 67;23
Q=) Fg- Fa (2.11)
B=1 qi

TJe HHIEKC ¢ HyMepyeT cTeneHn cBoGoabl U npoberaer 3HaYeHHus OT 1 10 § (8
Hallem ciyyae s = 1 M 0G0GIIeHHAs CIUIIa MMEET TOJBKO OfHY KOMIOHEeHTY),
CYMMHPOBaHMe BEIETCH 110 UHAEKCY /3, HyMEepYIOIEeMy MaTepHabHble TOYKH
C paJuyc-BEKTOPAMH Tg, U3 KOTOPBIX COCTOMT cucTeMa: 3 = 1, N (B Hamem

cayqae N = 1). [losromy gns Hauero masTHuka oGOGIIEHHAS ANCCHIATHB-
;
Hasl CHJIa

a_ fa or
Q? = N 9.
-, (2.12)
; ; \ Fd 3
IJe HbIOTOHOBa cHJa TpeHus F* = —J3¢. JIns nancHeHiero BbIYHCIEHUS

pacnuieM CKalspHoe npoussenenue B (2.12) B JeKapTOBBIX KOOPAMHATAX, 3
3aTem nepeiieM oT NEKapTOBBIX KOODAMHAT K 060BILEHHOH o

Ox 0
d __ pd a9y
=F;—+ F7=—=.
@ ? da oy da 215
C yuerom (2.2)
Or !
e = lcosa
oy Isi
aa = sin .
KomnonenTsi HbIOTOHOBOM JMCCHIATUBHOR CHIb C yueTom (2.3)
Fl=-B% = —pBléacosa, (2.14)
F: =—-py = -flasing,
Cobupast Bce BMECTe, OKOHYATENLHO [/1sl IMUCCHIATHBHON CHIIBL BYIeM HMeTh
Q% = —Jlécosa-lcosa — flasina - Isina = — 2. (2.15)
20

Hanomuum, uro ypapHenus JlarpaHaxa B o0leM cjlyuae 3aluChIBAIOTCS
caegyroummM obpasom:
4oL 0L _ (2.16)
dtd¢; Og ’ ’
1 mpeacTaBasoT cobolt cucremy auddepenunanbHbx ypaBHeruit (i = 1, s).
TIpuMEHHTENBHO K PACCMATPUBAEMOM HaMM MeXaHHYeCKOH cucTeme ¢ OQHOH
CTENeHbIo cBOOO/bI, €8 JAMHAMMKA OLIMCHIBAETCH OJHUM ypaBHeHueM Jlarpas-

Ka:

doL oL 4 .
i P ey
Jnddepenuuposanne narpasxunana (2.10) paer
oL \
é—c’—z = ‘o
r_ .. |
5. = “Mglsina.

[Mosromy ypaprenue apukenus (2.17) ¢ yuerom HaleHHONO BBIPAXKEHUS IS
06061mennoft auccunaTusHoi cwibl (2.15) npuMer BUg

% (mlzd) +mglsina = -3, (2.18)

4TO I110CJI€ NeJIeHU A Ha mlz 3KBHUBAJIEHTHO I[I€PCIIUCHIBACTCH B BUJE!

i+ 26+ sina=0. (2.19)
m l

3amaua 2.1.2 Teno maccoit m), NIPUKPEILIEHHOE K NPYXKUHE YKECTKOCTH
k., MOKeT CoBepIIATH KOJebaTe IbHOe J(BUKEHHE TOJIbKO BIO/b BEPTUKAIbHOH
CTOPOHBI YKECTKOro npamoro yria. Teno Maccoit m; NPUKPEIIeHo K [epBOMY
TeJly C TIOMOILBLIO HEBECOMOIO CTEDXKHS JIMHOM | M MOXKET IBAraThCs BIOJD
rOPU30HTANLHOM cTOpOoHHBI npaMoro yria. Cucrema Bpamwaelcst BOKpYT Bep-
THKAJIbHOM OCH B TI0JI€ THKECTH § = — g€, C NOCTOSHHOH JIuHeHON 1acTOTOR
v. TlocTpouTh JlarpaHXKuaH CHCTEMBI.



Pemenue.

Hnsa nayana onpesenum 49ucio cTeneHe# cBo6Goxst cucrems. OuesuaHo,
4TO JJIs OXHO3HAYHOIO 33JaHMsl I0JIOXKEHUSA IIePBOIO Teja, JABUKYIIErocs
BJIOJIb BEPTHKAJIbHON NPAMOM, NOCTATOYHO BBECTH OJHY KOODIHHATY BIOJb
aTol npsaMoit. 3a1aB NMOJIOXKEHHEe TeIa MACCOH 7y, TEM CaMBIM MBI 33,73€M KO-
- OPAMHATHI TOYKH KPEIIEHHS HEBECOMOIO CTEPXKH, K KOTOPOMY NPHKDEILIeH
Bropoii mapux. Hlapuk maccoit m; coBepiaer, Boobuie roBopsi, TpEXMEpHOe
JBHKEHHE, KOTOPOE, COMIACHO NPUMHUMIY CYNEPNO3UINY ABUIKEHUN, Mbl MO-
KEM Pa3J/IOKUTh Ha JBE COCTABISIONINE: [IJIOCKOE BUXKEHUE B BEPTHKAJIbHOMN
ILJIOCKOCTH PHCYHKa M YHMCTO BPallaTeJbHOE ABUKEHHE BOKDYI BEPTHKAJb-
HOH OCH C IOCTOSTHHO# YIVIOBO# CKOPOCTBIO w == 271, Bropas cocraBnsomasn
JBUKEHHSI [I0JIHOCTBIO ONpeJieleHa M JJIsi ONMCAHUS BPAUICHHS INADHKA He
Tpebyercs BBEeHUA KAKMX-IH00 0600ILEHHBIX KOODAMHAT, TOCKOILKY MBI 3a-
paHee 3HaeM, Ha KaKOH yIoJl IOBEPHETCsI T€JIO BMECTE C MJIOCKOCTBIC IIPSIMOIO
yIJIa BOKPYI' BEPTHKAJBHOM! OCH K JI060My MOMEHTY BpPeMeHH t:

pa(t) = wt + 0.

Ipn miockoM ApusKeHuy (BTOPast COCTABJSIOIAs ABUXKEHHUS) TEJIO OCTA-
eTcsl Ha OJHOM M TOM € DACCTOSHHE OT TOYKM KDCIUIEHHs CTEpIKHS, KOOp-
JMHATH KOTOPO# Mbl yrxe dbuxcuposasu. Clie10BaTeNbHO, IS OTHO3HAYHOTO
33/laHHS [IOJIOXKEHUA BTOPOrO Te/la INOMHMO y>K€ YHIOMSHYTOM KOODIAMHATHI
JU1 nepBOro Teta HeoOxonuMo BBecTH ele oaHy. Takum oBpasom, paccmar-
puBaeMas CHCTEMA UMEEeT JBe CTENeHH CBOGOIBI.

Cpa3y e CTAHOBHTCH OYEBMIHBIM DAUMOHAJIbHBIA BHIOOD 0BOBLIEHHBIX
KOOD/IMHAT. BBejieM CHCTeMy KOOPAMHAT TaK, YTOOH TOUKA KDEIIeHHs Ipy-
SKMHBI OK43aJ1aCh B Havase KoopauHar B xauecrse neppoit 0606menHoN Ko-
OpJAMHATH BbIGEDEM ¢ = Z — JIeKaPTOBA KOODAMHATA IE€PBOTO TeJsa, & BTO-
po#t ¢, = o — yroJ OTKIOHEHHS CTepxHa OT Beprukayu. OTMeTHM, uTO
B BHIGpaHHOH HAMH CMCTE€Me KOODIWHAT KOOPAMHATA z BCE BpeMA ocraercs
orpunarensholt (z < 0).
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Kunernyeckast SHEprusi MepBOro Tejia, COBEPLIAIOLIEr0 OXHOMEPHOE ABH-

JKeHHe BJOJb OCH 2,
1 1
T1 = —ml'uf = —TTL]_ZZ. (220)
2 2
,H,Jlﬂ OCTPOEHUA KHHETUYeCKOM! SHEPrHH BTOPOro Tejla BOCHOJIb3YEMCH
HM3BECTHbBIM PE3YJbTaToM JAJis KBajApaTa BEKTOpa CKOPOCTHM B LNUJIMHApHYe-

CKHX KOODAHHATaX:

1 p 1 .. 9.8, s
B=5 Motz = 5™ (p§ + phos + zg) (2.21)
BbipasiM HUIMHIPHYECKHE KOODAUHATH BTOPOTO Te/1a uepe3 BeesHbie 0600-
IIEHHbIEe KOOPJMHATH! 2, &

p2 = lsine,
m=z—lcosc

(momus npu aToM, uto 2 < 0). lucddepenuupys no Bpemeu,

P2 = lécos o,
% =z +lasina

u nogcTasnss B (2.21), noayuum

1
T2=—m2

5 I’6% cos® a + *w?sin® a + (2 + lasin a)z) s

N

1
=5m (62 + PPw?sin® a + Azasina + #). (2.24)
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HOTeHuH&HbHaH JHEPrus I1€PBOro TeJa B I10JI€ TATOTEHUS
Uy =mgz (2.25)

(B npaBOfi 4ACTH CTABUM 3HAK «~+», TAK KaK OCb 2 HANPABJIEHA BBEDX, CM.
sazaqy 2.1.1). ‘
Tlorennuanbyas SHepris BTOPOro Te/la B NOJe TATOTEHHS

Uz = magzy = mag(z — lcos ). (2.26)
IloTeruuannuas sgeprus ynpyro#t nedopMauuu npyKuHbl
1
Up = §k(AL)?, (2.27)

TOe yAJMHEeHHe NPYXMHBI [IpejcTapiser cobol, kak oObIYHO, PA3HUIYY AJHH
nedopmuposarnoit L u negedopmuposannott Ly npyxuus

AL =L — Ly,
B cny4ae nHamero Bbi6opa 0606IIEHHBIX KOOPIUHAT
L=z
Crano 6biTh,
Ui = 5 k(z - Lo)’- (2.28)

Cobupas BMecTe pesysibTaThl Ml KuHermueckux (2.20), (2.24) n noren-

uMaIbHbIX dHepruidt (2.25), (2.26), (2.28), sanuimem dbynkuuio Jlarpanxa pac-
CMATPHBAEMOM CHCTEMBL

B =T+ 8 By ~ Ty~ U (2.29)

B BUJE:
1 ; 1 . .
L= 3 (m1+ my)#? + 5 Mo (l20:2 + 12w?sin® o + 2l3asin a) -

—(my +ma)gz + moglcos o — % k(z — Lo)*.  (2:30)
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2.2 HuterpaJjsl IBUXKEHUS B MeToze Jlarpamka

O6mue peKOMEH aINu.

MeToJ HHTErpaJIOB JABUXKEHHUS SBIAETCH YIOOHBIM METOIOM PelUeHust 3a-
Jla4y Ha HAXOXKJEHWe 3aKOHA JBHXKEHUs cHcTeM. BMecTo Toro, uTobbl penmarh
cucreMy aubdepeHIHATBLHEIX YPABHEHHI BTOPOrO NOPAJKA, KOUMH SBJILIOT-
csl ypaBHeHusi Jlarpas)ka, pemiaeM CHUCTEMY yDaBHEHMit, COCTaBIEHHYIO K3
HHTErpajoB apuxeHus — IJuddepeRunaIbHbIX YDaBHEHU ePBOro NOpsii-
ka. OJHAKO H3J0 OHUMATh, YTO HE BCErIA YIAeTCsl MCIOJb30BaTh C yCIEXOM
3TOT MeTOJ. YCIIEX €ro NPUMEHEHUd, IPeXJe BCero, 3aBUCUT OT TOrO, Cy-
MeeM JI [OMYyYMTh 3aMKHYTYIO0 CHCTEMY M3 HHTErDAJIOB ABUKEHUS, TO €CTb
CYMEEM JIi MBI HaiTH CTOJIbKO WHTErDaJiOB IBUXKEHHS, CKOJIBKO CTeneHel
cBobogsl uMeer cucrema. lisi HEKOTOPBIX CUCTEM 3ITO CHENaTh He YAaeTcs
B npuHuune. s APyrux, €CiM MHTErpaJibl ABUIKEHMs HE OYeBHJHbLI Cpasy,
BO3MOXKHO, HMEET CMBICJI KaK-TO 1peoOpa30BaTh JIarpaHKuaH, IPUBECTH €ro
K TaKOMYy BHJY, KOTODBIH M03BosiMJ Obl HAfTH HEIOCTAIONIMe HHTerpanbl. K
TakuM JeficTBusiM ¢ byHKumei Jlarpanxa, K IpuMepy, MOXXHO OTHECTH:

1) npeo6pa3oBanue 0GOBIIEHHBIX KOOPAMHAT (BO3MOMHO, YTO NpH BHOOpE
Ipyrux 000GIEeHHBIX KOODJAMHAT JarpaHKHaH 3alMIUeTCd Tak, YTO CTaHyT
OYeBHJHbIMH HOBbl€ HHTErpabl JBHXKEHHH);

2) HCHOJIB30BaHME CBONCTBA HEOAHO3HAYHOCTH onpeenenus pyuxkuuu Jlarpan-
JKa: BO3MOZKHO, KAKHE-TO YJieHbl U3 JIArPAHKHAHa MOTYT OBITH NPEICTaB/EHBI

B BHJ€ NOJHOH NPOU3BOTHON 10 BPEMEHH pr f(g,t) or dysxkuuu 06061IEHHBIX

KOODIMHAT ¥ BDEMEHM, & [I0TOMY OTOPOUIEHBI.

He cToMT nyMaTh, YTO METOJ HMHTEIDAJIOB JBHKEHMsl HMKOUM 0OpasoM
He CBSI3aH M HE MMEeT OTHOLIEHMSA K YDaBHEHMsiM ABMxKeHus. VIHTerpasel
IBUKEHHS SBISIOTCA caeacTeuem ypasHenuit Jlarpanxa. VMenso sro o0b-
CTOSTEBLCTBO MIO3BOJISET IKBUBAJIEHTHLIM 06pa30M 3aMEHATH HeOOXOMMOCTh
peulenus ypaBHeHus Jlarpanaka Ha pellleHMe CHCTeMbl U3 UHTETPAJIOB JBH-
KEHUSI.

3agaua 2.2.1. [TocrpouTs BeIpazkeHue 47151 0600IUeHHOM S9HEPI UM U yPaB-
HeHMe JIBUMIKEHMS IS OJHOMEDHOM CHCTEeMBI, ONMCHIBAEMOl J1arpaHKHaHOM

22 kxﬁ

_ mi oble _ka? B
£= T+ae ¥ (.E 'yz) 5 (a,y = const). (2.31)
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HafiTu, ecii BO3MOXKHO, HHTEIDAJbl JIBUXKEHUS.

Pemenne.

IMockonpKy B JarpaHyxkuane dburypupyer oaHa o6obumenHas KOOpAMHATA
T, CHCTeMa UMeeT OJHY cTeneHb cBoGoap1. CiieloBaTebHO, AMHAMHUKA, JaHHOM
CHUCTEMBI OMKCHIBAETCS OLHMM ypaBHeHHeM Jlarpamxa:

doL ac
TpusuaibHoe quddepeHIMPOBaHNEe JarPaHKUaHa JaeT:
C
= —mi -t
% mz + ae” 7, (2.33)
oL
s P sas -t _
7 ave kx (2.34)

u ypasHenue JlarpaHrka NPHHEMAET BHJ

d
e (mi + ae"’t) +aye ™ + kz =0,

mi — aye " + aye " + kz,
mi + kz =0, (2.35)

B KOTOPOM MBI Y3HAE€M YPABHEHHE OJHOMEDHOI'O rapMOHMYECKOTO OCIHMJLIS-
TOpA.

Bunno, yro cnaraemele u3 ¢ynxnuu Jlarpanka (2.31), cogepkamue sKc-
NOHEHTY €~ !, He NPOSBJIAIOTCA B yPABHEHUM JBU2KeHM. [l B 3TOM HeT Huyero
yausureasHoro! HecnmoxKHO 3aMeTHTE, 4TO 3TH C/IaraeMble CBOPAauMBAIOTCS B
MOJIHYIO NPOU3BOJRYIO 1O BDEMEHHU

s (o -nr) = Flwe ) = Siw),  (36)

a II0TOMY, B CHJIY HEOJHO3Ha4HOCTH (byHKuUK JIarpansxa, He OKa3bIBAIOT BJIH-
SHUS HA, AUHAMEKY CHCTEMBI ¥ MOTYT GbITh 0T6poInens u3 Hee. Cre10Baresn-
HO, dyukuus Jlarpanxa

[="0 - (2.37)

ONHCHIBAET Ty XK€ CHCTEMY, 4TO M Jarpamxuas (2.31)!
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IIpu 3TOM OKa3bIBaETCs, YTO COCOIEHHAS IHEPI U, IOCTPOEHHAs 110 DYHK-
uun Jlarpanxa (2.31)

_.ac R .\ mE? ol z2
E~z5%-—£—m(mx+ae 7)—T—ae ”(z—’yx)+—2—-=
2 kz?
= E23—5-—+a‘yace_""+——;E— (2.38)

He SIBJISI€TCH MHTETPAJIOM ABUIKEHUS, IOCKOJBKY HOCTPOEHA IO JarpaHKua-
Hy, SIBHO 3aBUCAINEMY OT Bpemend (ayis Hee — # 0). B 1o Bpems xak 06006-

IEHHAas SHeprusl, nocTpoernast mo pyrkuuu Jlarpanxka (2.37), ve 3aBucsiei

‘

SIBHO OT BpeMeHH (JJisl Hee i 0),
~ 8L mi?  kz? 12 ke -
Bat— - il — e b & e ey (2.39)

oz 2 2 2 2 °
HAIPOTHB, SBJIHETCS UHTEI'DAJIOM JBUKEHMUS. '

Takum 06pa30M, HCCAEAYEMAs CHCTEMA UMEET UHTErpaJ asrxenns (2.39),
HeoueBMAHBI 10 BUAY ucxoaHOH dynkuuu Jlarpanska (2.31).

3anaua 2.2.2. Bycunka maccoét m; Moxer 6e3 TpeHMS CKOJIb3UTb IO
ropu3oHTaJbHOM cnune. K 6ycHHKe ¢ MOMOIIbIO HEBECOMOI'O CTEPXKHSA JJIMHbL
[, KOTOpPBIA MOXKET coBepIaTh KosieDaHUs B BEPTUKAJIBHOM MJIOCKOCTH, NPH-
KpeluieHa apyras GycuHka mMaccoil myp. CrucreMa HaXoauTCsl B BEPTHKAILHOM
OJNHOPOZHOM M TIOCTOSHHOM moJie TsixkecT ¢. Haiitu 3akon aBukeHus Oycu-

HOK B KBaJApaTypaXx.
m P
gl
ma
Permuenune.

Bo-nepBbix, onpesesuM 4uMc10 creneHelt cBobogpt cucrembl. OueBHaHO,
YTO JJis 3aJaHHA [IOJIOKEHUS NepBOoil OYyCHHKHM, ABHXKYIueiica MO rOpU3OH-
TaJIbHOM NPAMOM, AOCTATOYHO BBECTH OJHY KOODJMHATY, HAIDHMep, ee Je-
KapTOBY KOODIMHATY B/OJb MOPU3OHTAIBLHON Ocd. 33JaB NOJIOXKEHMe 3TOof
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6ycm{1(n, Mbl T€M CaMbIM B HEKOTOPOM CMBICJIE (bm(cnpyeM NOJIO2KEHHe TOYKH
kpemiennss HUTH. Cllen0BaTeNbHO, NOI0KEeHHe BTOPOH 6yCHHKHM, NOABelleH-
HOM Ha HUTH B DPUKCHPOBAHHON TOUYKE M COBEPINAIOINEH IIOCKOE JBUXKEHME,
MOKeET ObITH 331aHO I1Ie OJHO# KOODINHATON, HAIPUMED, yIJIOM OTKJIOHEHUS
HUTH OT BepTuKaau. VTak, cucTeMa UMeeT IBe CTENEHH CBOOOMbI.

Bo-Bropsix, BrifepeM ¢ KayecTBe ODOOLIEHBIX KOODAMHAT: ¢ = T — Je-
KAPTOBA KOODJAMHATA NepBoi OYCHHKH (OCH JEKAPTOBOH CHCTEME! KOOPAMHAT
YKa3aHbl HA DMCYHKE, HAYaJI0 KOODAMHAT €¢ HAXOOHTCH [Ie-TO Ha TOPH30H-
TAJbHOM CIHUUE), g2 = & — YTOJ OTKJOHEHHS HUTH OT BepTHKaju. [Ipu sroM
3313JMM IPABUIO OTCYETA YIJIA (@ OTKJIOHEHMIO HUTH BIPABO MYCTh COOT-
BETCTBYIOT 3Hauenusi o > 0, BJIeBO — 3HaueHusa o < 0.

Y

E%I

0

Ons nocrpoenns dynkuuu Jlarpamxka cucreMbl GYCHHOK DacCMOTPUM
IPOU3BOJIbHOE COCTOSIHHE, HAIpUMep, H300parkeHHOe Ha PHCYHKE (COLJIACHO
Haue# JOrOBOPEHHOCTH, ITOMY IIOJIO/KEHHUIO TEJI CUCTEMbI COOTBETCTBYET 3Ha-
yenue yria a < 0).

JexapToBbl KOOPAHHATH ByCHHOK

Ty = .

=0

Zy =gz +Isina, (2.40)
ya = —lcosa.

(mockosbKy AJIsE paccMarpuBaeMoro noJioxkenus GycuHox a < 0, TO 3jech

nonumaerce sino > 0, cosy < 0 ¥ pacCTAHOBKA 3HAKOB B IIPABEIX YACTSIX

OCyilecTBiIeHa M3 coobpaxceHult, 4T0 JOMKHO BHITL 2o < I, Yo < 0).
Iubdepennupys (2.40) no BpemMenu, umeem:
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i =,
n =0,
o =%+ ldcosa, (2.41)

72 = lasina.

Torna KMHETHYECKAS! SHEPTHS CHCTEMBI

7= %ml(is? +7%) +%m2(¢§+g§) =

1, 1
= g md? + 5 my (4% + 1267 + 2ag cos ). (242)

TloreHnpnaibHas IHEPrUs CUCTEMbL
U = migy; + magys = —maglcosa. (2.43)

Crano GbITh, JArPaHKHAH CHCTEMBI OYCUHOK, KaK Pa3sHOCTb KUHETHYE-
CKO} ¥ NOTEHIHAJILHON 3HEprui,

1 1
L= E(ml + mz)at2 +5Ma (l2a2 + 2léi cos a) +maglcosa.  (2.44)

s HaXOXACHMS 3aKOHA JBU2KEHMS BOCIOJIb3YeMCA METOAOM HHTErpa-
aos asmenus. C 970l uwenbi0 HalleM [Ba MHTErPaJa JABHXKEHMS, 4TOGHI
[OMYYUTE 3aMKHYTYIO CHCTEMY ABYX AuddepernuanbubiX ypasHennii OTHO-
CUTEJIbHO ABYX 0D0OLIEHHBIX KOODAHMHAT T, O

OueBuAHO, 4TO JarpasKuaH (2.44) siBHO He 3aBHCUT OT BDEMEHH:

oL
E_O

U [IOCKOJILKY OTCYTICTBYIOT AMCCUOauuu, To 06obuenHas sneprus £ cucTems
HBIISIETCS MHTErpaioM Jsuxenus. IlocTponm ee no ompeineneHuio:
aL oL
E=it—+b=——-L=
or o0c

. ((m1 + ma)E + mglc cos a) + - mg(l2d + l& cos a) - L=

i
8-

= %(ml + mg)a':"’ + %mz (l2d2 + 2léd: cos a) -

—mgglcosa = const.  (2.45)
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Ouesuano, 4To 0606IIEHHAS KOODJAMHATA I IJ1s CHCTEMBL C JlarpaHkuna-
HOM (2.44) sIBIISIETCS UUKIMIECKOM:

oL

— =0,

ox
4TO C yYE€TOM OTCYTCTBUS JMCCHNAUMA O3Havaer coxpaHeHMe 06OBIEHHOTO
MMIYJbCa Pz, COOTBETCTBYIOLIErO 3TON KoopauHaTe. Buipaxenne mis storo
MHTErpaja ABHXKEHUs HallleM 1o OnpeneseHuio:

oL
Bo =g = (my + ma) + mald cos o = const. (2.46)
3naueHust KOHCTAHT F U p, MBI MOMXKEM OIHOZHAYHO HANTH U3 HAYATLHLIX
YCJIOBMH}, 3aafoinX 3HAYEHHA OGOGINEHHBIX KOODIHMHAT %, M UX MEPBHIX
NPOU3BOJHEIX [0 BPEMEHH &, B HAYadbHbIA MOMEHT BpeMenu t = ty. lia

3TOrO NONOXKUM © = fp B NOJy4EHHBIX JUISi HHTETDAJIOB JBMIKEHHS BhIpaXKe-
nust (2.45) u (2.46):

E = E(#(to), a(to), alto)),
Dz = Pz (i‘(to), &(to). Ot(to)).
Teneps 6yiem cuuTATL H3BECTHBIMM 3HAUEHMS HAWIEHHbIX MHTECPATOB 1BH-
2KEHHUsi HECMOTPSI HA TO, TO ABHO HAYAIbHBIE YCJIOBUS HE 3a/aHEL.
O6benunsas pasencrsa (2.45) u (2.46) B cucTemy ypaBHeHuH, HPUCTYIHM

K HAaXOXK/JSHHIO 33KOHA ABIXeHnus. [as sroro Beipasum U3 (2.46) o6obwer-
HYIO CKOPOCTb &t

_ Pz — mplacosa

T my + mgy (247)
M NOACTaBMM B Bbipaxkenue (2.45) s 06obmiennoi SHEpruu:
(pr — malércosa)® 1 . - s
E = M2 ) +“'m212012+m2ld Pz — Mol cos o ——

2(my +my) 2 ma + My
—maglcosc, (2.48)

YTO MOCJIE 3JIEMEHTAPHBIX [1Pe0OPa30BAHMI 3ANMKIIETCS KAK

. P2 - myl? (m; + mysin® o

Z(ml +m2) 2(m1 +m2)

&* — magl cos . (2.49)
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Toay4eHHOe PaBEHCTBO npeacTaBiser coboil auddepenunanbHoe ypas-
HeHHNe OTHOCHTEbHO OHO# 0000IEeHHO! KOOPAMHATEL (¢ C Pa3esaouMHICs
nepeMeHHbLIMM. BBIpa3suM u3 Hero c:

r 2
© E — — Y l 1
e ’ 2(my + mz)( T, +770) + mygl cos a)
6= —=1= . (2.50)
dt \J mglz (ml =+ ma Sil’l2 a)

OTKyja, pa3fesss NepeMeHHble, U MHTerpupyst obe 4acT, IPHUXOIUM K Da-
BEHCTBY '

/dt =+ " - - +C. (251)
: ' P
2(my + mp)| E — ———— + myglcos o
l ( ! 2)( 2(m1 +m2) it )
\i mal? (m1 + My sin? a)

BMmecTo Toro, 4yrobbl MPUIHMCHIBATL AAJUTHBHYIO KOHCTAHTY MHTErPHPO-
BAaHMA, MOXKHO SKBUBAJIEHTHO 3aNMHCATh NOJIYYEHHYIO KB3APaTypy B BUJE MH-
TErpaJiop ¢ MpejeslaMM: Ha HIDKHHUX [PENEIaX CTOAT HavaJibHble 3HA4YEHHUS
IepeMEeHHBIX fg, (qg MHTErPUPOBAHHs!, HAa BEPXHUX — MTHOBEHHblE (TeKyLiue)
HX 3Ha4YeHUd.

/ﬂ:i/ e . (252)

2
to o 1 2(my + mge) (E - ——Z(m pi = + mggl cos a)
, 1 2
q mol? (ml + g sin? a)

®opMasIbHO JaHHBIH IEPEXON MOMHO [OHMMATh TaK: CyMMma 3HAa4eHui
WHTETPAJIOB HA HIMKHMX NpPEIe/iaX, NPEACTABISIIOIMX HEKOTOPbe KOHKpeT-
Hble KOHCTAHTBI, M €CTb MCXOAHAas a[JMTHBHAS KOHCTAHTA MHTErPUPOBAHMHA
B (2.51).

Papencreo (2.52) mpeacrasiisier cobo#t KBaApaTypy, ONpefe/Isiomyo 3a-
BUCUMOCTD (¢ = ((t) HesBHO.

Ecsu 651 HaM yaaioch HaATH ssBHBIM 06pa30M 3aBHCHMOCTDb (1}, Mbl NOA-
crasuiu 661 ee B pasencTso (2.47) u cMoriu Gkl €ro IPOMHTErPHPOBATDH, Hall-
[, MyCTh XOTh HesBHYI0, HO 3aBucumocth r(f). OfHako B HauweMm Ciy4dae
paBeHcTBO (2.47) He MOxKeT GbITh IPOMHTErPHPOBAHO.
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Jlns HaXoXKIeHHS 3aKOHA M3MeHeHus: 06o6eHHONR KOODAMHATHI T pac-
CMOTDHM OTHOIIeHUe 000BLIEHHBIX CKOpOCTel & 1 G

& _ dz/dt _dz

& dajdt  da’ (2:53)
[Tpunumas Bo BHMManue paBencrsa (2.47) 1 (2.50), nonyunm
dzx x — Maldc 4
== (p 2l cos a)/(my + my) (2.54)
o4 p2
2(my + E—-
N (ma mz)( 3l + 3] + mgygl cos a)

myl? (m1 + my sin? a)

Tloacrasasis ciona eme pa3 paseHcTso (2.50) 415t ¢ B YMCnATENE OCHOB-

HO# 1po6u, mosnyvaeM auddepeHunalbHOe yPaBHEHHE ¢ Pa3eisOIIMUCS
NePeMeHHbIMMU:

2
2(my +my) (E - a—(——pi———— ~+ magl cos a)
pz F mglcoso Ty + ly)

dos myl? (ml + my sin? a)
do l P2
2 E-——F ,
(mq + mz)( By + ] + magl cos oz)

*(m; + m.
( ! 2)\J m2l2 (ml + my sin2 C!)

Pasnenss nepemMeHHble i MHTEIPHpYA, NONyYaeM KBAJDPATYDY, ONPEeAes-
IOIYIO HEABHYIO 3aBHCUMOCTD T = z(¥): )

z

(my + my) /dr = (2.55)

o

i 2
2(my + mg) (E - -2-——-&——-— + magl cos a)
Pz F mal cos o (my + my)

«
=/da !
(23]

+

mel? (m1 + my sin? a)

3
P
2(my +mo)| E — ———=2——
(my z)( 2(ml+m2)+mgglcosa)

myl? (m1 + my sin® cx)
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Pasencrsa (2.52) u (2.55) u npeicraBasior coboi 3aKOH ABHKeHUs GyCH-
HOK B KBaJpaTypax.

Bribop 3HaKOB «t» B 9THX BBIPAKEHHUSIX ONPEAEJSACICH HANpPaB/ICHAEM
ABuxkeHust 6ycnHOK. B caMoMm jene, 3HaKH «k» ONpENensioT 3HaK o60binen-
HO# CKOpOCTH ¢ cornacHo (2.50). ITosromy B ciiyyae, ecim CHCTEMA ABRXKETCS
Tax, YTO YIoJ (v yBeJn4uBaercs (B aToM caydae ¢ > 0), B paBeHcTBax (2.52)
u (2.55) neobxoaumo 6pars BepxHue 3HaKku. B ciyuae, xorna cucrema nBu-
2KETCsL TaK, 4TO YI0J o yMeHbIIaeTcs: (B 3TOM Ciydae ¢ < (), Heobxomumo
6parTbh HUKHUE 3HAKH.

3apaua 2.2.3. MarepuanbHas TOMKA MacCOH . ABUKerCcs 110 cdepe pa-
auyca R B ogHOpOgHOM moJie TAroTeHust § = —ge,. Haiitu unrerpans npu-
JKEHUS 1 33KOH JBUXKEHMS] TOYKM B KBaIpaTypax. B xauecrse 060OLIEHHBIX
HCIOJIB30BATh UMJIMHIDUYECKHE KOODIUHATHI.

Pemenne.

ITockonbKy TOYKA HE CXOAMUT C MOBEPXHOCTH CEDPBI, ITO €NUHCTBEHHOE
OIDaHMYEHKE HA €€ IBUXKEHWE O3HAYaeT HAJMYHe CBS3M, YTO, B CBOKO Oye-
penn, noapasymMmenaer, 4YTo CUCTEMa UMeeT [IBe CTEleHH CBO6OILI>I. B YCJI0BUH
3aJ34M NPEJJIAraeTcs peliaTh 3a71a4y B IUJIMHAPUYECKMX KoopauHarax. Ho
npexxne HeO6XO,Z(YLMO BbIACHUTH, KaKH€ IB€ U3 TpeX p, .Z MOLYT 6blTb BbI-
Gpatbl B KauecTBe 000OINEHHbIX KOODAMHAT: HEOOXOAUMO OJHY U3 HUX MCKJIIO-
YHTh HA YPABHEHHH CBSI3M (TO €CTH yUUTLIBAS YDABHEHUE CBsi3K). B kayecTse
nocaeJHero BbICTYNaeT ypaBHEHHE ccbepbt B HUJIMHAPXWYECKUX KOOpJAUHATaX,
KOTOpOe OYEBHIHO W3 YMCTO reoMeTpUYecKux coobparkenuit (cM. puc.):

p*+ 22 = R?. (2.56)

2 p
" R
__8
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13 rero ya06Ho Bblpasurs p (Beab Beerna p > 0 B OTIMYME OT 2, IOITOMY, Bbl-
Pa3uB p K, TEM CaMbIM, OOBLABUB HE3ABHCUMON 2z, HE IPUUETCA 384YMbIBATHCS
0 BO3MOXKHBIX 3HaKaX KOOPJMHATHL p):

p=VR?- 22 (2.57)

Urak, B KauecTBe OGOGIIEHHEIX KOOPAMHAT BhIGUpaeM g1 =2ZHQG = .
IIpoauddepennuposas (2.57) no BpemenH, monyunm

1 1 23
= s~ 225) = P .
b= v (" 2) = = e
Ilosromy KMHETHUECKAS SHEPIMS TOUKH
T:ﬁ(p2+p2¢2+;"2)zz —2-2—23——4-[)25524-2'2 =
2 2 \R2-22

m [ R%3? .
=5 (’é’-’—-"? + p2w2) . (2.59)

HoTenuuasbuas sHeprus TOUKY B OAHOPOAHOM IHOJE TALOTEHUS
U =mgz. (2.60)
Ioaromy dyukuus Jlarpanxa PaCCMATPUBAEMO! CHCTEMbL MMEET BHA:

2,2
L=T-U= T_;‘- (%5+ (R? —z2)¢2) - mgz. (2.61)

Hautee 3afiMeMCs NOKCKOM MHTErpajioB Asuwxenns. Pynxkuus Jlarpamxa
ac
(2.61) s1BHO He 3aBHCUT OT BpeMeHH 5= 0 |. ¥ Tak kak 1o ycjiosuio 3aa-

4K OTCYTCTBYIOT JMCCHNaluy, obobmenHas sneprust £ gpnsercs unrerpanom
aswxenus. [loctporM ee no onpexenennio:

ac oL mR?z
E =2 pe— — L = 5 A 2_32 b — [ =
z&‘z'+(p6¢ L=3% R2~z2+¢ m(R )p L
= zn_izé_z_+m(R2 - zz) 5 + mgz = const.  (2.62)
2R-Z 2 AL b
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Hanee, oueBnano, o6oDieHHAS KOODAMHATA (o SABISAETCA IMKJIMYECKOi

-(;—L = O), a noToMy OOOOIIEHHBIN UMIYILC, i COOTBETCTBYIOIMM, SABJIS-
(4

€TCA WHTErpaJioM ABUKEHUS

oL

= 3 = m(R2 - zz)/j; = const. (2.63)

Dy

SHayeHus KOHCTAHT F, p, OJHO3HAYHO ONPEJEJISIOTCS Ha49aJbHBIME YCI0-
BHSIMHU

E=E(z¢.2)
t=ty

: ol

Py = PW(W, Z)

lt:tu

7

st peruenus cucremsl auddepenumaibibix ypaBHeHHHE, cocToswel u3
pasencrs (2.62) u (2.63), supasum u3 (2.63) 06OBLIEHHYIO CKOPOCTD ¢

o DB 2.64
1 noicrasuM B 0b6o6mennyo anepruio (2.62):
252 2
E e Fe + mygz, (2.65)

TR A)  Im(E =)

OTKY/la BhipaxkaeM 060BGIMIEHHYIO CKOPOCTD Z:

z

= j:_\j 2(R1721};222) (E = 2m(RI;i— ot mgz). (2.66)

Paznensis nepeMeHHbIe ¥ MHTETPUPYsl, NOJIY43eM KBaJAPATY DY, ONpPeaesisi-
IOLLYIO HEABHYIO 3aBUCHMOCTD 2z = z(1):

/dt - :t/z s . (2.67)

dz
dt
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s HaxoxeHus 3aKOHA M3MEHeHHs 0GOCLIEHHOR KOOpAMHATHL (¢ pac-
CMOTPHM OTHOIIleHME 0DOBIIEHHBIX CKOpOCTeH

Pe/m(R? — 22)
¢ _de _ . (2.68)
2 dz/dt  dz N ' 2(R2 — 2?) (

Py
\l mR? T o2m(R? - z%) e

OTKY/a [0C/ie PA3/E/ICHUS IePeMEHHbIX I HHTErPUPOBAHUSA HalJeM KBaipa-
TYPY

@ 2

. 1R2_ 2
/w:i/a, Po/mUE — 7)) . (2.69)
) 20

| 2(R? - 22) j1id
\J mR? (E S om(R2—z2) mgz)

KOTOpas OTpejeser HeABHYIO 3aBUCHMOCTh @ = (z),

B soipaxennsax (2.67) u (2.69) BepxHue 3Haku HaA0 6paTh B TOM Cayyae,
KOIJIa TOYKA JBUKETCSH IO [OBEPXHOCTH B CTOPOHY YBEJMYEHHS KOOPAHHATHI
z (nipu 3ToM Z > (), HMXKHUE 3HAKM — KOTAR ABHXKETCH B CTOPOHY VMeHblle-
Hust z (npu arom # < 0).

Pagercrsa (2.67) u (2.69) B oupenenAIOT 3aKOH ABMIKEHUS TOUKH HA MO-
BEpPXHOCTH Chepbl B KBAIPATypax.

3anaia 2.2.4. Crepxkenb Macchl m ¥ JJIHHbI | IIADHUPHO 3aKpEILIEH B
BEDXHEH TOYKe U MOXET COBEPIIATH IIOCKOE JBUKEHUE B BEPTHMKAIBLHOM 110-
Jae Tskecry §. [locrpouTs siarpasxuan cucrembr. HaliTu 3aKoH 1BUKeHus B
KBaJparypax B 00IIeM BUZE 4Jif IPOU3BOJIBLHOIO ABMYKEHHMS CTEPXKHA, 3anu-
cath ypasHenust Jlarpamxa. PaccmarpuBas vacTHbI# coydait Majbix OTKIIO-
HEeHMI CTePXXHHA OT BePTUKAJN, HAUTH 4aCTOTY MAJBLIX NHHeHHbIX KoseBanuil.

m,l il
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Pemenne.

S1a 33a4a APKO JEMOHCTPUPYET, KAK YMEHUE OIUCHIBATH AUHAMHUKY O/I-
HOM MATEPUAJIbHON TOYKH M03BOJSET IPOBOIUTEL UCC/ICIOBAHUE CHCTEM, KO-
TOpbIE MaTEPUAJIbHOM TOYKOH He siBasiorcsi. Kakoit 61 Hu Oblia cucrema
(maxxe cnonnas cpegal), MBI BCErja MOXKEM ee MBICJANTb Kak Habop (1ycTs
Aaxe ¥ GeCKOHEYHbIN) MATEPHAJIBHBIX TOYEK.

O‘{EBH,ZIHO, 4YTO 1A OJHO3HAYHOI'O 3aJaHUS IIOJIOKEHMS CTEPXKHHA C 3a-
KPEIVIEHHBbIM KOHIIOM M COBEPLIAIOIIEro MJIOCKOE JABHXKEHHEe, JOCTATOYHO BBE-
CTH yroJ €ro OTKJIOHEHMs OT BEPTHUKAJIH, TO CTb PACCMATPHBAEMAas CHCTEMA
HMeeT OJHY creneHb cBoboasl. B xauecrse 0600ImeHnON KOOpAHHATH Bhibe-
peM YKaBaHHbIﬁ yroJu . ﬂOI‘OBOpPlMCH, YTO OTKJIOHEHMIO CTEP2KHS BJIEBO OT
BEPTHKAJIH COOTBETCTBYET 3Ha4yeHHe yruia o > 0, BnpaBo — 3HaueHue o < (.

y

LLL L

day |

Jnsa nocrpoenust dynkuuu JlarpaHxka crep:KHs NpejCTaBHM €ro coCTo-
AuM 13 GECKOHEYHOTO YHMCJIa MAJBIX JEMEHTOB (TO €CTb MATepPHa/bHBIX
TOYEK) AAuHBL da ¥ Maccoft dm. Torza KMHETHYECKY0 M NOTEHUMAJIbHYIO
IHEPruy CTeDXKHS HalaeM CYMMHMPOBaHMEM COOTBETCBYIOIIUX IHEPruit maTe-
PHAIBHBIX TOYEK, U3 KOTOPLIX OH COCTOUT.

Beenem ocH cuCTeMBl KOODIMHAT TaX, KAK NMOKA3aHO Ha pHCYHKe. Pac-
CMOTDHM MaJiblii 9J1EMEHT CTepKHA da, HaXOAANIMHACA Ha PacCTOSAHHUU a OT
TOYKH €ro xpeiuienus. Ero gekapToBbl KOODIMHATHI, KaK CJIEAVET U3 YUCTO
reomerpudeckux coobparkeHu#t, MoryT 6pTb 3amMucaHbl yepe3 0GOOLICHHYIO
KOOpAMHATY ¢ CIEeAYIOUMM 00pa3oM (i1 M306pXKEHHOIO HA PHUCYHKE 110-
JI0XKEHUH, COLJIACHO HaleH HOrOBOPEeHHOCTH, & > (), B TO Bpems Kak ofe
KOODAMHATHI T, U Y, OTPUIATEILHB ):

Ty = —asine, (2.70)
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Yo = —acosa. (2.71)
Huddepennupys 110 BpeMeHH, HAXOLUM:

&o = —ac cos ¢, (2.72)
Yo = a&xsina. (2.73)
(OrMeTuM, 9TO AJ1si JAHHOTO 3IEMEHTA PACCTOSHHUE ( OCTATCS TIOCTOSTHHBIM,

HOSTOMy €ro He HykHO auddepennuposars.) [losTomy KuneTHueckas suep-
rusi d1° Masoro ssnemenTa da CTEpXKHS

_dm

dT 5

d
(82 +42) = -;—” a%G?. (2.74)

[Tonnaa KMHETHYECKAs JHEPTHA CTEPXKHS, KAK CYMMa DECKOHEUHO MasibiX
BKJIaA0B dT', CBONUTCS K MHTErpay:

; dm .
T = / 4T = /-2— a2, (2.75)
Hepei«’m,eM OT MHTEIDMPOBAHUA II0 Macce K HHTeI‘pHpOBaHH!O no AJuHe HC-
10/1b3ys TPUBHAIBHYIO Nponopumio (Macca dm npuxonuTes Ha Aauny da, B
TO BpEMSH KaK BCA MacCca m CTepXKHs pacnpeneseHa 1no ero aJuHe l)

dm=?da. (2.76)

Toraa, IOCKONILKY BBEJEHOE HAMH DACCTOSIHHE @ OT BEDXHEH TOUKH CTepXKHS
10 MaJIOTO 3JIEMEHTa OIPAHUYEHO YCI0BHEM

0<a<l,

VHTEIDAJ [0 JUIMHE — OIPENEJIeHHbI MHTerpa:
m l 1
- - 2.2 2.2
T—/dT—ﬂO/daaoz—-gmla. (2.77)

Iorenuyansras SHEPrus MaJloro sJjeMenta da

dU = dmgy, = —dmga cos a. (2.78)
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CyMMprﬂ, Hax04uM IIOTEHIMAJbHYIO SHEPrUiO BCErO CTEP2XKHA
U= /dU = —/dmgacos o (2.79)

Ilepexoas K MHTErpany Mo JUIHHE C NOMOMIBK COOTHOWEHNA (2.76), uMeeM:
™m ; 1
= =i g/daa cosa = —Emgl cos a. (2.80)
0

Crano GbiTh, JarpaHyKuaH CIrepKHs

1 ! 1
L= ml*&® + 5mglcosa. (2.81)
3aKOH JBMKEHUA CTEPXKHS HAMJEM METOJOM HMHTErpaJjoB ABHxenus. 1o
Buay Gynkuuu Jlarpanka OYeBMIEH HHTErpaj ABHXKEHHS — OBOBIEHHAsN
sueprus (GyHxuus Jlarpanixa SBHO He 33BMCHT OT BPEMEHH U OTCYTCTBYIOT
Auccunanuu). BeipaskeHue IJIs Hee IOCTPOMM IO ONPEAENCHUIO:
oL
E =0 = ,[: =
Oa
1

1 "
=@z mi*a — L = 3 mi*a? — -;—mgl cos o = const. (2.82)

Buiparkas orciona 0606IIEHHYIO CKOPOCTD -

. _da 6 , 1 i N
G=— = \/m_lf (E + 2mglcos a) (2.83)

U pa3je/ifs NepeMeHHble, [I0LyYaeM KBaJIPATYDY, OUPeAesIONy0 HeSBHYIO
3aBUCUMOCTS & = ot):

=3

E—tp=1 L. . (2.84)
& \/~§-—(E + £mgl cos a)
mi? 2
Ypasuenne Jlarpanxa 1/ CTEPHKHS
docL ac
it % e 2.
dt e Oa (R
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nocJjie TpuBKMaabHOro auddepenuuposanus Jarpatxkuana (2.81) sanumyres
KaK

% (%mlzc‘e) -+ %mgl sina =0, (2.86)
HJIM, YTO TO JKe CaMoe,
a + 32—? sina =0, (2.87)

B ciyuae manpix konebanuil crep)kHs, 4TO NOAPA3yMeBAET MAJIOCThH OT-
KJIOHEeHU S OT 110J102KEHH A paBHOBeCHﬂ (OT BeanKamx) yI‘OJ! & MO2KHO CUHMTaTb
GECKOHEYHO MaJIbIM:

a— 0.

Torza, BOCIOJIB30BaBIIUCh ACHMITOTHYECKOH opmyioi
sina ~ «,
nepenuieM ypabsHenue apuxenus (2.87) B Buae:

. 39
a 5 2.
a+ 2 0. (2.88)

YTO npejcTaBiseT cobolf YpaBHEHUE FapMOHUYECKMX Ko/eBanuil ¢ mukinye-
CKO# yacToro#
/39

W=V'§l—

2.3 IBuKeHne 3apsHKeHHBIX YACTHIL B 3JIEKTPO-
MarHUTHOM II0Jie

O6mue pexoMeHaMM.

JJist 10CTpOeHNSs JarDaHXUaHa 3aPSIKEHHOH YaCTUIbI, JABHXYLIeHCs B
3/IEKTPOMArHHTHOM IIOJIe, NpeXkae BCero HeobXomumo HalTH BEKTOPHME K
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CKa/1APHBIA [IOTEHUMAJIbL JIEKTPOMATHATHOrO 10151, Eciu peys uaer 06 oaHo-
POIHBIX U IIOCTOSHHBIX 3IEKTPUYECKOM U MATHHTHOM IOJSIX, TO MOMXKHO CPa3y
HCMOJIE30BATH H3BECTHDBIE PE3YILTATH JJIA MOTEHUMAIOB B PA3JMYHbIX Kaiub-
POBKax IpH pa3/iuyHOM Bribope 0Go6IenHbIx KoopAunaT. KoHe4no ke, Kak u
BCErJa, He CTOMT 3a0bIBaTh 00 y4Yere cus3ell, HAJIOKEHHbIX Ha, paccMarpuBae-
MYIO CUCTEMY, IeJIaf COOTBETCTBYIOUIME H3MEHEHUS B IIPUMEHSEMbIX Pe3yJib-
TaTax B COOTBETCTBUHM C YPABHEHHAMH cBs3u. Ecsim Xe sjexTpomarsuTHOe
110/1€ HEOJHOPOJAHO, TO HAJO OTAEJNBHO HAWTH BEKTOPHBIH M CKAJISIPHBIA IO-
Tenuual. IIpy aToM HEOGXOAUMO IOMHUTE, YTO IIOTEHLIUAND] JIEKTPOMAIHUT-
HOr'O [OJIS ONpeJesIeHbl HEOHOSHAYHO. DTa HEOQHO3HAYHOCTh COLMIACYETCs C
HEOJHO3HAYHOCTRIO B ONPEAEJNEHMH JarpaH:KkuaHa. Jannoe 06CTOATENbCTBO
NI03BOJIAET HAXOAMUTh AJIH yDABHEHHH, ONpeRe/sIOWNX MOTEHIHMAIbl, Haubo-
Jiee IIPOCThIE YAaCTHbIE PELIEHUs: YeM Npolle oHO Gyner, Tem mpome 6Gymer
Boiriagers ynkuus Jlarpanxa! Tenmeps yCIiexX pellIeHus 33/a4¥ 3aBHCHT
HE TOJILKO OT YJa4HOrO BbIGOpa 060GIIEHHBIX KOODAMHAT, HO M OT YJIA4HOI'O
BbIGOpa KaJHOPOBKH (TO €CTh YaCTHBIX PelIeHU) TOTEeHIUAIOB JJIEKTPOMAr-
HuTHOro noas. ITosromy, ecn, ckaxkeMm, pelnasi 33424y METOAOM HHTerpajos
ABH>KEHUS, He YaeTCsl HaliTH HeOBGXOAMMOe KOIMYECTBO HHTEIPAJIOB [BUAKe-
HHS, BO3SMOXHO, CJIe/(VET IONBITATHCA HAliTH MHOE YACTHOE pelleHue sl 110-
TEHIMAJIOB, TO €CTh UCHOJIB30BATh APYryI0 KaubpoBKY, B KOTOpO#t dbyHKIMS
Jlarpamxka renepb, Kk npumepy, 6yxeT umers HOBYIO IIMKJIMYECKYIO KOOD/IH-
HATY, 4TO [103BOJIMT HAHTH HEJOCTAXOMMI HHTErpas [BUKEHHS.

3azaua 2.3.1 Bycunka maccol m M 3apsgoM ¢ HAHH3aHA H3 TOHKOE
K0JIbLO pajuyca R, xoTopoe BpallaeTcs ¢ MOCTOSHHOM YIVIOBOM CKODOCTBIO
W BOKPYT CBOETO BEPTUKANHLHOIO AMAMETPA B BEPTUKAIBHBIX ONHOPOIHBIX U
IOCTOSIHHBIX 10JIE TSXKECTH § M MarHMTHOM noJte 4. CocraButs JIArPAHMKHUAH
HaCTHUBL U HANTH 33KOH €€ JBMKEHHA B KBaJIpaTypax.

Pemenne.

Cuavalia BbISICHUM, CKOJIBKO CTeneHelt ¢cBOGOABI HMEET Gycuuka. Ecin 6nl
KOJIbIIO He BPAMAJIOCh, TO Jd OJHOSHAYHOLO 3JAHHUS [OJOXKEHUs GYCHHKY
JOCTATOYHO BbLiI0 BBECTH OJHY KOODAMHATY B BUJE, HAIDUMED, YI/a ee [O-
BODPOTa BJIOJIb KOJBLUA BOKPYT €ro nenTpa. BpaieHue Kosbla BOKPYT CBOEro
BEPTHKAJILHOIO AMaMeTPa HE NMPHUBOJUT K YBEJIMYEHHIO YHCJIA CTeneHel cBo-
Box1b1, DOCKONILKY BpallieHue DABHOMEDHOE C 33/1aHHOR YINIOBOH CKOPOCTHIO,
& 9TO 3H3YMT, YTO MBI 3apaHee 3HAEM, HA KAKOH yroJl IOBEPHETCH MJIOCKOCTb
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KOMbia K JI000My Halepej 3aJaHHOMY MOMEHTY BDEMEHH t:

Pult) = wt + o.

CnejoBaTebHO, CUCTEMA HMEET OJHY CTeneHnL cBOBOin. B xauecTse 0606-
INEHHOM KOOPAMHATEL BHIOEDEM i = (v — YTO/ OTKJIOHEHMS GYCHHKM OT BEp-
THK3JIM B IJIOCKOCTH KOJbLA (CM. pHc.).

Jlarparkuan GYCHHKH B 3JEKTPDOMATHUTHOM M NOTEHLHATILHOM [OJAX
YCTPOEH CJIeLyIomuM o6pa3om:
B EE ep —U. (2.89)
2 ¢
Kak n Bcerga, Haymume /1eKTPOMArHUTHOrO IOJIA IPUBOJUT K [OSIBJIE-
HHuIO B (ynknuu JIarpaHyka JBYX XapakTepHBIX WIEHOB C IOTEHUHAIAMH A
i . BOCTOIB3YeMCHl M3BECTHBIMM De3YJIbTATAMM IS HUX B ChePHUECKHX
KOOpIuHATAX 7, 0, e, & HOTOM Mepe#iaeM OT HEX K 0GOGUIEHHON KOOpIAHATE
. Hecnoxuo coobpasuts, uto cdepuyeckne Koopausarsi 7,0, ¢, GyCHHKA
BHIPAXkAIOTCA (4TOOEI HE NyTaTh 0GO3HAYEHHS CKAIAPHOTO MOTEHIHAIA ( C
YIIOM (. cHepUyecKoft CHCTEMbl KOODAMHAT, ¥ MOCJEIHEr0 MPHITHCHBAEM
MHJIEKC «C»):

r=R, (2.90)
6 =a, (2.91)
e = wt + po. (2.92)

Tax xuneTnyeckas sneprus GYCHHKM 3alHINETCS CELYIOUEM 0Bpa3soM:
M.y | o 9, Mmoo . .
T= —2-(7"2 +7%6% + r? sin? Ggpg) = ?(Rzaz + R%w?sin? a). (2.93)
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Haiee 3aliMeMcs HAXOXKAEHUEM [OTEHUMAJIOB A U ¢ JIEKTPOMATHUTHOI'O
NOJA € 33J3HHBIMU HANPAKEHHOCTAMM:

-

H=Heg, E=0.

Bekropnuiit morennuan A mMoxer GhTh HalljeH U3 COOTHOUIEHMS

H = rotA. (2.94)
Sanumem poTOp B JAEKAPTOBBIX KOODAMHATAX B BUJE ONPEIeTHTEIs:
g & @&
a 6 8
B = | g o o 2.95
“=1% By 0z (29%)
' AI Ay Az Jl

K Da3JioxKuM ero no sepxHel crpoke. Torua, npupaBHuBasg K03 UUMEHTHI
ODH HE3ABUCHMBIX OPTaX &.€y, €,, NONYYUM CUCTEMY YDABHEHUH IJIS KOM-
[IOHEHT BEKTOPHOTro noTenumana Az, A, A,:

S 9A. 84,

€y : P 3 0, (2.96)
A, OA,

e, - = .97

&y P Fy 0, (2.97)

. 04, 04,

€, Freok oy 0- (2.98)

HOJIbSyﬂCb HEOJHO3HAaYHOCTBK) BEKTOPHOTO NOTEHLKAaJIA, HO]’IpO6y€M uc-
KaTb YaCTHOE PelIeHUue 3TOH CHCTEMBI C

A, =0. (2.99)

Torza ypasuenue (2.96) npUBOAKT K TOMY, YTOOLL DK 3TOM KOMIIOHEHTa Ay
He 3aBUCEJI3, OT z:

0A,

0z

Bropoe ypaBHeHue CHCTEMBI NPUBOJMT X QHAJOrMYHOMY TPeGOBAHMIO He3a-
BUCHMOCTH KOMIOHEHTH A, oT z:

8A,
—8';- = 0, A, 75 AI(Z)A (2.101)

=0, A, #A ) (2.100)
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B uTore, HeTpUBHAJIBLHBIM OCTAETCSE TONBKO pasencTso (2.98). [Tyrem noabopa
HAaXO0JUMM OJHO M3 €ro BO3MOXKHBIX 4YaCTHbIX pemeﬂuﬁ:

1 1
AI = - EH[)y, Ay = 'Z"Hﬂxa (2102)

KOTOpOE, K&K HEeCJIOXKHO BUIETD, YAOBJIeTBOpseT yeaosuam (2.100) u (2.101).
Torma B ucnons3yeMo#t KaJHOPOBKe BEKTOPHOIO MOTEHIHANA

+ 1
A = SHo(—yé, +15,)

COOTBETCTBYIOLIEE CllaraeMoOe M3 JIarpaHXKHuaHa B JEKapPTOBBLIX KOODAMHETAX
MOXKET 3anuCaHO B BHJIE:

€

il BHQ . .

A-F=—=(zyg — yi). ;

- SCTRRT) (2.103)
Benomusast cBa3b IeKaPTOBBIX KOODAMHAT Z, Y €O cpepuueckumu 1.6, (o :

Z = rsiné cos e,
y = rsinfsin @, (2.104)
z=rcosf,

nocaie noacranosky B (2.103) u npeobpasoBanuil, HeMeATEHHO MOIyYAEM:

e~ ., eHy , . .
EA Liaky = r2sin? § ¢. (2.105)

C yuerom coornowenu#t (2.91)—(2.92), OKOHUSTEILHO SANMITEM:

€ s, CH 5
-A. 7= 2 RPwsin’a. (2.106)
¢ 2c
Iockonbky 31€KTPHYECKOE T10JIe OTCYTCTBYET, ¥ B BHIODaHHO! Kaaubpos-
Ke BeKToprIﬁ NOTEHIHAJ HE 3aABHCHUT ABHO OT BPEMEHH, TO
e o 10A(F, ¢t —_
E(7t) = —Vp(Ft) — Z—-ét'—) = —Vp(F.t) =0, (2.107)
YTO 1103BOJISET BHIODATH YaCTHOE PElIeHHe A1 CKaJISPHOTO IOTeRIUAIA, PAB-
HO€ HYJIO:

TTorenunan 6yCHHKY B OZHOPOJHOM NOJIE TATOTEHHUS
] = mgz = mgRcosa. (2.108)

Cobupas Bce BMECTe, 7Sl JarPaHKUaHA 3apsizkeHHOM GycuHkm Oynem
HMETb:

H
L= _rg R? (d2 + w? sin? a) + %—CE R*wsin® a — mgRcos . (2.109)

Mocrpoennas Gyukuud Jlarpanxa, 04eBHIHO, He 3ABUCUT ABHO OT BPeEMe-

oL
#u | — =0 }. Y, HoCKOJABKY JAHCCHNIALMM OTCYTCTBYIOT, CTaJ/10 ObiTh, 0606~

ot
IeHHAs Heprus F SBIAETCS HHTErPajioM JBHKEHUS
oL ) . m .
E=d—~L=& mRa—L=—R%*—
O& 2
eHo

3 ,
-12- R2Wsin® o — R*wsin® o + mgRcos a = const. (2.110)

2c

Kaxk u Bcerza, 3HayeHne KOHCTAHTH E OQHO3HAYHO OIPeJesaeTCH Hadalb-
HbiMU ycsoBusiMH. Bripaxas uz (2.110) 0606meHHy0 CKOpOCTh (v

a= ((li_? = i\/nj%? (E + —Tg— R2w?sin® o + %%’- R2wsin? o — mgR cos a)

¥ pa3nesiss NepeMeHHbie, N0aYYaeM KBaAPaTypy, ONpedesndioumylo HeaBHYIO
3aBUCUMOCTS @ = a(t):

/dt = (2.111)
to

do

%
==/ 2 H '
a0 \/W (E + 7—; R2.2sin? o + 6—2(—0 R%usin? o — mgR cos a)

3uaK «+» nepej KBajpaTypo# caexyer Oparb B TOM caydae, Korua Oy-
CHHKA JBUZKETCH TAK, YTO IPH 3TOM YTOJ (¢ BO3PACTAET, B IPOTHBHOM CJIydae
cienyer 6paTb 3HAK «—».
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Sanmaga 2.3.2. YacTuua Macco#t m 1 3apsoM e ABHIKETCS 10 TIOBEPXHO-
cru napabonousa az = z° + y? (a = const) B MOCTOSHHBIX ¥ OAHOPOLHBIX NO-
1€ TAKECTH § = —¢€,, JNEKTPUUECKOM H MATHUTHOM NONAX, HAXPIIKEHHOCTH
KOTOPHIX COOTBETCTBEHHO F = —FEyé, u H = Hyé,. Banucars narpanxuan
M HAlTH 3aKOH JBHXXKEHMS YaCTUIB B KBAJDATypax.

Pemenne.

ITockonbky HacTHUA MOXKET ABUIAThCS TOJNBKO MO NOBEPXHOCTH 1apato-
Jouaa (He MOMKET «COHTH» C ero TNOBEPXHOCTH); MHCJIO €e CTeneHed cBoBoxb!
s = 2, OueBUIHO, YTO CHCTEMA HMEeT LUIMHIPHYECKYIO CHMMETPHIO. DT0
NPUBOAAT K MbIC/IH O PALMOHAIBHOCTH UCIHO/Ab30BAHMS IHJIMHAPHYECKHX KO-
opannat. OaHAKO HA/I0 ONPEJEMTHCS, KAKKE ABE W3 TPeX LMJIMHADHYECKHX
KOODIMHAT p. ¢, 2 MOTYT GRITh 0ObABICHBI HE3ABUCUMBIMU. Y DaBHEHME Napa-
6oaouaa

az=z2+y2

B IMIMHIPUYECKHX KOOPAMHATAX MOXeT ObiTh 3aIIMCAHO Cylenyomum obpa-
30M:

az = p°.

Orcropa cieayer, 4To MBL MOXKEM B Ka4ecTBe 0GOGIIEHHBIX KOOPAMHAT Bhi-
OpaTh p 1 {g, OpH ITOM KOODAMHATA z ByIeT 3aBHCHMOM:

z=p*/a. (2.112)

|& |E
l

Z

m,e g

O y
z

Oyuxuus Jlarparxa paccMarpuaeMoit 3apsyKeHHON YACTHIBL YCTPOEHA
caepywmum obpasom:

1 5 €2 « i
E:gmr +EA-T—-€<,9~U. (2.113)
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JaJiee BOCHONb3yeMCH U3BECTHBHIMH PE3y/ILTaTaMy IS KaskIOro U3 cJarae-
MBIX B Hell ¥ MCKJIIOYMM 3aBHCHMYIO KOODJAMHATY Z B COOTBEICTBMM C ypas-
Henuem cBsizu (2.112).

Kuserndyeckas SHEPTUsi TOYKA B LMIMHIDHYECKMX KOOPAMHATAX

_Mrsy 2.2, 2
T-——2-(p + 075 + 1), (2.114)

HAuddepennupya (2.112) no Bpemesn
%= 2ppfa (2.115)

u nozxcrasisst BMecte ¢ (2.112) B KuHeTHYECKYIO 9HEPIHIO, HOAYYMM
m (. . 200\ m (. 4p? "
T =25+ g2 (—-) =1+ )+ 22). (@116
2(p+pfp+ - 5 | P —5 | +PY (2.116)
TloTenupansuan SHEPrus B ONHOPOXHOM H0JIE TATOTEHUS '

U = mgz = mgp?/a. (2.117)

B xasimb6poBKe BEKTOPHOIO MOTEHUMANA (CM. MPEABLAYILYIO 3aja4y)
w1 s i
A= EHQ(_yex + x€,)

I OJHOPOAHOTO IIOCTOAHHOrO MarHuTHOIO 110JIfA, HAIPaBJACHHOr0 B10Jib OCH
Z, cJjlaraeMoe u3 JIarpaHxKuaHa B IMJIHHIPUYECKUX KOODAUHATAX

€ - EHQ) 9 .
-AF=— , 2.118
F 5o P (2.118)
B ciyyae OfHOPOAHOTO ¥ IOCTOSHHOI'O JIEKTPUYECKOIO NOJs CKaJIAPHBIH
HOTEHLMA
(F,t) = — By - 7= Eoz = Eop?/a. (2.119)

B urore, sarpanmuas 3apsoKeHHON 4aCTULB! IIPHHUAMAET BU:

“

! 4p* ; | eHy . 0°
2 2.2 25 _ ‘
[,...—-—(p (1+—a2)+pp)+ 5e P ¢ (mg+eE0)a. (2.120)
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ac
Oynxuua Jlarpan)xa gBHO He 3aBUCHT OT BPEMEHH == 0}, koopau-

HATA (¢ ABJISETCS UMKIUYECKON (5— = 0], nosromy 06obiuennas sneprua £
©

1 000OIIEHHBI! UMILYJIbC P, ABISIOTCH MHTErPANAMM JBUIKCHHUS:

E= p%['- + vgﬁ L=
5 = (;‘;2 (1 -+ 4_p2> + pzt,';z) (mg + eE )p_ const, (2.121)
2 a? °)a T
oL ,.  eHy ,
Dy = En =mp“¢ + 5P = const. (2.122)

Ji1s HAXOXCIEHMS 38KOHA IBMIKEHUA JACTUIH BHIPAZUM U3 (2.122) 06ob-
IIEHHYIO CKOPOCTD

. eH
o= (Pv = —2?0 Pz) /mp? (2.123)
1 NOACTaBMM B 0600IIeHHy 0 3Hepruio (2.121):

_m.g 4/02 1 €H0 2 2 ) p2
B = 7P (1+?—)+ B (p,,— % p> +(mg+eE0>E. (2.124)

Bbipaxas orcioga p

.4
= d—’t’ = (2.125)

‘ 2 1 eHy \* 2
= E -~ ( _ ) — -\
_ (1+4p) ( 2 \Pe ™ 35 P (mg + eBy) a),

pasjelsisl IePEMeHKbIE M UHTErPUDYs, NIOJyHaeM KBaAPATypPy. ONPEiesiio-
LIY10 HEABHYIO 3aBHCUMOCTB 0 = p(t):

t
/ dt = (2.126)
to

p
:i/ dp
‘ 2 1 eH, ,

2 AN

: E- 5= o] B e

3 ( z(pp ,p> (mg + eEy) )

\J‘m(l—i- 4p) 2mp 2¢ a
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Bropast kBazparypa, onpene/isawomas 3aK0H U3MeHeHus: 060OueHHON KO-
OPAMHATH , CraHAAPTHO HAiEM, PACCMOTPEB OTHOIIEHHE 0OOOMIEHHBIX CKO-
pocreit

¢ _ dp/dt dy
gk (2.127)

C yuerom (2.125) u (2.123) nosnyuaem auddepernnaibioe ypaBHEHHE C
Pa3AeIAOUWKEMHCH 1€PeMEHHBIMH

eHy .
g _ (m =i p‘) /mp?
dp 2 1 eHy ,\° 2\
P . - ———h 2) _ =
| 42 (E 2mp? (;Dg; 5 (mg & BEU) a )
\ m{l+ =

HHTErpUPYsl KOTOPOE HaXONUM KBaJAPArypy, ONPEACISIONYI0 HESBHYO 3aBU-
cumocts p = p(p):

j = (2.128)

p
:i/ -

1 eHy 5\ i
Po T e it - LA
(1 + 4p* ) (F 2mp? (p"’ 2c © > (mg + o) a

¢H, .
dp (pp - 2—,0 ) /mp®

Papencrsa (2.126) n (2.128) onpeaensiior 3aKOH ABHXKEHHS 3apsi2KEHHOM
HACTHLBI B KBAAPaTypax.

3agaua 2.3.3. Yacruua Maccoit m M 3apsOOM € ABUKETCH B MArHITHOM
10JIe, HANPAXKEHHOCTb KOTOPOro

H = Hy et Hig,

Haiity 3aKOH OBHXKEHHMS YACTHULBI B KBAADATYPAX.
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Pewenne.

Ha apuwxenne 4acTHUB! HMKAKUX OUPAHMYEHMH HE HAJIOXKEHO, TO3TOMY
OHa MMEeT TPH CTeneHu csodoapl. B kauecTse 06061IEHHBIX KOODIMHAT BbI-
GepeM LMIMHIAPUYECKUE, MOCKOJBLKY, OUEBHHO, MACHMTHOE NoJe oBiajaer
UMJIMHADPHYECKO# CuMMeTpuUeit.

Dyuxuust Jlarpanika 3apskeHHON YACTHUB B 3JEKTPOMArHHTHOM 1oJje,
KaK HaM M3BECTHO, UMEET BU:

L=-mr?+ EA ST — ep. (2-129)
3anaHHOe MATHUTHOE 1OJe
ﬁ = Ho e_bpzéz

He BJSETCH ONHOPOJHBIM, IIOSTOMY JUJISl NOCTPOEHUS JIarpaHKHMaHa HeoBXo-
JUMO TIpexKJe BCEro HalTH ero noTeHuuans A. .
BexTopubiit noreHuuan A onpegensieTcss paBeHCTBOM

I;' = rotA.

3anuceiBast POTOP B LMJIMHIAPHYECKUX KOOpIMHAaTax, 6y,me1v1 HMETH DaBeEH-
CTBO:

H, 7bp2:42=_]__ . 3
il pl dp B¢ 0Oz (18
]A pA, A,

PackiianpiBas onpeje/inTensb o BepxHell Crpoke n npupasuusas kosdpduuu-
EHTHI P HE3ABUCHUMBIX ODPIaX €,, €,, €,, MOJYUUM CUCTEMY yDaBHEHM st
KOMIIOHEHT BEKTODHOrO nmoTenuuana A,, A,, A,:

. 1(0A, 0A,

& (6@ Py ) 0, (2.131)

L 0A, 0A,\

& - ( =B ) =0, (2.132)

o 1 (')(pA,a) A, ) b2

€, - Hye ™, 2.133)
p( dp By ° (2.133)
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HOJlb3ySICb HEOAHOBHAYMHOCTbIO BEKTODHOI'0 NOTEHLHAJIA, 6y,LLEM HCKaTh
4aCcTHOE pelleHue 3TON CHUCTEMBI C ABYMH DaBHBIMH HYJII0 KOMIIOHEHTAMU:

A=A, =0.

Torna ypapnenue (2.132) BbiNONHAETCs TOXKIECTBEHHO, ypaBHenue (2.131)
npuBonuT K Tpebosanuio, urobbl KoMmonenta A, He 3aBucena OT z:

8A,
<=0 | (2.134)

PapercrBo (2.133) DpUBOAMT K YDABHEHUIO

l(f)‘(pA“,)

= Hye ',
p dp ve

(2.135)
IIponsBosHasi B 1€BOM YaCTH, COLIACHO IPABUILY aucb<bepeﬂuupoaaum CIIOXK-
HOM GyHKIHMH, MOXKeT GBbITh 3AIIMCAHA KaK

19 19p> 8 3

pOp 0 0p 32 “9p%
Tostomy ypasuenue (2.135) 3anuceiBaercs Kak

a([)A~) _ ka2
——apT*“ = Hye™ (2.136)

U J0llyCKaeT pa3/jesleHHe NepeMEeHHBbIX:

2

1 2
d(pA,) = 5 Hy et dp?. (2.137)

Hurerpupys nocieinee paBeHCTBO, IOJLY UM

_Hy
2b

AnnuTuBHYI0 KOHCTanTy C' HHTErpvpOBaHUS Mbl UMEEM II0JHOE NPABO [0JI0-
2KUTh paBHO# Hymo. Benp nalua 3azaga cocrouT B TOM, 4TOOB HAMTH XOTb
Kakoe-HHOyb 4acTHOe pelueHue juist norenuuanos! B npunuune, nomoitner
Ja060e, HO ueM 1pouie OHO Oyaer, TeM Jyume. Tem npoue 6yIeT BHIT/ISLLETD

pA, = -2 ¥ 1. (2.138)
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Jarpanxual. Takum o6pa3oM HAXOAMM HCKOMYIO KOMIOHEHTY A, BEKTODHO-
ro NOTEeHIHAJIA:

Hy

A=z, (2.139)

Ormerum, ¥To HaltnenHoe pemenue (2.139) yioBnerBopsieT TpeGoBaHMIO (2.134).

Wrax, mMbl HAWIM BEKTOPHbIA MOTEHIMAL

T Hy 42,
A = ——2“%6 P C‘F. (2140)

BenomuHast, 410 BEKTOp CKOPOCTM MAaTepHaJIbHOR TOYKY B LM/IMHIDHYE-
CKHX KOODAMHATaX UMEeT BUI:
U=pé,+ppe,+ €,

pacKkpoeM CKasspHOe NPOM3BEJCHHUE B C/IAraeMOM B JIArPAHIKHAHE, COIepHKa-
1IéM BEKTODHBI moTeHuuad:

€ Hy 2 H 2
ZA = 8 bt s 0
SA-T 3o e PP TR (2.141)

HailneM cKa/IADHBIA LOTEHIHAN 3IEKTPOMATHUTHOTO Noas o(7,t). Ypas-
HeHMe, ero ONpeNeJIIoNee, KaK U3BECTHO, MMeeT BU:

g . 10A(F,t
B(Ft) = ~Vp(7 t) - E——gt"—), (2.142)

[Je HANPSKEHHOCTD AJIeKTpuYeckoro nois £ = 0. U nocxonbky HalimeHubik
BekTODHbLH norewian (2.140) asHo or BpeMeHU He 3aBUCHT

QA(F, )
ot

YPaBHeHHMe I7isi CKAJIAPHOIO NIOTEHIMANa Npuobperaer NpocTolt BHA;

Vi(7.1) =0. (2.143)

Hockonbky, n0-11pexkueMy, Ham TpefyeTcs HATH MAKCHMAIBHO NPOCTOE YaCT-
HOe DelleHue, BO3bMEM

p(F,t) =0. (2.144)
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Ilosromy JlarpaH;KuaH DacCMaTPUBAEMOM 3aPSXKEHHOM 4aCTHLBLI UMEeT
BHI:
eHy
2bc
3aKOH ABMKEHHs] YACTHLB Hali1eM MeTOI0M MHTerpasios apuxkenus. Oue-
BHIHO, 4t0 ¢yHKIMA Jlarpamxka (2.145) sIBHO HE 3aBHCHT OT BDPEMEHH

.
ebﬂ,

L=2 ( + 20 + 2) - (2.145)

oL o) oL
= 0|, KOODAMHATH! (& U 2 SIBASIOTCH LUKJINYeCKUMH | — =0, — =0,
Bt dp dz

clieIoBaTeNbHO 00061ennas sueprus E 1 0606meHHbIe HMIYIbCH Dy, P, HB-
NAI0TCA AHTerpajlaMyu ABUIXKEHHUSA:

oL . IC oL

E= pa—p + p% + ZTd; — L= —Tg(pz + p24,.02 + 22) = const, (2146)
oL H, 3

Pe= 55 =A% - ezTcO =% = const, (2.147)

Pz = %S =mz = const. ' (2.148)

Bripaxkaem 0600IIeHHBIE CKOPOCTH ¢ H z u3 (2.147) n (2.148) coorser-
CTBE€HHO

- 1 eH, —bp2> y
b= (pv + Sl (2.149)
. P:

= — -1r
2= (2.150)

H 1OJCTaBJsAeM B paBeHCTBO (2.146) mis 06OGLIEHHON IHEPTUM, MOSYUMM
ypasHenue:

9 2 2
g, 3 ( + o """’) . N (2.151)
2 2m
OTKYHA

eHO —bp’)2 — p_z
= i\l = ( 2mp (p,, + S € o) (2.152)

Paszpenss nepeMentble 1 HHTEIPUDYS, [O/Iy4aeM KBaIPATYPY, ONpeaes-
IOIIYIO HESBHYIO 3aBHCHMOCTh p = p(t): '

t ) d
fa==/ £ : . (2.153)
2 1 eH, p?
Lo po o _ 0 —bp2) _ e
Jm (E 2mp? <p * e e © 2m>
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15l HAXOXKAeHUsA 3aKOHA U3MEHEeHHsI KOODIYHATH ¢, PACCMOTPHM OTHO-
meHne 06oOIIEHHBIX CKOPOCTE

1 EHU —bp?

¢ _dpjdt _dp _ W(”*’*EIEG )
p dp/dt dp 9 1 cH, % 7 .
iw(“m@*%ﬂ )‘a.m)

e NpuBATH BO BHEMaHue (2.152) u (2.149). Paznensas nepeMeHEbIe U UHTe-
rpUpyd, HAXOLUM KBAIPATYPY, ONPEAIIAIONUIYIO HESBHYIO 3aBUCHMOCTh p =
ple):

f ot o (7o + 3o )
/dv:i/dp ~ p = — (2.154)
i 1 e
®o 24 Pl ] ( v “bﬁz) = p_z
\ m ( 2mp? By e 2 2m

Jnst HaxoXK JIeHHs 3aKOHA M3MeHeHIs1 0OOCLIEHHOTH KOODAMHATH 2 MOMKHO
cpa3sy NPOMHTErPUPOBATb PaBeHCTBO (2.148):

[ (2.155)
m

3axoH ABM>KEHMs 4aCTHIb 33/]aeTcs papeHcTBamu (2.153), (2.154) u (2.155).

2.4 OganomepHoe jgBuxkeHne. KayecrBenuoe uc-
cjieJIOBaHUE IBUXKEHN

O6uue pexoMeHJaIuH.
[Tpu pemeHHM 3a]a4 HA OJHOMEDHOE [IBHXKEHHE, IIPEX/IE BCEro, HeoBXo-

JIAMO TIPOBECTH KA4YEeCTBEHHOE MCCJIETOBAHUE ABUXKEHUS, YTOOBL BHISICHUTL, B
06s1acTH Kakux 3Ha4deHuN 0600UIeHHON KOODIMHATH BO3MOXKHO ABHIKEHUE, M,
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3804 HO, XaPAKTED I10r0 ABMKeHUs. TO eCTh METOJ Ka4eCTBEHHOIO HCCJIeN0-
BaHUs JBMXKEHHS NO3BOJsieT ChOPMUPOBATH (KAYECTBEHHOE) NPEACTABIICHHE
O ABHXKEHMM TeJa €lle JO HEeINOCPEICTBEHHOTO HAXOXKJEHWS 3aKOHA ABHIKe-
uus. [IpoBejeHue 3TOrO UCCIEJOBAHUS SIBASETCS OYEHb BAXKHBIM U HOJIE3HBIM
nipu perueHun 3aia4n. CooOpaskeHus O TOM, KAKOB THII ABH/KEHUA DPeaJIu3yeT-
Cd B CHCTeMe, B Kakoil 00/1acTH 3HauyeHud 000OUIEHHBIX KOODAMHAT CHCTEMa
OyZeT 3BONIONMOHMPOBATH, MOLYT IOMOYb, K HOPHMeEpY, noaobparb 3aMeHy
NepPEeMEeHHbIX NMPU B3ATUH UHTErpaJa, onpenesasomero 3aKOH JABHXKEHUA, WX
MOHATH, B KAKOM BHJE HEOOXOIMMO MCKaTh peleHue audepeHuaIbHoro
YDABHEHHS, €CJIM uMeeTcs HeoOXOAUMOCTh pellaTh ypaBHeHus Jlarpansxa.

J1s npoBeseHUMs KaYeCTBEHHOIO HCCJEJOBAHUS IBHXKEHUs HeOOX0AuMO,
BO-IEPBLIX, UCIO/1b3Ysl HAYAJbHbIE YCIOBUS, BHIYUCINTD 3HaYeHMe 06O0LIeH-
HOH 3HEPruM, KOTOpas SIBJISETCS MHTErpaloM JBHKeHHsi. Bo-Brophix, Io-
crpouTh rpacdpuk noreHnuana, Kak ¢GpysHkuuum o60OHIEHHON KOODAMHATHI, U
B 9THX XK€ OCAX H300pasuTb UPSIMYIO, COOTBETCTBYIOULYIO COXDAHAIOILEMY-
Csl 3HAYEHMIO 3Heprud. [lanee HeOOXOAUMO OTMETHTD, €CJU UMEIOTCS, TOUKH
NIOBOPOTa — TOYKM TNepecevenus rpacduka NOTeHHa a ¥ NPIMOi 18 3Hep-
run. Knaccuyecku paspementas obacTh JBHKEHUS OPEIEISETCA YCJ0BUEM
TOrO, 4TO HOTEHUMAJ AoJKeH OblTh He Goablue 0600IEHHOM 3HEPIUU: MHO-
JKECTBO 3HayveHHe 0000wEeHHON KoopauHatel (abcuuce Todek Ha rpaduke),
JJ1sl KOTOPBIX rpacdbrK NOTEHIMAA JIEKUT HUXKE NPAMOH SHEpTuu, 1 eCTh Ta
06.J1a¢Th, TOE OJHOMEPHAs CHCTEMA MOXKET HAXOAUTHCS. B 3aBHCHMOCTH OT
TOr0, OTPAHUYKBAIOT JIM 9Ty 06.JIACTh CJ1€Ba U CIOPaBa TOYKH IOBOPOTA, MOMXK-
HO C/I€/1aTh BbIBOI O TOM, SIBJISI€TCS ABMKEHHE (PUHATHBIM MM HHDUHHUTHBIM,
NePUOJUYECKUM WJIH aepHOANYECKUM.

3azaya 2.4.1. Hemy paBen 1epuol GUHUTHOIO JBHAKEHUA YaCTHIbL Mac-
cOit m B 110JIe ¢ NOTeHIINAJIOM

Uls) = —a/2?, 2> L,
o,z < L.
a — HEKOTOpad INOJOXKHUTENbHAA KOHCTAHTA.
Pemenne.
Jng Toro, 4yTobbl NOHATh, NPH KAKKX YCJIOBUSX BO3MOXKHO (DUHMTHOE

JABH2KEeHUe YaCTHUIbI, HpOBe}IeM Ka4yeCTBEHHOE HCCJ€J0BaHue. HOCTpOI/[NI rpa-
dbuk noresnuana U(z). YcaoBuIO KIaccuyecKu JOCTYIHOH o6nacTu ABHXKe-
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HMS yOOBJIETBODSIOT 3HAYEHMs SHEPIruU, GOJIbIIMe MUHUMAIBHOIO 3HAYCHUS
norenuuana (B Touke T = L). TTockonbKy Hac HHTepecyeT (pMHUTHOE IepHo-
AMYECKOe ABHKEHHUE, 00/IacTh ABHKEHHSA JOJIKHA ObITH CJIEBA M CIIPaBa Orpa-
HHY€Ha TOYKaMu NoBopoTa. O4eBuaHO, 3TOMY TPEGOBAHHUIO YIOBJETBOPSIIOT
3nauenus sueprun —a/L? < E < 0 (em. puc.). Janee zanmmem E = —|E|,
4robbl ABHHIM 06Pa3oM BBIIENNTH (BAKT OTPHLATENHHOCTH 3HAYEHHS SHEp-
ruu 1 He 30Tk 06 3TO B Danbuefimiem (OT 3HAKA SHEPLMH 3ABUCHT, YeMy
Gyaer pasex HHTerpad!).

Hepnozl (bHH.HTHOI‘O ABUKEHHA, KAK HU3BECTHO, ONpEAeNsiercs COOTHOIe-
HUEeM:
2

dx

; (2.156)
Z \/%(E - U(z))

[Ae TOYKM MOBOPOTA Ty, T2 ONPEAIISAIOTCS PABEHCTBOM 0GOGILEHHON SHepTun
M [NOTEHUHANa:

T=2

E =U(z). (2.157)

B namewn ciyvae ry = L, 22 = y/a/|E|.
Wnterpan, burypupyromuit B (2.156), Bluncsiercss 31emMeHTapHo. B 06-
JIACTH HMHTErPUPOBAHUSA MEXKJAY JByMsi TOYKAMH NOBOPOTA NOTEHIMAJ

U(z) = a/z% Tlpueenem x oBuieMy 3naMeHATENIO BBIpaKeHHE, CTOAIIee
110, KOPHEM

x2
T:2/\/

dx 7 dx
2 a
=l \/%(_lEH?)
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2\/’@‘7 zdz -\/‘_77_7_7 dxz? _
2/ JoEl*+a V2] /Jo|Ejs?+a

= /aTTE]
_2\/?%,/_@12 i = \I/Z‘T‘/a_‘ELLz'

x
z1=L

3agaua 2.4.2. HaiiTu 33KOH ABMKEHMS HaCTHIBL MACCOM M B NOTEHLH-
aJIbHOM 10JIe &
U(z) = —U,cos —,
a

ec/iM B HauaJ bHBIA MOMeHT BpeMent (0) = —2,/Uy/m, z(0) = 0 (Up, a > 0).

Pemenwue. 4
[Ipexxne yeM HEMOCPEACTBEHHO 3aHATHLCH BBHIYUCJIEHMEM KBaJpaTyphl, olpe-
pensnouied 3aKOH ONHOMEDHOIO IBH>KEHHMS, IPOBEIeM KaueCTBEHHOe Hccjie-
JAOBaHHE, yTOOBI 3apaHee UMETb NPEACTABJIEHHE O TOM, KAKON THI JIBHXKEHUS
peasiudyercd, U Yero OKHJATh OT €¢ BhIUMC/ICHUS B Pe3Y/bTaTe.

Ycnonp3ys HadajbHBIE YCJIOBUS, BHIYKUCIUM 3HaYeHHe 0000ILeHHOR sSHep-
ruu E, koropasi siBJISI€TCA MHTETPAJIOM IABHXKEHHS:

- gfx?(())w(z(o)) _mi% - v, (2.158)

— (1, >
E«(Qma: + U(zx) = =

t=0

Hanee noctpoum rpaduk 3asucumocts U(z) u ykarkeM 3HaYeHHMe SHEPrHM
E B Bune ropu3oHTalbHO# npsamoil. Ha pucynke Touko#t co cTpenkoft BOOAbL
HpﬂMOﬁ 3HEpruy CUMBOJIMYECKM YKa3aHa 4acTHlla B NepBOHAYAJIBLHOM OJIO-
KEHUH M ﬂanpameuue €€ JIBUHKEeHud. METO,ZL Ka4yeCTBE€HHOI'0 HCCIeJO0BAHHUA
[BMKEHNA YKa3bLBAET HA TO, YTO YacTHUa Oyler ABUraThCs BCe BPeMs BIEBO
B HAIIPaBJEHUM K TOYKE MAKCHMyMa NOTEHUUANd I = —7d, JHIb ACUMITO-
TRUeCKU npu t — 00 NPUOIHKASCE K Heit.
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Uy E
/N /N
’——7ra\/ Ta x

-Uy

3aKOH OJHOMEPHOTO ABHKEHNs, KAK U3BECTHO, JAETCHA KBAAPATY POM:
z
-
f—ty= :t/ 2—’” (2.159)
=(E - U(a))
m

B namem cayugae tg = 0, 2g = 0, E = Up. Hacruna asuxercs BieBo, HOSTOMY
[1epe/i HHTErPAJIOM OCTABIIAEM TOJIbKO 3HAK MHUHYC:

4

g if i fo/’ _

e U (1 + cos f)
E (UU + Uy cos E) p
[m
—— _ i 2.160
2Uo / 2 cos? —— ! )
o 2a

x
B o6gactu narerpuposanus —wa <z < 0: cos o > 0, noaromy

N x
€08 =— == =+ COS —.
2a 2a

a __\/;U/ cos—. 181

HOMHO)Kaﬂ YHCJUTENL B 3HAMEHATEe/b INOABIHTErPaJibHOI0 Bblpa)KeHldﬂ Ha
z
cos '5—' ¥ BBOJd HOBYIO IIEPEMEHHYIO MHTEIPMPOBAHMA U = sin —

Torna

2a’

cos o~ \/" sm ""’ [ o }
= = |lu=sin—| =
2\/ Uo )/ cos? Uod 1~ sin' ~:—- 2a

2a
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, bynem umers:

u(x) u(z)

=—a n / du = la hic 4 / du( 1 + 1 )-
- Us 1-w)(14+u) 2 VU 14w 1-u/
u(z=0) u(z=0)
u(z) 1 s B
I O il N [ ™| I
2V U0 T —ul g 2V Uy |1 —gin = .
i l+sini
=~z — (2.162)
UO 1 —sin—

B obnracru apuxenns yactunpl —7wa < < 0:
-1 <sin— <0,
2a

N0YTOMY MOJYJIb IOA jorapudmMoM MOxHO ybpars. B urore, |

z
14 sin —

b=y ln——28. (2.163)
U 1—gin—

3anzaua 2.4.3. YacTuua Maccolt m ABMXKETCS B IOTeHIMAJe

(/.(.’E) = { 375!27(1!}1}!( (l/k’

(a.k > 0) ¢ snepruest E > a. Ha xakoe BpeMs 3Ta 4YacTHNA OTCTAHET OT
[ipyroit Takoil ke YacTHMLBI, KOTOpas IBuxkeTcs B HoTeHumane U(zr) = 0
M MMEEeT Te K€ HauyalbHble YCJIOBHS, I0C/AE HPOXOXKIEHHUS HaJ MOTEHUHATIb-
HbIM Gapsepom? B Hayanbubifl MOMEHT BpEMEHH YaCTHIIBL KMEIOT KOOPIHHATY
Zo < —a/k ¥ HOAOKUTENbHYIO IPOEKIHMIO BEKTOPa CKOPOCTH.

Permenne.
Bpemsi npoxoxaenust wactunel obnacty 9 < T < 400 IPM HAJIHYHM
TMOTEHIHANBHOro 6apsepa MoxeT OBITH ONPEJEIEHO ¢ NNOMOLIBIO KBAIPATYPb




(2.159), B KOTOpO} LEpes HHTErpasIoM CJeNyeT BEIODATH 3HAK «+», IOCKO/Ib-
Ky YACTHUA ABUZKETCA B CTOPOHY yBeJIWYEHHs! 0600IeHHOM KOODAUHATDI I:

dz
% \/%(E -U(z))
U

—- = E

e AN

zo —a/k O alk T

oo

Aty = (2.164)

B ciyuae apvKeHMA CBOGOMHON 4aCTUIBL (U = 0) Bpemsa NpPOXOXKIEHUS

T od
Atz:/ = (2.165)
Zo _2_E
™m

Kaox it u3 urrerpanos (2.164), (2.165) pacxosu1cs, 0AHAKO HAC UHTEPECYeT
3HAYEHME HE KAXKJOTO MHTErPajia 110-OTAEJbHOCTH, & X PA3HOCTh:

T = Atl = Atg.
Pasobbem 0614CTh MHTETPUPOBAHUSA Ty < £ < +20 HA TPH
o < x < —afk. —a/k < z<a/k. a/k <x < oo

1 TMpeJCTaBUM MHTErPasibl B (2.164), (2.165) B BUIE CYyMMBL TPEX:

—afk a/k o
/dx.- / dz+—£kdx+a//kd$.

Ouepuano, uto npu serumranuu (2.164) n (2.165) unrerpaibl 10 odnacTIM
7o < z < —a/k u a/k £ x < OC COKPATATCH, MOCKOJBKY B YKA3aHHBIX
obaactsx norennman U = 0. [Toaromy uHckomoe Bpems

a/k a/k

d d
i / ; - - L (2.166)
—afk | FE  —afk (| Z(E —
m m( U(I))
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Ilepsoe ciaraemoe B 3TOM BHIPAKEHUU:

_dx 2a/k

. (2.167)
~a/k 1/—E ,/—E

Bropo# unTerpal, B cuiy YeTHOCTH noreHmuasa U, MoxeT GBITh CBegen X
unrerpany no obsacru 0 < z < a/k, cne norenuuan U(z) = a — kx:

a/k /k
¢ dzx -9 “ dx _

—a/k \/% (E - O(l)) 0 \/%(E —-a+ kz))
9 i Ia/k —
=9 %E(E—a+kz) /2’0 =-2—\-/——2—(E1/27(E—a)”2). (2.168)

k
[TosToMy ncKOMOe BpeMsl 3aA€PIKKHI, OOYCIOBIEHHOE NOTEHIMAIBHBIM 6a-

PbepoM,
a 2m 2 \/
kVE (

T =

E'Y% — (E - a)'?). (2.169)

2.5 /IBMKeHHe B IEHTPAJIBHOM IHOJIE

O61ue peKoMeHJaIuH.

[Ipexxfe yem NPUCTYNaTh K HAXOXKJIEHMIO 32KOHA JABUMKEHUS TeJa B yeH-
TPaJIbHOM II0JI€, @ TAK Ke PAacyeTy Pa3NH4HbIX KHHEMaTHYeCKUX BeIMYuH (Ha-
NpUMED, BPEeMS JBMIKEHUS, YIJIOBOE CMEIIEHNe U T.1.), He0DX0UMMO IIpoBecTH
Ka4veCTBEHHOE HCC/IeJ0BaHHE, KOTOPOE I103BOJSAET, B O6IL[€M-TO, 663 KaKux-
./'Ud60 3HAYUTEJAbHbIX yCId.HPlﬁ ¥ I'POMO3AKUX BBIYUCJ/IEHU# BBIEBUTH 3aKQHO-
MEDHOCTH M OCODEHHOCTH B ABUIKEHHHU Teja. /lenaercs 3TO B NOJNHON anao-
TMU C OJIHOMEPHBIM JBMKCHHEM, OJHAKO UMeeTcs HeCKOJbKO BAXKHBIX OTJIH-
unii. Bo-nmepsbix, HeO6x0MMO NOCTPOUTL I'PAdHK 3aBUCUMOCTH He dusnye-
CKOT0 IOTeHLUAIA, & 3P PEKTUBHOIO NOTEHIMAI2 KaK PYHKUMY PaAMAJILHON
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KoOpaMHATH (IpeacTasisiolleit coGol paccTOAHME MEXy TEIOM U CAJIOBBIM
nentpom). Acnonp3ys HagaibHBIE YCIOBHSA, HEOOXOAUMO BBIMHC/IATL 3HAe-
HEe coxpaHswmeiica 0606wenHo sHepruei, u Ha rpaduke sbdexTUBHO-
ro noTeHIuaNa U300Pa3HTh FOPU30HTA/IbHYIO0 NPAMYIO, COOTBETCTBY IOIY IO ee
snavennio. Jlasee cielyeT OTMETUTh TOYKH TlepeceyeHus (€CJiM TAKOBbIe MMe-
JOTCST) TPAMO}! SHEPIUH ¢ rpachukoM — TOUKH nosopoTa. Knaccu4ecku paspe-
[IeHHas obnacTh 3HAYCHHMH PAAUAIBHOM KOODAMHATH! ONPEAENAeTCS YCJIOBH-
eM TOro, 4To 0606IeHHas SHEPIhs KOJKHA OBITh He MeHblle 3¢ deKTUBHOrO
noreHuuana; Te objacTu Ha rpaduke, rae Xpusas 3pdeKTHBHOIO NOTEHIH-
a1a JIeXKUT BbIIIE IPSAMON, COOTBETCTBYIONIEH COXPaHSIOIEMYCsi 3HAYEHWIO
SHEpruu, 3alpeuniensl, TaM TeJO HHU DU KaKHX YCIOBUAX 0Ka3aTbCsi HE MO-
»keT. B 3aBHCHMOCTH OT TOrO, OKPY2KaloT JIA JaHHYIO Pa3PeUIeHHYIO JIJis 1BU-
JKeHHsl 0BJIACTh TOYKH MOBOPOTA, [JE1AETCS BLIBOZL O TOM, BymeT ABUXKeHMe
usuTHHIM WM MHGUHETHBIM, UEPHOIMYECKMM HJIM ANePHOMYECKHM, Oy-
JIeT ¥ MaJeHue Ha CHJIOBOH LeHTD WiK HeT. Bo-BTOpBIX, He crouT 3a0biBaTh,
4TO MOMHMO PaAUaNbHON KOODAUHATHI, ABUNKEHHE TeJIa TaKXKe ONpe/eJIsaeTcs
H yl‘.’IOBOﬁ KOOp,D,ﬂHaTOﬁ. Ocoﬁexmocm)}o €€ U3MEeHEeHUusl ABNgeTCA MOHOTOH-
HOCTb: OHa JJE60 OCTOSHHO ¥ HENMPEPHIBHO YBEJIXYMBAETCH, JHOO0 YMCHbIIAET-
csl, 4TO ONPEAEJIACTCA HallpaBjeHNeM JBMKEHMS Tela B HaYa/IbHbI# MOMEHT
ppemeny. QakTHHECKH M3MeHeHKe YII0BO# KOOPIMHATH NPUBOAUT K «HaMa-
THIBAHMIO» TPAEKTODHUM BOKDYI CUJIOBOrO neHTpa. HakiaipiBasg HajiJeHHbIE
CBEJIEHUd O [ABH>XE€HMM TeJjla B PaJHaJIbHOM HAalpaB/IeHUM Ha BbidBJIEHHY IO
0COBEHHOCTb JBUXKCHUS B YIJIOBOM, MOXHO (KaueCTBEHHO) NPEACTaBUTH TPa~
€KTOPHIO JBH2KEHMUS.

3amauga 2.5.1. YacTuua Maccoél m ABHXKETCA B LIEHTPAILHOM NOJE

a 3
U (T) = e e '—2'
T r
Onpesenurb, NPH KAKUX 3HaYeHUsiX dHepruu F u MoMenTa ummnyabca L
BO3MOXKHO (DMHMTHOE JBHKEHWE 4YacTUlpl 0e3 NajeHus Ha CHJIOBOM LEHTD

(e, 3 > 0).

Pemenne.
Jlannas 33784a PeLiaeTcs UCK/IOUHTEIbHO MyTeM NPUMEHECHUS MeTONa
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Ka4eCTBEHHOIO MCC/e0BaHus ABrkeHusa. DpheKTHBHbINA NOTeHual

2 2 2
D L « L 1
U =Ulp)+ —2==U e == —— - — | —, (2.170
() = Ulp) + 32 = Up) 4 s = =2 ¢ ( B+ 2m> = @1
rne L = |L| — Monynb MOMeHTa MMIY.ibCa YaCTHIbI, KOTOPHIH SBJISITCS
HHTePpaJIOM JABUXKEHUSA.
2
Ecan —3 + o = 0, To apdexTHBHBIA NOTEHLIUAT
!
Ueﬁ (p) = _;

BCIOAY OTPMUATe/bHas H MOHOTOHHAs (DYHKIHA.

Ueﬁ" E>0
5 _

O Y

' E <

/

B TakoM ciyuae HeBO3MOXKHO pUHUTHOE ABUrkeHHe 0e3 [aJeHusi Ha CUJI0BO#H
uentp. B camom zene, npu E > 0 HeT Hu OfHOM TOUKM MOBOPOTA (TO4EK lepe-
ceuyeHUs NMpsaMoi 3Hepruu ¢ rpadukoM 3HGEKTUBHOrO MOTEHLMAA), CTAJO0
BBITH, €CJM YACTHUA ABHXKETCH B CTOPOHY K CHJIOBOMY HEHTDy (B CTOPOHY
YMEHbIIEHUS p), pealln3yeTcs PUHATHOE [BHKEHME C NaJEeHHEM Ha CHIOBOH
HEHTP; €CJIM YACTHUA ABHKETCS B CTOPOHY OT CHJIOBOIO IEHTpa (B CTOPOHY
yBenuyeHus p), — uHbuHuTHOE ABrxkenue. [Ipu E < 0 uMeerca oana Touka
NOBOPOTA, IPENATCTBYIONAs YACTHUIle YIHTH HA NPOCTPAHCTBEHHYIO 6ecKoHey-
HocTb. IlosTomy peanusyercs bUHUTHOE NBUXKEHHE ¢ NaJEHHEM Ha CHII0BOM
IEeHTP.

Takum 06pazoM, uyTobsl obecneynTs HUHUTHOCTH ABMKeHusi 6e3 naje-
HHA Ha CHJIOBOA LEHTD, HEOOXOOUMO, C OAHON CTOPOHBI, <«3ANPETUTb» 4a-
cTune upubM3HThCS K CHJIOBOMY LEHTPY, TO €CTb CJ€Ba pa3pelleHHas 00-
JIACTh JOMKHA OrPAHHYMBATLCSA TOYKOM TOBOPOTA, ¢ IPYrOit CTOPOHLI, CIIpaBa
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Jo/KHA GBITH TOYKa IOBOPOTA, 3ANPEIAoNas YACTHIE OKa3aThCsl HA ILPO-
CTPAHCTBEHHOH! GECKOHEYHOCTH. JTO MOKeT OBbIThb JOCTHIHYTO TpeOOBAHUEM

L2
~8+5- >0, (2.171)

AcuMmnToTuky 3¢ HEeKTHBHOrO NOTEHUHMAIA B 3TOM Clyyae

lim Uggr(p) = o0, lim Ugg(p) = 0

p—0 € p—roc
u rpaduk 3dbdekTHBHOrO NoTeHIUAaNa uMeeT Tpebyemblit By,

Uet

A1 P2

ALl L L Ll L L L

O P
E

QuuuTHOE JBHxKEHME Ge3 NajeHust Ha CHJIOBOM LEHTP B 9TOM Cilydae BO3-
MOXKHO HNPpH OTPULATE/IbHbIX 3HAYEHUAX IHECPIUH, 6OJIbHIHX MHHAMAaJIBHOI'O
3Hayenus 3¢GGEKTHBHOTO NOTEHIMAA!

(Uet) i < E < ©- (2.172)

Yenosue (2.171) naer orpaHMYeHHs Ha 3HAYEHUs MOMEHTA MMILYJIbCA (KO-
TOpBIH, HANIOMHHMM, OIDEIE/ISeTCs HCKIIOYNTENbHO HAYAIbHBIMU YCIOBHS-
MH):

5 \1/2
L>(23m)". (2.173)

Jna HemoCpeACTBEHHOrO OTBETA HA BOIPOC O TOM, KaKMe 3HAUEHUS MO-

KET JIPUHUMATH 3Heprus F, He0OXOAMMO BRIUHC/IMTL MHEHMAILHOE 3HAUCHHE
Ueff)min spdexTupHoro norenunana B (2.172). s sToro cranaaprHBIM
06pa30M MOAYHHUM YCJIOBHIO KCTpeMyMa 3bdeKTUBHBIN NOTeHIMaN:

d _a , 2y 4
E[—)Ueﬁ‘(p) = -;2- -2 (—p’ + %> F =0, (2.174)
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OTKYZa Hali/IeM TOYKY SKCTpemyMa pyHKLUH Uesr(p)

2 I?
= (—,3 4 %> . (2.175)

Boruncnss 3HadeHne 3hEKTUBEOrO NOTEHIHMAIa B HaWJEHHOH TOYKe JKC-
TpeMyMa, HaxXoAuM

e

(Ueﬁ) extr Uegt(po) = = 5 ( L? ) +
2m

+(—ﬁ+%)4( ‘:‘2L2)2=—4L< _» 7y (2176)

Wi -3+ —
g+ m ¢ 2m
Veaosne munuvyma dynxuun Ugg(p)

d2
~ U <
dp2 Leﬁ(pﬂ) -~ O
poBepsieTCst TPUBHANBHBIM 06Pa30M.
Taxum 06pa3om, DEHHTHOE jBuKeHHe 0e3 NaJeHUs Ha CHJIOBOM LIEHTP
BO3MOMKHO, €CJIM MOMEHT UMILY/1bCa YaCTHIIbL HMeeT 3HAUEHUs (2.173), a anep-

rud ee 1pu 3TOM

(1'2

I\ <
4 g+ —
( s 2m
K c0By CKa3aTh, TPAEKTODHUS ABHXKEHHA B UCCJAEAYEMOM caygae 6yger
UMETh BUJ, H300PaKEHHbIH Ha PUCYHKE.

E <0,




3agaga 2.5.2. Halitu Bpems najeHusi YacTHLBI MacChl M Ha CHJIOBOM
UEHTP 1OJIs ., o
(r) =— 2

ec/l¥ B HauaJIbHbli MOMEHT OHA HaxXOAW/1aCh HA PACCTOSiHMHM [ OT HEero u mno-

KOMJIaCh. MOMEHT MMIIYJIbCA M SHEPIHH YACTHULbI yJOBJIETBOPSIOT YCJIOBHIO

L? < 2ma, E >0 (e > 0).

Pemenue.
CrayaJsia IpOBeIEM Ka4eCTBEHHOe uccienosanne. SPpdeKTUBHbI! NOTEH-
yaJt

AT R S GO SA (2.177)
Ueff(P)=U(P)+2mp2-/(P) e~ \? " om) R .

npu yeiopun L? < 2mer, chopMyIHpOBAHHOM B 3a/a4e, BCIOLY OTPHUATENEH
1 ¥MeeT BUI, u306pakenHbldl Ha pucynke. CTAHOBUTCS NIOHATHBIM, YTO, Aeti-
CTBUTE/ILHO, IIPH 33JaHHBIX 3HA4YeHUsX SHepruM E > () BO3MOXHO majieHue
YaCTUIB! HA CHUJIOBOHA LEHTP.

DTeﬂJ E>0
O P

OnpegenuM 3HaYEHUs] MHTErPAJIOB ABMKeHMs E. L M3 HavaibHBIX yCJio-
puit. TlockoibKy B HAYAJbHBIA MOMEHT YacTHUa Oblna Ha paccrosHuu R or
CMJIOBOI'O LEHTPA ¥ IOKOWJIACh, 9TO 03HAYAET, YTO B MOJAPHBIAX KOOD/UHA-
Tax:

olg) = &, (2.178)
Alte) =0, ¢(to) =0. (2.179)

O6obmennas IHEPrus
_m (2 2 U0 - (D) - 2\ -2 s
E==(s +p¢)+b(p)—(2(p +0%6%) p2>[t=m = (2180)

a MOMEHT HMIIYJIBCA
S
L=y, = mp2¢|t , =0 (2.181)
=1Lo
ITosToMy npu 33aJaHHBIX HAYAJbHBIX ycaoBuax 3pdex TUBHBIN TIOTEHIAN
coBnajaeT ¢ GU3MYECKUM OTEHLUATIOM:
(84

Uegr (0) = — o (2.182)

Bpems nazenus T MOXeT GbITH BBIUHCIEHO [PH NOMOILM KBaJpaTyphl,
OlIpEJIe/IAIOIEl HESIBHYIO 3aBUCUMOCTb p = p(t):

Iy dp .
”{ \/%(E ~ Uegt (0))

3uech sneprusi E onpegensiercst pasencrsom (2.180), a sdbdbexTupnbiii noren-
uman — (2.182); mepes MHTErpaIoM ciienyeT BHOPATh 3Hak "—" | IOCKOIBKY
Ip¥ NaJEHUH YaCTHLA [BHKETCA B CTOPOHY yMEHbIIeHUst 0G0OIIEHHON KOOp-
nuHarsl p. Ha nuskHeM npegesie uHTerpasna HeobX0amuMmo NMONOKHTH py = R
COIJIACHO Ha4YajbHOMY ycaoBuIO (2.178), a na nuxueM p = 0.

Taxum obpazomM, BpeMa naJeHus

7 d
r=- / — : (2.184)
2 o o'
\ m Rz p
st BBIMMCTEHUS MHTerpasia IpHBEJEM K oOleMy 3HAMEHATENX) BbIpa-
XKEeHHe, CTOsIIIee 10/l KOPHEM:

t—ty =

(2.183)

0 0
__ ™ pdp 1 [m i
(] 4B | e
0
=\ R(R2 - 77)""

Y L™ -
= — B2 (2.185)
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3anmayga 2.5.3. Haittu ypaBuenne TpaeKTOPDHH 9aCTHUBI MACCOH M B LieH-
TPaJIbHOM IIOJIe

Pemenue.

VYpaBHEHNME TPaeKTOPHU ONpENEsIsieTCss KBaApaTypoll, Jalomieil HesBHYIO
3aBUCUMOCTDb p = p(p):

p&. dp
mp? '
e x/%(E_Ueff(p))

He OyaeM KOHKPETH3HPOBATb, B KAKOM HAIPABJCHMA ABHXKETCs 1acTHLA,
ﬂpOl’IKCbIBa.ﬂ BCOAY JaJiee 3HaKU «t>» nepea HHTErpasoMm, a TaK»Xe HadaJlb-
Hble YCJIOBUS, ONPEAESIOUIME 0y, Yo. JPPEeKTHBHBIA TOTEHINA YACTHLBI

p—po== (2.186)

Uegt o) = Ula) + Fo =~ 24 P2 (2.187)
eff (0) = Ulp) omp® ~  p 2mp* )

Wurerpad B HOJYYal0IEMCs] BblPaKeHUH

_ i/ ¢ [ i (2.188)
2 (B+2- oy
\jm e 2mp?

~

OyaeM 6paTb BBOIsSA HOBYIO uepe\{el-lﬁvro HHTEeIrPUpOBAHUA

¢=-.
P
Tlockonbxy ;
p
TO
£(p)
2 Pe M / dé _
® \ ¥ m V 2 p2
£po) \[E + of — 2_“’52
m
e £(p) i
z;\/ﬂe_ B o5 . (2.189)
QmV p; i 2mao 2mE
&(po) ~ —£2 4 £ -
P, D,
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BoLaeisist MOMHBIA KBAJAPAT B HOAKOPEHHOM BbIPAZKEHWH,

2 2mE ' omE g
ma§+ n; ( ma) lz ; (_”l;) (2.190)
P P P2 P

® ¢ ©

45_;,

mo

4 3amuchiBas Mepy MHTerpavia dé = d (£ — —— |, nmpuxoguM K TabIu4HOMY
P2

HHTErpaJly BHIa ¢

/ x T
————— = arccos —.
Va2 — z? a

TTosromy
mao
p—po= *\/ :—E — =
2m\ 7 E\po i ( ma'>2+2mE (ma)Q
1 ; AN
T
I_mm l
7
= F arccos — - | (2.191)

=
2mE n (ma)
2 2
\) 2, Py
O6besuHsisa 110ACTAHOBKY Ha HUJXHEM IIPEJese ¢ o B JI€BOH 4acTU B HOBYIO
KOHCTaHTY Py, IOJYyYaeM

_ = \ i (p2 ) cos (¢ — Po)- (2.192)

Po

L P o

BeipaxkaeMm sisHbIM 06pasoMm p:

p= ! = ) (2.193)
ma 0 2mFE & mo s o)
p?a [)2 ng ¥ Yo

Jens uMcaureb ¥ 3HaMeHaTe b APOOH Ha ma/p B MTOTE ISl ypaBHEHUSA
TPAEeKTOPHHU HOJIyuaeM PaBeHCTBO

pi/ma

2Ep? '
+\/l+ p;pcos(go—f;oo)
ma

ple) = (2.194)
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Jasa 6osee KOMIIAKTHOH 3anucH BBeLeM 0003HaYeHMS:

pz
p=—* (2.195)
mao
2Ep?

=14/1 3
£ +ma2

(2.196)

Torga ypasrenue Tpaekropuu (2.194) sanmmerca B Buie

p

e 2.197
1+ zcos (v — @) ( )

p(w) =
1 npefcTaBsser coboit ypaBHeHHe KOHNIECKOro ceueHusi. Benuuuka p, onpe-
nensiemas pasencTsoM (2.195), HasbIBaeTCs NapaMeTpoM OPOHUTH!, BeIMYMHA
¢, napaemas coorsomenneM (2.196), — skcuenTpucurerom. B 3aBucumocrn
OT 3HaYeHNd NocaeaHero, ypassenue (2.197) MOXKeT ONUCHIBATH OKPYKHOCTb,
snnunc, napaboay U runepboay.
[Ipu € = 0 ypaBHeHue KOHu4eCKOTo cevenus (2.197) mpeacrasaser coboit
ypaBHEHHE OKPY2KHOCTH pajuyca p:

p() = p.
U3 (2.196) cnenyer, uto £ = 0 npu

mo?
= T 9.2
2p¢

Hecno:xHO y6eauThCst B TOM, YTO 9TO 3HAYEHHE SHEPIHM B TOYHOCTH COBIA-
aeT ¢ MEUHMMAaJIbHBIM 3HadeHneM 3ddekruBroro norennuana (2.187):

2
(Ufo)min = "T;p_a?p

Ipu 0 < £ < 1 ypaBHeHue KOHHYeCKoro cedenus (2.197) mpeicrasnser
coboti ypasrenue saaunca. U3 (2.196) caenyer, yro snaunTuyeckoll Tpaekro-
pHs ABH2KEHHS OyJeT IIPY 3HAYEHHUAX SHEPIUHY, YIOBNETBOPAIOWE] ABORHOMY
HEepaBEeHCTBY

2Ep?
0<1+ Py

ma?

=1,
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WJIH, 4TO 3KBWBAJIEHTHO,

(Ueft) g < E < O

Ipu £ = 1 ypasnenue xonudeckoro ceuenus (2.197) npeacrasiser coboit
ypasHenue napabossl. [Buxenne no napaboanyeckoil TpaeKTOPHH BO3MOXK-
HO, Kax 3T0 caenyer u3 (2.196), upu 3uavenusx sueprun F = 0.

Ilpu ¢ > 1 ypaBHenne kouuyeckoro ceuenus (2.197) npencrasaser coboi
ypaBHerue rumepGoser. /Isuzxenue no runepGoJMYECKOH TPaEKTOPUH BO3-
MOXXHO, Kak 3TO caenyer u3 (2.196), npu 3na4enusx suepruu E > 0.

Bce Bo3MOXXHBIE DACCMOTPEHHbIE BLILIIE CATYALMH, COOTBETCTBYIOIIHE Pa3-
JIMYHBIM 3HAYEHUAM SHEPTHH YaCTHIbI, OTPArKEHbI HA CJICYIOMX PUCYHKAX.

Uetrt

\\ E > 0 (ruuep6osa)

w—E =0 (napa6ona)
O \ /“ P

\/ (V) in < E< 0 (1aunc)

E = {U.ag) (oxpyaxnocTs)

min

Oapymnoc !
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Bagaua 2.5.4. Haiitn nepuos GUHMTHOrO ABHMKEHHMSI YACTHIBL MacCol
M B LUEHTPAJIBHOM NOJIE C KeIJIePOBbIM TIOTEHIMAIOM:

Ulry=-=, a>0.
18

Pernenne.
Kax MBI BHICHWIN B IDeaniaylieit 3ama4e, PUHUTHOE JIBUXKEHHE B pac-

CMaTPUBaeMOM LEHTPAJIBHOM OJI€ BOSMOXKHO IIPM OTPUIATE/bHbIX 3HaYeHHU-
SIX HEPrUunt

2

mao
(Cet) i = - 3 < £ <0
7]

[O3TOMY JaJiee IIDH BbIYM(IeHUAX, IPUHMUMAST BO BHUMAaHUEe 3HAK SHEPIUU
4aCTHbl, 3aMUIIEM €€ B BHje

E=-|E|. (2.198)

IpensoxxuM jiBa BAPHANTA HAXOXJEHHS NEPUOA (DUHMUTHOIO IBYIKEHUS.

ITepssriit cn10cO6 OCHOBLIBAETCH HA HENOCPEACTBEHHOM BBIUMC/ICHUM HH-
Terpasia B obweit dopMyie, onpejensiomedt nepuos PHHUTHOTO IBUMKEHUS B
IPOM3BOJBHOM LEHTpalbHOM noe U(r):

P2
T=2 dp

, (2.199)
o V/':? (E-Uet ()

rJe TOYKH HOBOPOTA P12 ONlpene/sfioTes paBeHCTBOM 0B0D1IEHHON SHepruY u
sbdexTuBHOrO NOTEHIHMANA (2.187):

E= Ueﬁ‘ (plvz). (2200)
C yuerom (2.198) ypaBhenue s TOYEK MOBOPOTA MPUMET BUI:

2
e R

2.201
b (2.201)

HIn
2m|E|p® — 2map + p? =0,

72

OTKYHa HaXOAMM 3HA4Y€HUS PACCTOSIHUM OT CHJIOBOrO LeHTpa A0 4acCTUlibl B
TOYKaX IOBOpPOTa:

2 2
_a o _ Py,
P12 =g J (2|E|) 2mlE| (2:202)

Ueff

P1 P2

E

[Mpucrynum k Beiuuciennio unrerpaia 8 (2.199). [Ilpunuman Bo BHMMaHKe
(2.187) u (2.198), 3anumem

P2
T:2/ { ie .
| 2 o P2
o1 = <] B o ©
Qm( | H_p 2mp2)

2
Boinocst u3-noj KOpHS 3a 3Hax uHTerpana — |E|, upusoas K obuiemy 3Ha-
m

MEHATeJJI0 ¥ BbLIEJAsS NOJHbIA KBaJipaT B IIOJKOPEHHOM BbIDAXKEHUH, 6y,ZLeM
HUMETDb:

Teg [T i pdp .
2]E|p1 [ a P2

—n2 —_— — — ¥
N7 TTES T i
e P2

/2m / pdp

=4 — |
ViEl \1 (P‘%}ﬂ) +(ﬁ) “mﬁ%El

[IpescraBumM B ynciauTesne

=7~ 35 * 357
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BBEEM HOBYIO NEPEMEHHYIO MHTEIPHPOBAaHUS

(63
ST g
u pa3obbeM MHTErpajl Ha JBa:
- \/’2? 1“/”” de? .
“VIE| |2 . f 2 '
|E] &(p1) i_§2+ 2.1 = p?"
\ 2|E|)  2m|E|
&(p2) de
2 E 2 p
4B ]£(m) \—-§2+ o\ P
\ 20E]) ~ 2m|E]
Beps nonyuusiupecs tabjiu4Hble MHTEIPAJbI, HOIY48eM
s i 2 2
i e __Pe
T [\ am)
1&(p2)
2 7 Breeos E l
1 I a B pé i
\ \2IE]| miEl ],

3uauenHus IepeMeHHOll uHTerpupoBaHud § B TOYKax nosopora (2.202)

a 1 o .__p’:i
Elora) = prz = 7 =+ (EE) - 2mlE]

B pesyasrate 06e NOACTAHOBKH A4 NMEPBOIO CJAraeMoro JalT HYJeBbE pe-
3yJbTATHI, U 11ePHOT

el om ar
= [T gy (saccon1 = ancos() = | e 55
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Bropoit crnocob BbluKCIeHNsT TePUoAa (DUHMTHOTO JBUKEHUS OCHOBAH
HA HUCIOJIb30BAHMK y2Ke IIOJIyYeHHBIX B Ipelbayliel 3ajade pe3y/isTaToB O
JIBUZKEHUH YaCTHLb! B KeIIEPOBOM MOTEHIHAIe.

B nonsipHBIX KOODIMHATAX, KaK H3BECTHO, MOAY/ib BEKTOPa CEKTOPHOH

CKOPOCTH
1

o= 5 pzf,'a.
VnTerpas ABUIKEHUS P, IPH STOM BBIPAXKAETCs] B [IOJISPHBIX KOOPAUHATAX
mockocT Jlamsiaca kax
o = mpzw
Craso ObITh, CEKTOPHAS CKOPOCTH

= 2

2 (2.203)

H COXpaHsieT CBoe 3HauyeHue. VIMEHHO 3T0 CBOHCTBO CEKTODHOM CKODOCTH,
KakK IJIOWAM, 3aMeTaeMOi paluyc-BEKTOPDOM B €JMHUIY BPEMEHH, MO3BO-
Aser paccuurars nepuod T UHUTHOTO JBUZKEHMS: 3a BpeMs T 3aMeraeTcs
IJIOIIA/Lb SJIIHIICA

S = mab.

0 KOTOPOMY JBUKETCst 4acThua (a, b — Gosbluas 1 Maslas IoJIyoCcH JJIANCA):

b 2mmab
e T o VO (2.204)
g Py

IMonyocu sanunca a,b Moryr ObITh Jierko HaiileHBl IO M3BECTHBIM U3
npeablayliel 3agayu 3HaveHusM mapamerpa p (2.195) u skcueHTpHCHTeTA
£ (2.196). Css3b p, € ¢ a, b, HAIOMHMM, HMeeT BUI

bZ
B
a
i b2
- \/1_ -
a
OTKYAZ
_ P
1—¢g?’
b= p



TTosromy nepuos GUHUTHOrO JABHMMKEHNS, ONPELENsEMbIH COOTHOLIEHNEM (2.204):

_ 27m p?

" h G-

loxcrasass coga BEparKeHMs (2.195) u (2.196) nns napamerpa M SKCLEH-
TPUCHUTETA COOTBETCTBEHHO, NOJNy4aeM AJf NepHoa ABHKEHNS YacTHUIbl TOT

K€ pe3yJbrarT:
2 2
e
")

ma?

2.6 3azaua paccegHud

Obmme pexomenganmm.

Pemense 3agau na Haxoxienue auddepeHIUATBHOrO CeYCHUSA pacces-
HHHA CBOIUTCS K HAXOXKJEHHIO NPULEILHOIO HAPAMETPS KaK (DYyHKIMH yriia
Paccesnus. Jenaercs 3TO HA OCHOBE KBaJPaTyphl, ONpeieisiouiel ypasHe-
HUe TPAaeKTOpuHK YacTUIbI Ny4YKa, JBHKYIlelica B OJle CUJIOBOrO IIEHTPAa, Ha
KOTOpOM npoucxoguT paccesinue. Ilpm sTom B xBajgparype 3dhdekTHBHbINA
NIOTeHIMA1 HeoOXOAUMO 3aNMCATh Yepe3 MPULEIbHBIA mapaMeTp. 3aJa4yy Ha,
Ha.XO}KﬂeHHe CeUYeHHA MageHHs 4YacCTHll Ha CHIIOBOM LHEHTP CBOOATCA K Ha-
XOXKIEHMIO NPEeJe/IbHOIO NPHIENbHOrO lapaMeTpa, uMes KOTODBIA dacTuna
BBIXOAUT aCMMITOTHYECKH Ha KPYTOBYIO OpOUTY.

Sazaya 2.6.1. Haitru auddepenumansbnoe ceuenne pacCcesHHs TNY4YKa
9aCTUI, Ha CUJIOBOM HEHTPE, IIOTEHIHAT KOTOPOro

U@ = — 5:- (o < 0).
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Pemenwue.

B sanaye 2.5.3 ans ciydas NPATACMBAIONIETO CHIOBOTO LEHTPA (a>0)
Obuto Halimeno ypaBHeHHe TpaekTopuu (2.197) B BuAE ypaBHEHHS KOHHYE-
CKOI'O Ce4YeHusl. Hpﬂ 3TOM B 3aBUCHMOCTHU OT 3HAYEHUSA QHEPIrumn E HYacCTHUIbL
sxcuenTprcuTer (2.196) MOr NIpHHUMATDL Pa3/IHUYHBIE 3HAYEHMHA, YTO OIpere-
JIS10, 10 KaKO# TpaeKTopuu OyJdeT ABHIaThbCA HaCTHUBL OKPYKHOCTD, 3J-
JIMIIC, napabona wiu runepbona.

Jns crydas oTTaNKHUBAIOMEro CHIIOBOrO LEHTpa (a < 0) acbdbexTupnbiit
NOTEHIMAJ

2
” a P
Ueﬁ'(p):_“+ Z

2.
= s (2.205)

BCIOAY IOJI0XKHMTE/eH (CM. PHC.), M JBHXKEHHE BOZMOXKHO TOJIBLKO IIPH 3HAYE-
Huax sxepruu E > 0.

Ueﬁ

|
l

ole_ p

min

Bce nposesennble B 3ana4e 2.5.3 BiunCIeHHS, KaK HECTOXKHO COOBPA3HTS,
ocraiorcst B cire. OQHaKO, Teleph, B CHILY NOJOXKUTENLHOTO 3HAYEHHS SHep-
run E, 3KCLEHTPHCHTET TPAEKTOPMH, ONpedeNsieMbilt cooTHOWmeH eM (2.196),

2E
p5>1

ma? ’

e=1{/1+

9TO FOBODHT O TOM, YTO TPaeKTOPHEH ABUNKEHHMs YACTHIL IIPH DACCEsSHUM HA
CHJIOBOM liEHTDE, Gy aeT runep6oia npu J1060M pa3penIeHHOM 3HaYeHUH JHep-
rum E.

CBfi3p OPHUEJILHOTO NAPAMETPa P C YIVIOM paccesHUs § Moxer GuiTh

YCTAHOBJEHA H3 OCHOBE KBAJDATYDHI, ONpPEeNsiOiedl ypaBHeHHe TPAaeKTO-
puu (2.186).
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O6o3Hauum 4epe3 Ap; — H3MEHEHMe yINIOBOH KOOPAMHATHI ¢ NPH ABH-
JKEHMY YACTHIE M3 MPOCTPAHCTBEHHON GECKOHEYHOCTH, IIe p = 00, A0 TOY-
K¥ MAKCAMAJIBHOTO CONMIKEHHS ¢ CHJIOBBIM LIEHTOPOM, B KOTOPOH p = Pmin;
Ag, — m3MeHeHue yrjia npu oGPATHOM ABMXKCHMU HA NPOCTPAHCTBEHHYIO
GeckoneuHoCTh. Boipaxenusa 1 A¢y 1 Apz MOTYT GBITH HEMOCPEACTBEHHO
naiinens u3 (2.186), rae 1as Ag; nepel HHTETPAIOM CAEAYET BIATH JHAK
«—>», TIOCKO/IBKY HA 3TOM YYaCTKe IBUXKeHHS KOODIMHATA 0 YMEHbINAETCH
(npx STOM Ha HIXKHEM Ipefielie MHTerpasa HEeOOXONUMO MOCTABHTL p = 00,
KaxK 3HAYEHHe HAYAJbLHON KOOPIMHATHI, Ha BEPXHEM — ) = Pmin, K&K KOHEY-
HOM); B BhipaskeHun s Ay Nepel MHTErPajiom Cllelyer B3ATh 3HAK «+»,
IOCKOJIbKY HA 3TOM y4aCTKe JBHKEHUS KOOPAMHATA O YBEJUINBACTCH (mput
TOM HA HUXKHEM IpeJe/ie UHTErpasia OYIeT p = Pmin, KAK 3HAYCHNE HAYAIIL-
HO KOODAHHATHL, Ha BEPXHEM — p = 00, KaK KOHEYHOH):

Pmin
Boy=- [ Lo (2.206)
= "2 (B U 0)
x
By, = | 22 dp : (2.207)

mp® (2
pmin \/;L (E - Uegr ()

OueBnano, Ap; = Aps.

W3 puCyHKa BHIHO, YTO yrojl paccesiHus § yJ0B/1erBopsieT COOTHOMICHRIO!

7 8 = Ap; + Ag,.
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Tlosromy

D d,
w=f=2 / T £ (2.208)
L oy

SddexTuBHBIN NOTEHNMAN 3[eCh CIEIYeT 3aNUCATh Yepe3 IPULETbHBIN
napaMeTp p CTaHJAPTHBIM 06pa3oM:

Ueti(p) = U(p) +

2
D, Ep? Ep?
£ EU(p)+—€:—9—+——§—A

B
2mp? P PP ey

ITpu srom B (2.208) HEOGXOMMMO TakxKe BEIPA3UTb OCTABIIEECS B IOAbIHTE-
IpabHOM BblpaKeHuH (BHe 3hheKTHBHOIO MOTEHLUATIA) P, Yepe3 NIPHIEITb-
Hblt TapaMerp p Ha OCHOBE COOTHOIIEHHUS:
2
Py
= E 2. «

oy D (2.210)
Cr g
(CrouT OTMETHTD, YTO 3HAYEHMS] UHTEIPAJIOB J(BHKEHUS Dy, KAK MOy MO-
MEHTa UMITYJIbCa, ¥ S9HEPruH E MOryT GbITh HARAEHBI U3 HAYaIbHbIX YCJIOBHIA:

muv?

Pp = MPUs, E= —593, (2.211)
THE Use — MOAYJb BEKTOPA CKOPOCTH YaCTHIbI HA MPOCTPAHCTBEHHOM Gecko-
HEYHOCTH B HaYa/IbHbIA MOMeHT Bpemeru. Ilorennuan U(p), npeanonaraercs,
y6biBaeT Ha BECKOHEYHOCTH TAK, YTO

Jim U(p) = 0.
Coornomrenne (2.210) nonyuaercs u3 gopmya (2.211).)
Wnrerpan, durypupyiommit B (2.208), HamMu 6bL1 y2Ke BHIYMCIEH B 33,0346
2.5.3: cM. bopmyay (2.191), B KOTOPO# HEOBXOLUMO 3aMEHUTH P, HA OCHO-

Be (2.210) ¥ MOCTABUTH COOTBETCTBYIOLIME HANIEMY MHTErpaiy Inpeaesst. B
UTOre,

1 a
m — 6 =2 arccos p_ 2Ep =
[ 2
LI -
Q P <25p2> I
Pmin
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“
!
|

‘
“

*W\
I

(__Ot_) 1L __«a
—ﬂ—2arccos%i“—m2€m_!i.

2 ! 2
1 2 (¢4 i 1 5 (0%
\ P? 2Ep? \ P2 2Ep?

MuHUMaNbHOE A0 CHUJIOBOrO LEHTPA PACCTOSIHUE Pryin HAXOAMM U3 PaBEH-
CTBa, OLIPEAEJSIOUIEI0 TOYKU IIOBOPOTA:

= 2 arccos (2.212)

Ep?
Prmin sznin

Ueﬂ'(pmin) S5

KOTOpOE pelllaeM KaK KBaAPaTHOe OTHOCHTENbHO 1/pm;iy. [loMH4, uTOo B Hamem
aydae o < 0, a KOOpAMHATA p BCerja HeOTpMUATeNbHa, yOexJaeMcsi, 4ro
9TO ypaBHEHUHE UMeeT €IUHCTBEHHOE DelleHue

1 o 5 o \?
=gt QF + (_QEp2> . (2.214)
Moxncrasnss (2.214) B (2.212), naxonum:

..
2Ep?

— 2 arccos 1 =

N 2k y
\|p2 2Ep?

()
~ 2Ep?

tpz’ (2A215)

LN o
\pz 2Ep?

2
a
20 (QEpZ)

T . S, (2.216)

2 1 a \°
F+ﬁp—2)

7 — @ = 2 arccos

= 2 arccos

OTKyJa

JIOMHO)Kaﬂ YHUCIUTE/Ib ¥ 3HaMeHaTeJJb Ha p4,

a \2
o __(38)

sin? 5 = — 28, (2.217)
7+ (35)
OKOHYaTEJbHO HAXOAUM:
S
p2(0) = (5‘3‘5) ctg’s. (2.218)

JuddepennuaibHoe ceueHHe paccesHUA MOXKeT ObITh HaliaeHO 10 dop-
Myae:

99 2
= #lafio = ;dp(&) —_—.(i)- & 1 )
do = mdp*(6)| T !d() ™\ 55 2ctg2 A dg. (2.219)
i sSin” —
2
3anucsiasi quddepenimai df yepes aJeMeHT TeJeCHOro yria, ds)
s
" 2msing’ Py
OKOHYATe/IbHO IIPUXOAUM K COOTHOLIEHHIO
a\?2 dQ
do = (ZE) ———-- p g
S1n 5

Ha3biBaemomy dopmynoit 3. Pesepdopza.

3agada 2.6.2. [ly4ox yacTHi Maccoit m ¢ sHeprueéd F ynpyro pacceu-
BaeTCs Ha xkecTKoit cepe paauyca R. Haiitn muddepennuanbioe u nonauoe
Ce4YeHHe PACCesHUs.

Pemenne.

Paccestuue myuka Ha »KeCTKO# cepe MOXKHO HHTEPIPETHPOBATH KAK pac-
CesiHUE HA CHMJIOBOM ULEHTDE, HAXOASIIEeMCs B LEHTPe cdepbl M CO31aloIieM
noJie

0, 7> R,
U(r)={oo, r< R.
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Tem ne MeHee 1719 HAXOXKEHHUs NIPHIETBHONO NapamMeTpa Kak byHKIMy yria
paccesiHus, HeT HEOBGXOJIMMOCTH aHAJIH3UPOBATH KBAJPATYPY, AHANOTUUHYIO
(2.208) B upenpiaymed 3aqade. JaHHas 3aBHCUMOCTH HAXOAMTCS M3 YUCTO
PeOMETPHYECKUX COOBparkeHuil.

B camom sene, u300pa3uM TPAEKTOPHIO JABUXKEHHUS OJHOHM 4ACTHIbBI IIPH
paccesnuu. [lockosbky BHe Cepbl HUKAKNX CHJI HA 4aCTHIYy He HeHcIBy-
I0T, OHA JBHXKETCA 1O M Mocje yaapa o chepy npsamoauHeiino. AGCoaOTHAS
YIDYTOCTb yIapa NPUBOAMT K TOMY, YTO YroJl IaJIeHUs. (v COBNAJAET C YIIOM
orpaxenus 3 (cM. puc.):

ITpy aTom yros o MoxKeT GBITh BLIDAXKEH Yepe3 YroJl paccesinus § O4eBU JHBIM
obpa3zom:

a=(r-0)/2. (2.221)

B xayecTse MpMIEILHOrO MapaMerpa p YaCTUIBL BHICTYNaeT oTe3ok AB
(cM. puc.), paBHbI JJMHE NEPIEHXMKY.IAPA, ONYUIEHHOIO M3 TOYKH NaIeHHUS
yacTHIb Ha cdepy Ha ee JuaMmeTp, IapaJule/bHbidl NEPBOHAYAILHOMY Ha-
1IpaBJIEHUIO ABHKEHUs JacTuLbl. M3 npsamoyrosnbHoro Tpeyronsauka AAOB
¢ runorenysoit OA= R, Haxoaum:

p= Rsina. (2.222)

C yuerom (2.221), 3aBHCHMOCTb [PHUEIBHOIO IAPAMETDA OT YIVIA PACCesiHHs
MMeeT BHI:

p(6) =R cosg. (2.223)
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IuddeperunanbHoe ceyeHne paccesHusl TOLAA:

do = 27rp(9)|§%(éi)id0 =
6

=27r-Rcosg-Rsin——- d0=%7rstin9d9. (2.224)

1

2 2

VYron paccesinust § NpUHEMAET BO3MOXKHBIE 3HAYEHUS
0<6<m.

ITpu sTom 3Hayenne § = T COOTBETCTBYET «J1060BOMY» CTOJIKHOBEHHIO YaCTH-
1l co cpepoit, Korja OHa ABUMKETCsl B HANPABJIEHHH BIOJL TOPU30OHTAIBHOTO
AuameTpa cepbl H 1ocae yaapa O Hee NMPOAOKAeT ABUIATHCH B AMAMET-
PajibHO MPOTHUBONOJIOXKHYIO CTOPOHY; 3HadeHue § = () COOTBETCTBYeT CHTY-
aluMM, KOrJa 4JacTHNA, MMesl NPULENbHBIN napaMeTp p = R, JUUIb Kacaercst
[IOBEPXHOCTH CQepbl U HE MCIIBITHIBAET U3MEHEHUsS HANPABJICHUS IBUKEHHUS.
ITonnoe ceueHue PACCESHUS Tiorq NOJIYHAETCS MHTErPUPOBaHUEM Audde-
PEHIMAIBHOTO do 1O BCeM BO3MOXKHBIM 3HAYEHHMAM yIJla PacCesHus:

1 [ 1 w
Ctotal = /da =3 TrRz/ sinfdf = — 3 mR?cosf| =nR? (2.225)
0 0

1 npesicTaBiaser coboi nonepeyHyo IIOLANb IPEIsSTCTBUS, KOTOPOE BCTpe-
YaI0T YACTHUIBl Iy4Ka IIPH PacCesHMH, B HAIEM Cjydae — ILIOIAAb KPyTa
paauyca R.

Sanava 2.6.3. Haittu anddepenuuansioe cedenne paccesHus 4acTHI,
CKOPOCTB KOTODBIX [0 paccesiHusi NapaJllelbHa OCH T, Ha TIIAAKOH yrnpyroi
oBepxHOCTH, 06pa3oBanHOl Bpauienuem rpacduka byHKUMEK

y=f(z)=az? 0<z<b (a>0,b>0)

BOKpPYT OCH I.
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Peurenue.

ITo anayornu ¢ npeaplaymeil 3ajaueil, ynpyroe paccesiHusi Ha INOBEpX-
HOCTHM BPAIUEHUSI MOYXKHO NepedOpMynpoBaTh KaK PACCESIHUE HA CHJIOBOM
LIEHTPE C NOTEHIHAJIOM

By = 0  BHe MOBEPXHOCTH BDAIllEHHd,
oo Ha U NOJA NOBEPXHOCTHIO BPAIIEHHS.

Tlpu 3TOM, B CHIY OYEBHAHOM CHMMETDHH, 3TOT BOOODArKAeMBIH CHIOBOM
IEHTD HAXOAUTCS IJe-TO HA OCH CUMMETPHH, B KA4eCTBE KOTODOH BBHICTyNa-
eT och x. Bosiee KOHKpeTHOM HHGOPMANUA O MECTOHAXOXKAEHUH €r0 CKa3aTh
HEBO3MO2KHO, HO, KaK MBI YBHAMM, 3TOTO JOCTATOYHO IJIS PELIEHMs 3a1a4u.
B 4acTHOCTH, 3HAHHME TOrO, YTO CUIOBOM LEHTD HAXOAMTCS IJe-TO HA OCH T,
N03BOJISIET NPUATH K BBIBOAY O TOM, YTO B KadeCTBE IPHIEILHOIO NapaMer-
pa KaXJO# 4acTHUBl HAJIETAIOLIErO [y4Ka BHICTYIA€T OPAMHATA TOYKH ee
NaJeHKs Ha [OBEPXHOCTH (CM. puC.):

P=Y.

M306pa3uM TPAEKTOPHUIO IBMXKEHHMS YaCTHIl NPU YOPYTOM CTOJIKHOBe-
HUHI C MOBEPXHOCTHIO. VI3 puCyHKa HAXOAUM, YTC YroJ NajJeHHsd ¢ CBA33H C
yraoM pacceaHua O4YEeBUIHbIM COOTHOUICHUEM:

a=(r—20)/2 (2.226)
\

Yy \
\ &

Nyl o g

P A 'l‘l

BYMZC ]lb,l €T

\\\k’l

ITpoBeneM B Touke A MaJieHHs KACATEIbHYIO K IOBEPXHOCTH M 0003HAYNM
yepes <y yros ee HaKJoHa. Torna 3HayeHue Npou3BosHON dyHkuuu f(z) =
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am1/2 B 9TOH TO4YKe, KaK U3BECTHO, onpenenseTr 3HaYeHue TaHreHca yrJja Ha-

KJIOHA KacaTeJIbHOM’:

d .
g = e () = —azg12,

5 (2.227)

VI3 uncro reomerpndeckux cOoGpakeHU# YyCTAHOBUM CBsI3b YIVIOB ¢ M 7.
Ha pucynke

/NAB = g —a, LABC=¢

u /NAB = /ABC kax HakpecTiexauiue, CTajao ObITh
y==—o. (2.228)

CpasuuBas (2.226) u (2.228), Haxomum:

6 ;
g= . (2.229)
2
[TosroMy paBeHCTBO (2.227) mpuHHMAET BUA;
6 1
tg = = ~az" /2, .
g5 =508 (2.230)
OTKyAa
o _ B0
z 7 ctg 3
a npuuenbHbl# napamMeTp
a? 0
p= flz) = az'? = 5 ctgg =p(0). (2.231)

Juddeperumaibioe ceyenue paccessHus

| 2 2
do = 27p(0) —d(—ide =2 ( ) e - —— = 0. (2.232)

3anucbiBas guddepeniman df yepes 3JIEMEHT TEJNECHOro yria df) 1o aHajo-
ruu ¢ (2.220) nonyuaem
at  dQ
dO’ el ey,
16 sin*6/2
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OHpeJ.leJIHM J1IJ1s1 TOJIHOThI KApPTHHBI, B KaKHX npenejax HU3MeHseTcs yroJi
paccesirust § yacTuy nyuxa. Jl1s 9TOr0 HEO6XOMMMO PACCMOTPETH ABe «Ipe-
nenbHbIX> TOuKH T = 0 ¥ T = b, OrpaHNuMBAIOMMX [OBEPXHOCTh BDAILEHMUS.

IMocJie CTONKHOBEHHUS YACTHIBI C IIOBEPXHOCTHIO BPAIEHUs: B TO4Ke ¢ abc-
nuccoit + = 0, oHa GyneT JBUraThCs B AHMAMETPAJIbHO MPOTHBOMNOJIOHKHYIO
CTOpOHY, YTO COOTBETCTBYET 3HaueHHMIO yrna paccesnus 6 = . Ilpu pacces-
HUM B TOUYKe ¢ abcuuccoit x = b yron paccesinusi §, MoxeT BbETH onpenescH
u3 coornomenus (2.230):

43 — 1 —-1/2
tg e 2ab s (2.233)
OTKYAR
a
Oy = 2arctg —s=. 2.234
b arch\/B (2.234)

OueBHHO, YTO IIPY PACCESIHMA BO BCEX OCTAJIbHBIX TOYKAX HOBEPXHOCTH BPa-
HeHHUs] HCKOMBL YroJl PACCesiHUS MEHSIeTCS B IIpejeIax:

O, <6 <m.

Urak, auddepennuanbHoe ceueHre paccessHMsl YacTHUIL HA 331aHHOM Mmo-
BEPXHOCTH BPAILEHUS
at  dQ

6, 1 y
e PO <g<m. 20 e T gl At
do 16811149/2,11;)14310\4 Oy <O8<Tm tg2 2ab

3azmaua 2.6.4. HaliTu ceuenue najeHusi Ha CHJIOBOM LEHTD JJIsl 4aCTUIL
Maccoit m, JNBMXKYIUIHXCS B NOTEHLMaJe

c sueprueit E ((a, 8 > 0)).

Peirenue.
Haxoxkesue cedeHus [aJeHUs] HA CHJIOBON LEHTP Oypay CBOJAMTCA K Ha-
XOKIEHHIO 1IPEeJIbHOTO NPUIEILHOI0 IapaMeTpa Py, II0CKOIbKY

Onaz = TP (2.235)
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Tlo onpeseseHuIo TpeeibHbli NPHIEIbHBIA NapaMeTp — 3TO TaKoe 3Ha-
YeHHe NPHUEJLHOrO NapamMerpa, MMes KOTODbIM YaCTHIbI My 4YKa aCHMIITOTH-
4ecKM BBIXOJAT Ha KPYTOBYIO OPOGHTY BOKDYI' CHJIOBOrO leHTpa. Ero 3nauenue
MOKET GBITH HANIEHO U3 YCIOBUS PABEHCTBA 3HAYEHUS SHEPTUM YACTHIL My Y-
Ka MaKCMMAJIbHOMY 3Ha4YeHut0 3¢pdeKTHBHOrO NOTEHIHNANA, YTO MOKET ObITh
cOPMYNIHPOBAHO B BUIE BBIIOJHEHUS CJIEIYIOWUX yCIOBHM:

E = Uggr(po, Po)-

a 1

= Uegt(p. P). =0,

ap ~° p=2p0,P=P0 (2.236)
o? |

= Usgp(p. 1) < 0.

6p2 eﬂ(p ) P=P0,P=P0

DddeKTUBHbIN NOTEHIMA] YACTHLL Iy4Ka

. Ep? o 1
Uet(p.7) = U(p) + - (Ep* - 3). (2.237)

Juddepennupys ero, sanuuem cucremy (2.236) sBHbIM 06pasom:

E:%erig(Epg—ﬁ).

o 2
- — = (Ept-3) =0, 2.238
7 A .

2 6 ;
p—g-&-;‘g(Epg—d)<0

W3 Broporo pasencTsa cucrembl (2.238) Haxonum, 4To
oo = — (Ezl - ) (2.239)
a 0 ’
TloacTarisis nocie1Hee BhIPasKeHHE B IEPBOE YPaBHeHUe cucreMsl (2.238),
[0J1y YaeM:
o? o? o?

E=- + =- ,
2(Ep3—3)  4(Ep§-9) 4(Ep§ - 3)

(2.240)
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OTKy/Jla HaXO4UM 3Ha4deHHe Npele/IbHOro MpUIEe/bHOro napamerpa:

. (2.241)

TlpoBepuM BbINOJHEHHE TPETHErO YCJIOBHUs B cucreme (2.238):

204 " 6ot 3
8(Ep - 8)° 16 (Ep} - B)°

o? 8E3
- [143 (2.240) : (Ep} - 8) = - 4_E] = - <o

20 6
__+—E2—5:[2.239]=—
o p‘é(p" } =|{fasean)
0/4
8 (Epf - 3)°

IToaToMy, NOICTAB/sAS HANACHHOS NPEIENbHOE 3HAYEHUE IPULEIBHOTO N1a-
pamerpa (2.241) B coorromenue (2.235), A/151 CeueHHe 13, I€HHST OKOHIATEIbHO

HoJIyyaeM: "
38 o
Onag =7 (E = @) . (2.242)

2.7 Mausle kKoaebaHngd

OO6imue peKOMeHJauMu.

Ilpn pemeHun 33734 Ha MaJble KOosleDaHUS NpeXxae BCEro HeobXOomumo
y6eUTHCA B BO3MOXHOCTH CyLIECTBOBAaHUS KOI€6ATEIBHONO JBUKEHUS B CH-
creme. Jyis 9T0ro HEOBX0 MO NPOBEPUTH €€ NOTEHUMA Ha HAJHYHMe Todex
munamyma. Kosebanus OynyT npoucxosuts BO/IM3M TOM TOMKHM MHHHMYM),
B OKPECTHOCTH KOTOPOH 3aJaHO HAYAJILHOE IIOJIOXKEHHEe CUCTEMBL. JTa TOY
Ka olpejeser MoJI0XKeHHe PaBHOBECUS CHCTeMbl IPH 33JaHHBIX Ha4allbHbiX
yeaopusix. Jasee HeOGXOAMMO CTAHAAPTHHIM 0OPa30M MOCTPOMTL DYHKIHMO
Jlarpauzxa kosiebarensHOMN cucTemsl. IIpu 9TOM He HYXKHO AyMaTh Haj BOIPE-
COM PAIIMOHAJILHOrO BHIGOpa OGOGLUEHHBIX KOODAMHAT: B KAUeCTBE TAKOBBX
BBIOMPAIOTCS OTKJIOHEHHs! OT HAalJIEHHOTO IOJIOXKEeHNs. PABHOBECHS, KOTOPHE
BIOCJIEJCTBUM OYAYT CYUMTATHCA MajbiMU. [l HAXOXKIEHUS 3aKOHA MAmbX
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JIMHEHHbIX CBOBOAHBIX KOJeOaHU HEOOXOAUMO NMPOM3BECTH PA3JNOXKEHHe MO-
crpoenHoit dynxunu Jlarpanxa B psay Tefiiopa 0o MabIM OTKJIOHEHHSIM OT
NOJIOXKEHHUSI PABHOBECHS, COXPaHAS 4WieHbl He 6ojiee BTOPOro NoOpsijka Ma-
gocru. Tlocneanee obecneunpaer uHeNHOCTH AucbbepeHIMANbHbIX ypaBHe-
Huil, OnUCHIBaIOWMX Konebanus. asee cocraBisieTcs cucremMa ypaBHeHMi
Jlarpanxa, K pelIeHnI0 KOTOPO# CTAHJAPTHBIMH MATEeMATHYECKMMH MeTo-
JaMM CBOAATCA JafibHeitumme peficTBus. B wacrHocTH, TpefoBanue HeTpHUBH-
aJBbHOCTH pEINeHMA ONHOPOXHOH cucTeMbl JuddepeHUHaIbHEIX yDaBHEHUH
IPUBOAUT K XapaKTePUCTHYECKOMY YPaBHEHHIO, O3BOJSIIONIEMY HalTH COB-
crBeHHbIe yacToThi. Hano nonuMare, 4to y Kax10it KosebaTe bHOR CHCTeMb
POBHO CTOJIbKO COOCTBEHHBIX YaCTOT, CKOJBKO CTeneHeil cBoGOAbl OHa MMe-
et. Ilpu sroit xax ol coberenHoRt yacrore (Mome KoneGanuil) COOTBETCTBY-
€T CTPOro OmpejieleHHas aMILIUTYNa (KOMIulekcHbl# croaben ammiuTyn). B
Clly4yae BbIHY>KJEHHBIX KOJeOaHMI Ha/lM4he BHEUIHMX [OTEHIUAJbHBIX CHJI
NIPOU3BOJAUTCS HA YPOBHE JIATPAHXKHAHA: HEOOXOAUMO NOCTPOMTH NOBGABKY K
dynxuuu Jlarpanxa B Buje ux noresuuana. Cucrema ypasnennit Jlarpauka
B 9TOM Ciy4ae 6yaeT HeONHOPOLHOM U pelaercs Mo-Npe>KHeMY CTaHIapTHbI-
MU MaTeMaTHyecKumu Metonamu. HaromuumMm, obuiee pelieHne HEOAHOPOAHOH
CHCTeMBbl NpeCTaBJIseT co0OM CyMMy OOLIETO PELIEHUS OJHOPOJHOM M YacT-
HOT'O pelleHNsi HEOJAHOPOAHON CHCTEM.

3amada 2.7.1. KonebaresbHas cuCTeMa ONUCHIBAETCS JIAIPAHAKHAHOM
1 1
2 -2
L=cl@@+tad]|—|—+a+g|
2 9192
Haiitu 3aKk0H MaIbIX JIMHEHHBIX KOJiebGaHUit, BO3SMOXKHBIX B TaKOH CUCTEMe.

Pemenne.

Bo-nepsbix, yGeauMcsi B BO3MOXKHOCTH CyIIECTBOBaHUS KOJ1e6aTeqbHOro
ABMXKeHHs B cucTeMe. s 3TOro mcciezyeM NMOTEHLMAN CHCTEMbl (JIEHBL
JIarpaHKHaHa, He 3aBUCsIUe OT OOOOIEHHBIX CKOPOCTEH (1, gy U B3ATHIE C
0OpaTHBIM 3HAKOM)

1
Ulgi,g2) = — + 1 + qa. (2.243)
9192
Beoruucisis nepBble YaCTHbIE IIPOM3BOJHBIE M NPHPABHUBAS MX K HYJIIO,
U 1
—=———+1=0, 2.244
992 aig i
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oUu 1
0gqo lh‘]% ( )

HAXOJUM TO4YKY 3KCTpeMyMa IIOTeHHHaJIa:

go1 =1, Qo2 = 1. (2.246)

Yr06b1 y6eANTHCS B TOM, YTO OHA ABJISETCH TOYKOA MUHMMYMA, IIPOBEPUM
BBIIOJIHEHHE yCIoBHit KpuTepusi CUIbBECTDA: BCE YIIOBbie MHHOPbI MATDHU-
Ibl, COCTOSIIEH M3 BYOPBIX HACTHBIX IPOM3BOJHBIX NOTEHIMANA

2
Usj = %——qd(i) » BHIYMC/IEHHBIX B TOYKE IKCTPEMYMa qy; AOJMKHBI GBITHL [O-
q:0q;
OKHTeBHIE ™
2 i
61 =Un = g =2 0, (2247)
9192 g,=g,=1
% #|
3 242 :
T2 Q%
e R H j =|:1J él=3>0. (2.248)
Uzl Uz | l | i |
| e
i !

Q=q2=1

Wrak, naitnennas Touka (2.246) sBiasercs TOYKON MUEIMYMa NOTEHIMATA
CHUCTEMBI, & 1I0OTOMY B €€ OKPE€CTHOCTH BO3MOXKHO KoJebaTenbHOe ABU2XKeHne.
ZLHH JaJibHeiero peuieHusa BBe€aeM HOBBIE o6o6m,emn>1e KOOpAMHAaThI

T=q—qun=q -1, T2=q@—qu=¢-—1, (2.249)
KOTOPbI€ NPEACTABISIOT COGOH OTKIOHEHUS OT MOJNOXKEHHs PABHOBECHS.
TToacraBum
@ =1+m,
g2 =1+zy

B JlarpaH>XKuaH u, CYUTasl Tr; H Ty MAJIBIMH, HCIOJIb3Ys acCHMINTOTHYECKOE
COOTHOILIIEHHE I
i

=l—-z+2°+....
l;cﬂU

@ 4oy
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npou3BeneM pasioxkenue B psia Teiliopa 10 BTOPOrO IOPSAKA MAIOCTH:
il . .
= 5((1 +xz) 7 + (1 +x1)x§) -

1
‘(m
Cteste ) (mmeste (e

+(1+.’L’1)+(1+I2)) =

—2—1‘1—32=-;-(z'f+i7§+...)-
—(1—m1+:1:$——:r2+z1$2+7:2+...)—

—2 -y —xy = —21-(:b§+i§) - (z§+z1x2+z§) . A (2.250)

[/ie MHOTOTOYME O3HAYAeT WieHbl GO/Iee BHICOKOIO HOPSAKA MAJOCTH, KOTO-
puiMu MbI npeHebperaeM. [IpusrMas BO BHUMaHuUe HEOJHO3HAYHOCTb B Ollipe-
AEJICHUHU JIArPaHXXUAHA, aJJUTHBHYIO TIOCTOSIHHYIO 3 MOXKHO OMYCTHTb.

Takum o6pasom, dbyuxuus Jarpanka paccMaTpuBaeMoil kosiebarebHON
CHCTEMbl B KBa/APATH4YHOM NPHOIMKEHUH MO MAJBIM OTKJIOHEHHMSIM OT IOJIO-
7KeHUsI PABHOBECHSI IDHHHUMAET BUI:

£O) = %(ﬁ +83) - (22 +mizg + 2d). (2.251)

Cucrema ypasrenuit Jlarpanxa A1si HOCTPOEHHOTO JIarpaH>KMaHa 3anu-
CBHIBAETCS KaK

(2.252)

Ty + 221+ 129 =0,
To+2z3+2,=0

¥ npeJcraBiisier cOG0H OHOPONHYIO CHCTEMY JMHeRHbIX TuddepeHIUATbHbIX
YPaBHEHMH BTOPOIo NOPsKa.
Bynem uckarh pelienue cucTeMsl B BUAE:

(o )=me( ) b

C KOMIUIEKCHBIMM aMILIUTYaaMu A u Ay,

Hoxcranoska (2.253) B cucremy (2.252) NPUBOAMT K OAHOPOHOM CHCTEME
anrebpaMyecKiHx ypaBHeHHil:

T AN )
( - ) ( A ) =0. (2.254)
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[Tosnyuennaa cucreMa MMeeT HETPUBHAJILHOE DEUICHUE JIMIIDb IPK YCJIOBHH,
YTO OIpEeNeHTe/b ee MATPULBI PaBeH HyJI0 (XapaKTepUCTHYECKOe yPaBHe-
HME):

|—w2+2 1
i 1 —w?4+2

‘ =0, (2.255)
OTKYZIa
( —w?+ 2)2 =1,
—w?+2=1x+1 (2.256)
¥ COOCTBEHHBIE YACTOThI CUTEMBL
wiy =1  wey=+V3 (2.257)

Janee naliiem cTos6en KOMILIEKCHBIX AMILIATYA, COOTBETCTBYIOIUMX KasK-
J0# u3 COOCTBEHHBIX HaCTOT.

IMonaras w = 1 B asirebpanyeckoit cucreme (2.254), noayyaeM, Kak ¥ mo-
JI0XKeHO (BeZb OIPENeNIUTe/b €€ PaBeH Hymo!), CHCTeMY M3 ABYX 3aBHCUMBIX
ypaBHeHHH (B JaHHOM CJIy4Yae NOBTOPSIOLMX APYT APYTa):

(i i)(jl):o. (2.258)

B urore, ana KOMNOHEHT CTO/IONA KOMILIEKCHON aMILIUTYAbI, COOTBETCTBY-
1o111eft mepBoit COBCTBEHHOM YaCTOTE, UMEEM OJHO YPABHEHUE C NBYMSI HEM3-
BECTHBIMH:

A +A; =0,

obliee penieHre KOTOPOro MOXKET OBITh 3aIMCAHO KaK
A =-A, =C;, (2.259)

rae C) — NpOM3BOJBHAS KOMIJIEKCHAS KOHCTaHTA, 3 TOTOMY CTOJOEl KOM-
IUIEKCHbIX aMILIMTY]] IIEePBOil MOJBI KOJeGanmit

( j: )(1) =4 ( _i ) . (2.260)
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Ciie10BaTeIbHO, NIEPBOE YACTHOE PELIeHMe CHCTeMbI (2.252), coorBercTBy-
1omee cobCTBEHHOU yacTore wy) = 1

( iéii )m = ( i ) (2.261)

Ananoruuno, nojiaras B (2.254) w = v/3, BHOBb NPHXOAUM K CHCTEME C
JBYMSl 3aBUCHMbIMU YDaBHEHUSIMU:

-1 1 Ay
( 1 —1 ) ( Ay ) =u (2.262)

O6HLHM pelI€HHEM OCTaBLIEroCsa HE3aBUCHMOI'O OJHOIO YDaBHEHUS
A — A =0

6yaer
A1 - A2 = Cz (2263)

C NPOU3BOJILHON KOMILIEKCHON KOHCTAHTOH Cj. CTonGen KOMILIEKCHBIX am-
IVIMTYA BTOPOHM MOubI KOJIeOaHUi

@
(ﬁ;) :CZG). (2.264)

Bropoe wacTroe pewrenue cucremnl (2.252), cOOTBETCTBYIOIEE COGCTBEHHOM
4acToTe W(z) = V3

) (2)
(2%3 ) = Re(12< i )eiﬂt, (2.265)

3aKoH MaJbIX JMHEHHbX KO1eGanuit cHCTeMbl KaK oblIee peweHne CucTe-
Mbl ypaBHennit (2.252) npeacrasaser cobol JMHEMHYIO CYLHEPNO3ULMIO HAl-
JIEHHBIX YaCTHBIX peruennit (2.261) u (2.266):

( ﬁ;gg ) =Re (Cl ( _i )e“ + cz( i ) e"ﬁ‘> : (2.266)
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JIBe KomiLiekcHbie KoHcTanTbl Cy 1 Cy (MK YTO TO XKe camoe, YeThipe Be-
mecrBennsie Re C1, Im Cy, Re Cy u Im Cs) MoryT 6bITh 0HO3HAUHO HAlt1EHbI
M3 YeThIpEX HAYallbHBIX YCJIOBHIL:

z1(0) = zy,
z1(0) = iUlv
-Tz(o) = Zp2;
1'2(0) - I.OQ-

Samaua 2.7.2. Hafitu 3ak0OH MavbIxX JuHeHHBIX KosnebGaHui Tpex Gycu-
HOK Maccoit 1 KaxJas, HAHH3AHHBIX Ha [VaJKOe TOPM30HTAILHOE KOJbLO
pamuyca R W CBA3aHHBIX ADYT C APYIOM TPeMs OJMHAKOBBIMH NDYXKHHAMH
KeCTKOCThIO Kk Kaxknas. [Ipy:kusnl B nosoxeRnn paBHoBecus: 6yCUHOK Heme-
opMupOBaKHL.

Pemenne.

Jlns Hadvasa [OCTPOMM JIArDAHIXKHMAH DPACCMATPUBAEMOl KojebaTejabHOH
cucrembl. OYeBHIHO, YTO CHCTEMA MMeeT TPH CTeHeHH CBOGOBI, MOCKOIbKY
NOJIOXKEHHE KaxK0# U3 Tpex OYCHHOK Ha OKPYXKHOCTH MOXKeT OBITh 3a/1aHO
OIHOM KOODAMHATON (Hampumep, YIJIOM). A Tak KaK NPY’>KHMHBI OIMHAKOBbI
U B IOJIOXKEHUM PaBHOBECHSI CHCTEMBI OHM HEAEDOPMUPOBAHBI, MOJ0XKEHHEM
PaBHOBeCHs ABIfAETCH JI0060€ COCTOsIHUE, B KOTOPOM OYCHUHKHU AEIAT KOJNbLO
Ha TPU DaBHble 4acTH. B kauecTse 0DODLIEHHBIX KOODAMHAT BhIGEpeM yr-
Jibl OTKJIOHEHMA (1, (g, &y OYCHMHOK OT OJHOTO K3 BO3MOXKHBIX MOJIOKEHHUI
paBHoBecusi. /IOroBOpMMCsi O HANIPABJIEHHH OTCYETa BBEIEHHBIX 060BIIEHHBIX
KOOD/AMHAT: OTKJIOHEHHIO i—TOM OYCMHKHU 1O YacOBOH CTpeNKe OT ee NoJo-
JKEHHSl DABHOBECHs COOTBETICTBYeT 3HAa4YeHHEe yrila «; > 0, IpOTHB 4acOBOI
CTpEJIKH — 3HadeHue ¢; < 0.
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Hns nocrpoennst pyHKuuy Jlarpaska cucreMbl PACCMOTPUM IPOU3BOIb-
HOEe ee COCTOsIHME, HANpUMep, n300parkeHHoe HA PUCYHKE.

1

Mogay/ie BEKTOpa CKOPOCTH i-0#f OyCMHKH MOXeT ObITh 3amnucaHa 4epes
00061EHHYI0 CKOPOCTh (; Kax

v; = 4R,
CJ1€e/10BaTe/ibHO, KHHETHYECKasl SHEPIUsl CUCTEMbI

2 2 2 2
_mui  muy mug  mRY o, 5,
TR TR T (62 +03+a3).  (2267)

ToTenuuasbHasi SHEPrUsi CHCTEMBI IIPEACTaBJsieT CO00M CyMMy SHepruit
yupyroit nedopmManuy Tpex Npy>KuH:

U= U+ U + Uis.

PaccMOTpUM, K MpUMEDY, NPYXKHUHY, COSAMHSIONYIO IIEPBYIO M Bropyio Oy-
cunku. Ee 3neprus

Up = ‘;E(Alm)z, (2.268)

rae Alyp — yAJIMHeHHe NPY>KUHbI,— HeOOXOAMMO BHIPA3UTh Yepe3 BBEICHHbIC
obobuiennbie KoopausaThl. Jis aroro o6paTuMcs Kk pucysky. OueBUIHO, OHO
npejcraBiser cobol CyMMy AJMHMH YT OKPYXKHOCTeH, BIOJb KOTOPbIX OTKJIO-
Hsif0TCs OYCHHKM:

Aly; = Rlon| + Rag]. (2.269)

Ho nockonbKy, COrJIaCHO, Haluell JOrOBOPEHHOCTH O 3HaKaX 06OOLIEHHBIX KO-
OPAMHAT v;, B M300DAarKEHHOM Ha PHUCYHKe COCTOSIHUM IepBasi OyCHHKa OT-
KJIOHEHA [0 4aCOBOM CTpeJKe, BTOpas — NPOTHB, TO o3 > 0,y < 0. U,
packpbiBas Moaysn B (2.269), nosyuaem

Allz = Ra1 - Ra;. (2270)
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Cure10BaTEbHO,

kR?
U12 = "'-2-“-(&1 = 0(2)2. (2.271)
CoBepLIEHHO AHAJIOTHYHO, SHEPTUH JBYX OCTABLIMXCS NPYXUH
kR?
U23 = "—2—(012 = 043)2, (2.272)
kR?
U13 = T(O‘l = (X;])ZA (2273)
Cobupas BCe BMecCTe, 3aNUIIEM NOTEHIUAILHYIO SHEPTUIO BCeH CHCTeMbl KaK
kR? 2 2 2
U= —2— (al —_ az) += (O{2 — 03) + ((!] = (X3) . (2274)
OxonvarensHo, dyukuusa Jlarpanxka koneb6aTenbHOi CUCTEMBI
R? . .
£="2(ad v of +a3) -
kR2 2 2 2
5| (e~ e2)® + (e — )’ + (n — a)” | (2275)

TMocTpoerHbi arpaH:KHaH CPa3y OKA3AJICH KBAAPATHYHBIM 1O MAJHM OT-

KJIOHEHHSIM OT IIOJIOXKEHUs DABHOBECUS, NOITOMY He Tpelyercs COBEpUIATH

KAKHX-TH00 JONOJIHHUTEIbHBIX AeHCTBUI IO NPUBEICHUIO €r0 K TAKOMY BHAY.
CocraBuM cructeMy ypaBHeHu#t Jlarpanxka:

maoy + k(2a1 = iy a3) =,
még + k(202 — a1 — az) =0, (2.276)
més + k(2a3 — a1 — ag) = 0.

Jlenas noACTaHOBKY

al(t) Al
az(t) | =Re| Ay | e, (2.277)
as(t) Az

[IePeXOMM K OJHOPOAHOH cHCTeMe ajrebpanvecKkux ypaBHEHHH

—mw?A; + k(24; — Ay — A3) = 0,
—mw?As + k(245 — A] — A3) =0, (2.278)
—mw2A3 + k(2A3 — A - Az) =0
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WY, 4YTO TO 2Ke caMOe, B MAaTpPUMYHOM BH/JE:

—mw? + 2k —k —k A,
—k —mw? + 2k & A | =0. (2.279)
-k —k —mw? + 2k Az

XapakTepHCTHYeCKOe yDABHEHHE BO3HMKAET BCIEACTBHE TPeOOBAHHS HETDH-
BHAJIbHOCTH PELIeHHUsL:

‘ —mw? + 2k —k ~k |
| —k —mw? + 2k —k E=0. (2.280)
| -k -k —mw? + 2k

Pacnucersas onpenenurens, HanpuMep, MO [PABUIY TPEYrOIbHUKOB, HMEEM
(= mw? +2k)" — 2k° — 32— mw? +2k) =
= —mu?(me® - 3k)" =0, (2.281)
OTKYZa COGCTBEHHbIe YHYaCTOTHI KOHe6aTeJIbHOﬁ CUCTEMbI

0 3k
wy =0, W) = Wy = 4 —.
(1 ) = g =
Zanee nafiaemM KOMIUIEKCHbBIE aMILTUTYAL A;, COOTBETCTBYOILIME KAXKAOH

u3 Hux. Ilonoxum w = 0 B cucreme (2.279):
2k -k -k A
-k 2k -k Ay | =0. (2.282)
-k —k 2k As

OueBuIHO, 0O4HO U3 ITUX TPEX YPABHEHWI €CTh JMHElHass KOMOHHALMS [BYX
Apyrux (K NIpUMepy, eCM CJOXHUTbL HepBble 4B YPABHEHHS M AOMHOMXHTb
pe3ybTaT Ha (-1), moayuuM Tperbe ypasrenue). [Toaromy, 6yaeM HMeTh cu-
CTeMy ABYX YPaBHEHMH C TpeMmsi HEM3BECTHBIMU (OCTABHM B CHCTEME NEPBbIE
AB2 YPaBHEHHs)

241 — Ay — Ay =0,
{ 8y + 25 — Ay =0, P

Berunrast 0aHO ypaBHeHHe M3 ADYTOro, HailjeM, 4To

Al = Az.
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Torna, 3amensis A, B nepBoM ypaBHeHuM Ha A;, Halinem
Ay = As.
CrenoBaTespHO, 001Ee HETPUBHAIBHOE PELICHHE CHCTEMBI ypaBHenuii (2.283)
A=Ay = A3=Cy,

rae C; — NIPOU3BOJIbHAS KOMILIEKCHAS KOHCTaHTa. CTo/I0el KOMILJTEKCHBIX
aMILIATYA PR 9TOM

1
AW c 1
&1 =1 1=85131. (2.284)
Az Cy 1
Jllns xapakrepucTH4eCKOro KOpHf w(;) = 0 BpeMeHHAs 3aBHCHMOCTb 4YacT-

HOrO pelleHHsl, KaK H3BECTHO U3 Teopuu JuddepeHnuanbubiX ypaBHeHuit,
He MOXeT ObITh 3aIMCaHa B BUIE €, uHaue BOOBIIE TEPSETCH 3aBUCHMOCTD
peleHus OT Bpemenu t. B aTom ciiyyae BpeMeHHas 3aBUCUMOCTH JA€TCH Ji-
HeiiHOM (yHKIHUeH BpeMeHu:

(1)
(Xl(t) 1 1
at) | =Re| 1} (Cit+C)=| 1 |(Cut+Cu), (2.285)
Olg(t) 1 1

rae Ci1 = ReC}, Ci2 = ReCY{. OrMernm, uro ssnemenTapHoe ABHXKeHue,
COOTBETCTBYOILEE MOzie Koslebanmit ¢ HyJIeBOI 4aCTOTOM, npefcTaBaseT coboii
PaBHOMEDHOE BpalleHue 6YCHHOK 110 OKPY>KHOCTH C OAWHAKOBBIMH YTJIOBBHIMU
CKOPOCTSIMH, IIPM KOTOPOM NPY>KHMEKH OCTAIOTCsI HE1epOPMUPOBAHHBIMH.
/s HAXOXAEHHUs YACTHOTO ellieHus cucremsl (2.278), COOTBETCTBYIOMIE-

O KPATHOR YacTOTe Ww(z) = W(3), MOJOXKUM w = |/3k/m B cucreme (2.279)

% —k kY [ &
-k -k -k || 4 | =0 (2.286)
-k -k —k )\ As

JlBoftHas KPAaTHOCTb XapAKTEPUCTHYECKOTO KODHS IPHBOIUT K TOMY, 4TO
B JAHHOI CHCTEMe JBA 33aBMCUMBIX ypaBHenud. Jljis HaxoxkieHus oOmero
HETPUBHAJbHOTO DELIEHHs] OJHOrO OCTABLIEIOCS ypPaBHEHHSI

A1+A2+A3=0
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C TpeMd HEeU3BECTHbIMH, NOJOXKUM
A1 = Cz. A2 = C3,

rae Cyp, C3 — IPOM3BOJIbHBIE KOMILIEKCHDBIE KOHCTaHThL. (OTMernM, 4To obiuee
pelnrenue aareGpanyveckoil CUCTEMBI U3 OJHOTO YPABHEHMS C TPeMsl HeM3BeCT-
HBIMK He MOXKET ObITh BBIPAXKEHO IOCPEICTBOM OJHOH NPOU3BOJBHON KOH-
crants.) Torga

fy=—Cs— Gy

H CTOﬂ6eLl KOMILJIEKCHBIX aMIJINTYH
P L. 2 1 0
Ay = Cs =Cy 0 +Cs 1]. (2287)
Aj —Cy - C3 -1 -1

Clie10BaTeIbHO, YACTHOE Pelenue cucTemsl (2.278), cOOTBETCTBYOIIEE KPAT-
Ho#t yacToTe w = /3k/m

23)

al(t) 1 0 ]
as(t) =Rel{Cy| 0 |+Cs| 1 ]}eViimt  (2.288)
ag(t) -1 -1

JlJ15i IOMHOTHI KApTHHE! OTMETHUM, 4YTO, BOODINe roBops, KaK H3BECTHO U3
Teopuy nuHeHHBIX MuddEpeRIUANbEBIX yPaBHEHUH, B Cilyuae KPaTHBIX CO6-
CTBEHHBIX 4ACTOT (KPATHBIX KOPHEH XapaKTePUCTHYECKOTO YDABHEHUS) W(n),
BHJ, COOTBETCTBYIOWMIErO YACTHOIO PEIIeHUS OJHOPOIHON CHCTEMBbI 3aBHCUT
OT COOTHOIIEHUS MEXJAy KPaTHOCTbI0 N 4acToThl W(n) M uucaom K nuueit-
HO HE3aBHCUMBIX COOCTBEHHBIX BEKTOPOB Vp,Uz....,Ux MATPHLbl CHCTEMbI
(onpegensieMoe ee PAHIOM T), B KOTCPOM 4aCTOTa w MOJIOKEHA PABHOM HC-
cnelyeMoft KPaTHOM 4acTOTe W(n):

K=s-r,

rie S — pa3Mep MaTpHIbI CUCTEMBI (S X §), KOTOPBIf COBHAJAET C 9YUCIOM
crenenelt cBOGOAB! KO1eHATEILHON CUCTEMbI, YTO SKBMBAJIEHTHO YUCIY yPaB-
HeHuil B OOHOPOAHON asrebpanyeckoil cucreme.

Ecau K = N, TO COOTBETCTBYIOLEe YACTHOE PElIeHHe CTPOUTCH aHaJsI0-
ruuno (2.277) ¢ aMIUIMTYAOH, paBHON JMHeHHON KOMOMHALMY CODCTBEHHBIX
BEKTODOB v;:

N
20 (t) = Re ((z Civ;>ei“‘"‘t) :, (2.289)
1=1
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Eciu K < N, To pellieHHe CHCTEMBl, COIJIACHO OOMIe# TEOpHH, JO/IKHO
HCKAThCS B BUjE [IPOM3BEeHHs MHOro4 /eHa no spement t crenenu (VN — K)
Ha eWmi;

T = Re(au +apt+...+ (Ll(N_K)tN—K)EW(”)C,
. (2.290)
Ty = Re(asl +agpt+... .+ (ls(N_K)tN~K)€iw(")t.

Onnaxo, B cBoe Bpemst Hemeukuit maTemarux Kapa Beitepmrpace B camom
ob1eM cilyyae NOKA3aJl, YTO KaXKJIOMY KODHIO XapaKTepHCTHYECKOro ypaB-
HeHus kpaTHocTH N cooTBercrByeT poBHO N JIMHEMHO He3aBHCHMBIX Deile-
HU JiMHe#tHO! cucTeMbl ayirebpanyuecKuX ypaBHeHUi (TO eCTh JJid Ka>KJoh
COBGCTBEHHON 4aCTOThI N-0#f KPATHOCTY MOXKHO HaitTu N JiMHEeRHO He3aBHCH-
MBIX CTONOLOB aMIUVIATY), TO ecTh ciaydaid K < N s ypaBHeHu#, OIuChI-
BAIOIMX KoJebareqbHble cucTembl, HeBo3MoxeH. Cle0oBaTeNbHO, B Cilyyae
KPaTHBLIX YaCTOT COOTBETCTBYIOII€E YACTHOE PElleHHe BCEerja 3amuChiBaeTCs
B Buge (2.289).

HeBo3MOXHOCTh YaCTHOMY DEUIEHHIO JJs KPATHBIX 4aCTOT HMETb BHI
(2.290) nousiTHa ¢ PpU3MHEECKON TOUKY 3PEHHs: HAIMYME B 3aKOHE KOJebaHuil
YJIEHOB, CONEPMKAIUX HAPSILY C SKCIIOHEHIMAJIbHBIMU TaKAKe M CTerleHHble
BPeMeHHbIe MHOXKHTE/H, TPOTHBOPEYHI0 Bbl 32KOHY COXDAHEHUs SHEPrum.

B mamem pelmeHnMM Mbl HEIOCPEICTBEHHO yOexJiaeMcsi B TOM, 4TO, jeii-
CTBHTEIbHO, KPATHOCTH KOPH sl XADAKTEPUCTHUECKOTO VDABHEHUS w = |/ 3k/m
COBNAJAET C YHCJIOM JIMHEHHO HE3aBUCHUMBIX COGCTBEHHBIX BEKTOPOB MAaTpPH-
upl cucremsl (2.323), B KOTOPO# MOJOXKEHO w = y/3k/m: KOMIJIeKCHAA am-
nauryaa (2.287) cocToUT M3 ABYX CTOJA6LOB

1 0
0 u 1
-1 -1

Wrak, 3aKOH MaJIbIX JIMHEHHBIX KoJiebanuil cucTeMsl Tpex OYCHHOK npen-
crasuser coboit MuHelHy 10 KOMONHALKIO HAXJEHHBIX YACTHBIX pelenui (2.285)
u (2.288):

i (t) 1
a(t) | =] 1 | (Cut+Cun)+
Ct;;(t) 1
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1 0
+Re{Cy| O | +Cs| 1 |}eVi/mi (2201)
- —i

JBe BeuecrBenHble KoHcTaHTh Ch1, Cro 1 jiBe KomiuiekcHsie Cy, Cy (unn,
YTO SKBHBAJIEHTHO, yeTbipe BemecTsennbie Re Cy, Im Cy, Re Cy, Im Cy) moryT
ObITh HaiJEHBl OJHO3HAYHO HAa OCHOBE HIECTH HAa4YaJlbHbIX YC/JIOBMI:

{ Oli(o) = Qo

&(0) = ags, (1 =T,3)

3agaua 2.7.3. HaitTu 3aKOH MaJbIX BBIHYKIEHHbIX KOJeOaHUH CHCTeMbI,
cocTosIeH ¥3 ABYX IAPUKOB MAaCCaMU 2M ¥ 1M ¥ IBYX NPYKUH C 2KECTKOCTs~
Mu 2k ¥ k, eCy Ha APUK Maccoit 27m NefCTBYeT BHEHIHAS FOPU30HTAIbHAS
cuia
F = Fysin Qt. Cunrarh, 4TO MOjie TSKECTH OTCYTCTBYET.

2k 2m k m

Pemenne.

PaccMaTprBaeMas CUCTEMA, OUEBMIHO, MMeeT aBe crenesn cBobozsl. ITo-
JIO’KEHHEM DaBHOBECHUS SIBJISIETCH INOJIOXKEHME LWIAPHUKOB, [IPM KOTOPOM IpYy-
»KHuHbI HeslepopmupoBanbl. B katdecTse 000OLIEHHBIX KOOPAMHAT BhIGepeM OT-
KJIOHEHHUS T, Ty TEJ OT UX IOJIOKEHUS PAaBHOBECHS.

@yukuus Jlarpanxka KosebaTe bHOM CHCTEMb, TOJBEPXEHHON JeHCTBUIO
BHEIIHUX NMOTeHIMAJBHBIX CUJI, peacTaBadeT coboit cymmy dyukuuu Jlarpan-
xa L cBobonHol KosebaTennHOM cucTeMsl u 106aBku AL, 00ycaoBIeHHOR
HA IMUMEM BHEIIHHX BO3AeMCTBHN Ha cuCTEMY:

L=Ly+ AL

Jlarpamxuan cBOGOAHON CHCTEMBI, KAK HECJIOXKHO IMOHSITh, UMeeT BUJ;:
.2 1 .2 2 k 2
Ly =mzf + 3 Md — kzi — 5(1‘2 —z)° (2.292)
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Jobaska AL x narpam:kumany IpeiCTaBJsieT cOGOM B3siThl ¢ 0BpATHEIM
3HAKOM IOTeHLMAJ BHEIIHUX NOTeHIMANbHBIX CHIl Ue (g, t), KOTODDBIH MOXKeT
ObITH Hali/IeH HEellOCPeJICTBEHHEIM MHTErPUPOBAHHEM DABEHCTB

. auext(Q: t) 5 e

Qi = e (=173} (2.293)

B uyacTHOCTH, eciiu BHemHKe o6obIIeHHEbBIe cHbl (; = @;(t) 3aBUCAT TOJILKO
OT BPEMEHH U He 3aBHUCAT 0T 0DOOIIEHHBIX KOOPAUHAT,

AL = —Up(q.t) = Z Qi(t)a, (2.294)

(s — umciio crenesell cBOGOABI CHCTEMBI).
HanoMHuM, uTo 0600MmeHHast Cuia Onpeaeasercss PaBeHCTBOM
N [y
ory,

b ¥ by =2 2.995
Q a}z:l T ( )

rae N — 4MCJO MaTepHaJbHBIX TOYEK, U3 KOTOPHIX COCTOMT cucTema, [
— HBIOTOHOBA CHJIa, NEHCTBYIOLIAsl Ha TOYKY I[OA HOMEPOM G C Daiuyc-
BEKTOPOM Tg.

B cayuae nanteit 3aaun

Fi =& FysinQt,  Fy=0. (2.296)
Torna nepsasi KOMIIOHEHTa 0OOOLIEHHON CHJIbL

L oR drex

leFl'axl: 1z " 611 .

(2.297)

JlexapToBa KOOpAMHATA Z1°° MEPBOro IIAPHKa OTVIMYAETCH OT 060GIIeHHOHK
KOOPJIMHATHI | Ha HEKOTOPYIO aJIMTHBHYIO KOHCTaHTY (CM. puc.):

T er!(

= x; + const,
e KOHCTaHTa const onpesessieT KOOPAWHATY IOJIOXKEHUs PABHOBECUsI mep-
BOI'O IAPHKA.
A noromy npousBonHas
a ACK
1‘1 —
(91‘1
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G

/b_—);;ex
0 T Iy %

HoJIoZKeHye
PABHOBECUSA

Ql = Flz = FU sin Q. (2298)
Anasnorn4Ho, BTOpasi KOMIOHEHTS, 000061IEHHOH CHIIBI

- OF HE%
e B 28 B

6:82 = 8@ 61?2 . (2299)

Hexaprosa koopauHara z{*, Kak Mpl y»Ke BBISICHWJIM, HE 3aBHCUT OT g,
CIeJ0BATEILHO NPOU3BOAHAL

. JEK
oz}
ox 2

=0
u 060611eHHas cu1a

Q2=0. (2.300)

Crano 6bith, 06yc/0B/IeHHAA HAIMYMEM BHELUHMX Cui 106aBKa K byHKIUMM
Jlarpanxka

AL = 1y Fysin Qt. (2.301)

Urak, nosHbit sarpanxuan paccMaTpuBaeMoit KosiebaTebHOW CUCTeMBbl
L= 2 1 2 ) k 2 5 i .

= mij + 5 md; - kzi — 5(12 — z1)% + Fyz; sin Qt. (2.302)

3amerum, nocrpoensas Gyukuus Jlarparka aBrOMATHYECKA OKA3a1aCh KBaJ-
PaTHYHOM IO MaJIbiM OTK/JIOHEHHSAM OT IOJIOXKEHUsl paBHOBecHsi. JIMHAMMKa
CHCTeMbl LIAPUKOB ONUCHIBAaeTCA CHCTEMOMN ypasHenud Jlarpanzka

{ 2mi, + 3kzy — ka, = Fysin i, (2.303)

mi, + kxg — kx; =0,
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KOTOpasi npeacTanisier coboil HeoMHOPOIHYIO cucTeMy JuddepeHanbHbIX
ypaBHenuii. Ee pemienye ecTb cynepnosuuus o0LIero peuleHusi OJHOPOILHOMN
CHCTEMbl ¥ YACTHOIO PelleHUs HEOJHOPOAHO.

Obuiee pemenve OJHOPOAHOM CHUCTEMBI

miq+ kxy —kz; =0

OyJieM MCKATh B BHLIE:

0o6my.OH.
( Zg; ) = Re ( fll )awf (2.305)

[Moacrapaas (2.305) B (2.304), npuxomumM K OXHOPOAHOR cucTeMme anreGpau-
YeCKUX YDaBHEHHI:

—omu?+3k —k A\
( —k —mw?tk ) ( Ay ) =B (2-208)

Tpe6oBanne paBeHCTBA HYJIO ONpEAETHTENst ITON CHCTEMBI IIPUBOANT K Xa-
PAKTEPUCTUUECKOMY YPABHEHUIO

| —2mw? + 3k —k

|
_k i ‘l =2mw* — Smkw? +2k2 =0, (2.307)

OTKy/a HaXOAUM CODCTBEHHBIE 4aCTOTbHI

|2k | k
Wiy = —77;7 W2y = 5; (2308)

2k
Tonarast w = V?n_ B cucreme (2.323),

( :Z i’Z ) ( ﬁ; ) —0, (2.309)

HAXOZMM HE3aBUCHMOE YDaBHEHHE JJ18 KOMILJIEKCHBIX aMILIUTY ] NEPBO MOABI
Ko.1ebanmit:

‘41 + A2 = 0, (2310)
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001UM pelIeHreM KOTOPOTO sIBJISIETCsI
A = —Ay =Cy, (2.311)

rae C; — NIPOM3BOJIbHAS KOMILIEKCHAs KoHcTaHTa. Crosben KOMIJIEKCHBIX
aMIUIMTYH, COOTBETCTBYIOIIMI 1epBoii cOOCTBEHHOM yacToTe,

1)
A 1
< A; ) =0 ( _1 ) (2.312)
k
[Tosarast w = 4/ — B cucreme (2.323),
2m

( E’Z ;:/;) ( j; ) =0, (2.313)

JJ1s1 KOMILIEKCHBIX aMILIMTYJ BTOPO#l MOAB KOj1e0aHM# HE3aBUCHMOE ypaB-
HeHue OyJIeT UMeTb BUJ;

24, — Ay =0, (2.314)
06UJ,HM penesueM KOTOPOro ABJsA€TCH

¢ TpPOU3BOJIbHOM KOMIIEKCHON koHcTaHTo# Cy. Cronben, KOMIUIEKCHBIX aM-
IJIMTY A, COOTBETCTBYIOULHHA BTOPOH COOCTBEHHOM HACTOTE,

( 2; ><2) =C, ( ; ) (2.316)

ITosTomy ob1iiee penieHyie OHOPOAHOM cHCTeMbI AP DEPEeHIMATbHBIX YPaB-
sennit (2.304) Gyner umers BUI:

< 228 )061&% B Re{< —i )eth i ( ; >6lmt} . (2.317)

Tenepdb HaiigeM yacTHOE pelleHHe HeoAHOPoAHOH cucteMsl (2.303). Ipea-
CTaBUM HEOJHOPOJHOCTb CUCTEMbI CJIELYIOIUM 06pasoM:

F, sin Qt = Re (—iFoem‘) . (2.318)
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YacTHoe pelneHue HeOMHOPOAHON CHCTEMbI

mi2+k12 —kl’l =0

OyleM HCKaTh B BUJE:

t JACTH.HEOJH . D1 o
()" (B

rae {} — 4acrora BHeumHel nepMOIMYECKOl CHIBL, PUIypupyIOwed B HEOx-
HOpomHOCTH cucTeMsl. 1loacranoska (2.320) B cucremy (2.319) npusosut
K HEOJHOPOXHON CHCTeme aJirebpauyecKHX ypaBHEHWH OTHOCHTE]bHO KOM-
IJIEKCHBIX aMIAUTYR Dy u Ds:

—om 43k —k DY _ (=R )
—k —m§2 +k D, 0
Obpamas marpuity (2 x 2) cucTeMbl COIIACHO COOTHOLIEHHIO
-1
moaz) _1( en -—an ) , (2.322)
a1 Q22 A\ —6a an

rae A = @118y — G1aay; — €e ONMpPeeTUTeNb, HOLYYHM:

Di\_1/(-mQ?+k k —-iFp \ _
D, A k —2m? + 3k 0

1 ( iFp(mO2 — k) 5
( e ). (e

Onpenenurent cucrems (2.321) MoxeT ObITh 3aIIHCAH CJIEAYIOLIHM obpazom:

A

A = (- 2m0? + 3k) (- m? + k) - K =
= om (08— ) (P —), 2320
TAe W(1)- Wz — cobersennble 4acTOTh cucrembl (2.308). OTmeTnm, O MpH

CTPEMJICHHM YaCTOTHI () BHEIIHETO BO3NEHCTBHSL K OJHOM M3 COBCTBEHHBIX
YACTOT W(1y, W(z) ONpeLeauTeNs A CTPEMATC K HYJIO, H aMIUIATY bl Dy, Dy
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HEOTPAHMYEHHO BO3PACTAIOT: PEKUM pe3oHanca. OaHaKo, B NeHCTBATEIbHO-
CTH, aMIUIHTYAB! KoseGaHu#i He MOryT OHITH GECKOHEYHBIMHU, JIaXKe B yCJ/O-
BuaAX pesoHanca! [TosyuyenHoe Hamu pelleHHE COOTBETCTBYET IPHOIMMKEHHIO
MaJIbiX OTKJIOHEHUH OT NO/I0KeHUH PaBHOBECHSI, YTO I€PECTAET BHIIOJHATHCH
B pexxuMe pe3oHaHca. Ji1a Haxox AeHus 3aKOHa KOJIeGaHuil B OKOJIOPe30HAHC-
HOi 0bNacTH cieyeT OTKA3aThCs OT HPHUOJIMMKEHHS] MAJOCTH Kojebanuii.

Takum 06pa3om, HacTHOE pelleHne HEONHOPOAHOH cucTeMst (2.303) umeer
B

( (1) )“““"m‘j’ Re ( iFy(m$2? — k)
z2(t) 2m? (2 — w?) (922 - wi) —tkFp

) e (2.325)

OxkoHuYaTe/ILHO, 3aKOH MAJIBIX BHIHYKICHHBIX KOJeGAHMH CHCTEMbL IHapH-
KOB Ja€TCsA CyMMOM naiifennbix obmero pemenust (2.317) oaHopomHoit cucre-
Mbl M 4aCTHOTO pemexss (2.325) HEOQHOPOAHON CHCTEMBIL:

() () v (1))

, - .
+Re : ( Ep(mst - &) ) e (2.326)
2m2 (Qz _ wf) (Q? — w%) —1kFy

3azaua 2.7.4. Hafiti HopMasibHble KOODAKMHATHL ¥ IPUBECTH K HOPMAJib-
HOMY BHIY JIArPaHXKUAH KO1eDATEILHOM CHCTEMBL, COCTOAMIEH U3 ABYX LIAPH-
KOB MacCaMH 2m ¥ M H ABYX IIPY2KHH C XKeCTKOCTAME 2k u k, u3006parkeHHOR
Ha pucynke. [lone Ts2KecTH oTCyTCTBYET.

2k 2m k m

Permrenne.

B 3apmauge 2.7.3 nocrpoena dynkuus Jlarpamxa

L =mil+ %mx’% — ka? ~ ;(zg ~z )2 (2.327)
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U HadgeHbl COOCTBEHHbIE YACTOTH JAHHOM KoJ/ebaTejbHOH CHCTEMBbI:

2k k
W =\ wey =\ o

U COOTBETCTBYIOLIHE VM CTOJ’I61II>I KOMIIJIEKCHBIX aMIIUTYI:

1 1
(1) = (2) —
A —( 1), A —(2).

Ha ocnoBe mmMeronierocs BbIPaXKeHNs IJis KHHETHYECKON IHepruy Cucre-
Mbl

1 1 2
T = ma? + = mi? = = N tidd; (2.328)

1,j=1

cocrasum maTpuny T ee kBanpaTuunoit dhopmbl

tll t12 2m 0
T= = 2.32
( ta1 f2o 0 m (2839}
(3ameTuM, MHOXKHMTENb 1/2 He BXOAUT B KO dumuentsr t;;!).
JIjig MOCTPOEHMs HOPMAJbHBIX KOODIHHAT IIPHIEDKHBACMCH CTAHIAPT-

HOI'O aJaropurma.

1. Tlocrpoum HOpMUpOBaHHBIE Ha exuHuLy (¢ BecoM T) KoMILIEKCHBIE am-

IIATY B Agk) :

AOTT ARk — gik, (2.330)

Jlns 3TOro NpeACTAaBUM HOPMMDOBAHHBIE AMIUIHTYIbI B BUIE:

/xl(l)zcl(_%) A(Z)ZCQ(;>

M HaiizeM HOPMMPOBOUHbIE KOIGbMDULMEHTHI ¢, ¢y ¥3 TpeGoBaHu#
AWTTAQ = 1, AOTTA® = 1. (2.331)
B wacthocTy, wist AD:
2m 0 1 5 1
2 _ __ 2 B _
c}(l 1)(0 m)(_1>~cl(2m m)(_l)_
=&-3m=1, (2332
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OTKy/J1a
== (2.333)

COBepmeHHo AHaJIOTUYHO 14 ,1(2);
P . 2m 0 1
A0 DT n)(3)-

OTKyZa

N

2m 2771)(;):

=cl-6m=1, (2.334)

1
Cy = ,——61n g (2330)

HO3TOMY HOPMHUDOBaHHbIE AMIITUTYAbl UMEIOT BUI:

Amzﬁ< _1 ) A<2>:\/_(15__ﬂ_1(;), (2.336)

2. IlocTpoum MaTpHuy A M3 KOMIOHEHT CTOJGUOB HODMHUDOBAHHBIX aM-
wiaTyn A:

1 1
Vv3m  vém
A= ; (2.337)
1 2
VvV3m  Véem

3. Hopmasibable koopaunaTh §; BBOAMM NpeobpasosanueM 0GOGLIEHHBIX
KOOPAHHAT

=&
1 1
- £ V3m  Vem 3!
( >=A< >: . (2.338)
T2 & 1 2 &
V3m  Jom
WM, YTO TO XKe camoe,
T = . &+ ! &
1 — T /=1 Q2
v b (2.339)
Oy e B
2 \/37,1-51 + \/%52



Moncrasum (2.339) B narpamkuan (2.327)

1 . k
L:mj;f+—2-m:r§—-kz¥—§(rz—:c1)2=

2 2
1§-+1£-+1m(1§~+2§-)
— —_— — — -1 —§0 —_
"\ BT emr) T2\ Vamet T Vem
2 2
1 1 k ( 1 2
—k | =61+ — —=|—=+—==6] - (2.340)
(\/3m€1 \/Gméz) 2 \vbm V3m
PackphiBas cx06kH, J1erKO yberk 1aeMcesl B COKPAIIEHMH I€PEKPECTHBIX 4JIEHOB
E 152 u & ¢ 1MeCd cjaraeMble JaloT JarpaHxuaH
ok o 1. 1k o) _
k= kz 2 EQ) F (252 2om2) =
1; 1 1. 1
= (38 - 39he) + (38 -3908). @34
IpeACTaBAsOIMH cOBO CyMMY JarpaHyXHaHOB ONHOMEPHBIX PFAPMOHHIECKUX
OCIMJLIATOPOB € YaCTOTAMM, COBNAJAIOIMMEA € COOCTBEHHBIMH 4aCTOTAMM

W(1); W(z) KOEOATEJLHON CHCTEMBL.
Marpuua A yI0BAETBOPSIET YCAOBHIO:

ATTA =1, (2.342)

OTKYyJa
7 A7l = ATT, (2.343)

41O 1103B0s1AeT 06paruTh (2.338) U OKOHYATENBHO 3AIIUCATH:

Iy
BN _ szl ®m Y _ 2m 0) _
(8)=~m(2)- (%5 s

2m

0 Q‘H

Vo

m
V3am Z1
2m.

6m

E

(2.344)
2m

Jom  VBm

— 5 -

T2
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Wrak, HOpMaJIbHbIE KOODIMHATHI

fl = \/?(le - $2)7

B (2.345)
£5, = 2\/%(21 +2).

2.8 /IumHaMHKa TBEpPIOro Teja

Ob6uue pexomenganum.

Tlpu pemrenuum 3anmay Ha AMHAMUKY TBEPJOI'O Tejla IpeXKJje BCero Heob-
XOAMMO TNOCTPOUTH €ro JjarpaH;kuaH. Claeayer NIOMHHTh, YTO NPOU3BOJILHOE
TBEPAOE TEJIO MOXKET MMETh MaKCHUMyM IIECTb cTeneHedl csoboabl. Paznnu-
Hbl€ OrPaHUYEHHUS, HAK/IAJAbIBAEMbIE HA BO3MOXMCHbIE TUNBI JABUYKEHHS TBED-
Joro Tesna (CBSI3U), €CTECTBEHHO, MIPUBOAAT K VMEHbUICHHIO YHCJIA CTeNeHel
¢BOOOIbL.

Jlarpanzxnan TBepAOro Tesa, KaK oObIYHO, [IpeACTaBAAET COOOM PA3HOCTD
€ro KMHETHYECKON ¥ NOTeHUMAIbHOM SHeprui.

Kuneruueckas sHeprus TBepIoOro Tesla COCTOUT U3 AByx 4acreit. [eppas
— KHHETH4€CKas 3HePIrus ero NOoCTYyNaTeJbHOro ABUXKeHusl. Bropas — kumne-
THYECKasl SHEPTHs ero BPAIllaTesIbHOIO JBUXKEHUS BOKPYI' OCH, IPOXOASILIEH
4epe3 ueHTp uHepuuu. IIpu sTOM CresyeT MOMHUMTbL O TOM, YTO B BbIPaXKE€HMH,
ONPEAENAIOIEM ITY SHEPIHIO (PUIYPUDPYIOT KOMIOHEHTHI TeH30pa MHepLuH,
TOACYMUTAHHbIE B CHCT€MEe KOODIMHAT, XKECTKO CBS3aHHON C TBEDABIM TEJIOM,
€ Ha4aJjlOM B €ro IeHTPe Macc, U KOMIOHEHThl BEKTOPA YIJIOBOH CKODOCTH B
3TO 7Ke CUCTeME KOOPIHHAT.

IMoTentinanbHasl 3HEprus TBEPAOIO TeAa B I0J€ TATOTEHUS MOMKET ObiTh
ONpeJesieHa Mo [HOJOXKEeHUIO ero LEHTPA Mace.

3amaya 2.8.1. O1HOpoAHbIA OB HONYIMAKKAD MACCOR M 1 pPanyca
R HaxomuTCs Ha WEPOXOBATON IOPU3OHTAIBHON IOBEPDXHOCTH U MOXKeT CO-
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BeplIaTh JMHEHHBIE ILIOCKONAPAJLIE/bHbIE KONeOAHUS. Haittu nepuoy stux
KoJ1e6anuil.

Pemenne.

OueBHAHO, YTO MOJYIMIMHID MMEET OJHY CTeleHb CBODOJBI H €ro moJo-
>KeHue MOxKeT OBITh 334aH0 OJHOM KOOPAMHATOMN, ITOCKOJIbKY NPH ABHXKEHUU
€ro 0Ch 0CTAaeTCs BCErJa rOPU30HTANBHON M mapaJiiebHoll camoit cebe, 1 or-
CyTCTBYeT NPOCKAJIb3bIBAHUME MEXK/Y HHXKHEH NOBEPXHOCTBHIO MOJYLMIHHADE
U TOPU3OHTAILHOM NOBEPXHOCThIO. Bhifepem B kadecTBe 0606LIEHHOR KOOD-
JMHATBl YTOJ (¢ €ro MOBOPOTA BOKPYT CBOEH OCH.

y

La—¢
ynu. C ”‘(\/\

A~ '
olzr,.0 T

st Haxoxaenus GyHKuuH Jlarpanxka oy uInHAPa TOCTPOUM OTA€E! b
HO ero KuHeTH4eckyio T u noreHunanbHyto U SHepruu.

Kunernueckas sHeprus npeacTaBisier cofoil CyMMy 3HEpruil mocryna-
TENLHOTO ABHKEHHSA Tpocr M SHEPruIo Bpamenus In,. llepsas moxer GbiTh
3aIMCaHa KaK

M2 2
Tnoc’r = -Z_(mq.m. + yu.M.)‘ (2’346)
[AE Ty, Yo — KOOpAMHATHI nenTpa Mace (rouka C na pucynke) B Hermo-

JBH2KHOW CHCT€ME KOOPDJAMHAT.

3aMeTuM, YTO, B CUJIY VCJIOBHS OTCYTCTBMS [IPOCKAJIb3BIBAHUS, IJIUHA
orpeska OO’ cosuanaer ¢ aauuoit ayru AQ’, npu srom A0’ = Ryp. O6o-
3HAYKMM 4epe3 | pacCTOSHUE OT HEHTPa MAcC NOAYLMIMHAPA J0 ero ocu (ro
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paccTosiHue Mbl paccuuraem najiee). 3 pucyHka BUAHO, YTO ATHHBI OTPE3KOB
CN = Isin ¢, MN = [ cos ¢, a KOOPIMHATHI LEHTPA MAacC:

Zym. = 00" — CN = Ry — Isinyp, (2.347)
Yu. = MO' = MN = R — [ cos p. (2.348)

Juddepenuupys, HAXOIUM:

Iywm = Rp —lpcosyp, (2.349)
yu.M. = l\F sin p. (2350)

Torza, noncrasisis B (2.346),
TnOCT == % @2 (RZ + 12 - 2Rl COSs ,9) (2351)

Kunernueckast sHeprisi BDaUIleHUs 1101V IMIMH DS

1 3
Tp=75 3 Ty wiw; (2.352)

ij=1

ONpPeJE/IsSeTCsl 0 KOMIOHEHTAM TEH30pa MHepUMHU J;;, MOJCUHTAHHOIO B CH-
CcTeME KOOPDAMHAT, 2KECTKO CBJI3aHHOH ¢ HMM, C HayaJIOM KOOPAMHAT, COBIIA-
JIAIOLIMM C LEHTPOM Macc. Buibepem ocd nocseanell Tak, KaK NOKa3aHO Ha
PUCVHKE.

B stom ciyuae, 04eBHIHO, YTO BEKTOP YIVIOBOH CKOPOCTH OPHEHTUDOBAH
B/I0JIb OCH 2’ ¥ €r0 KOMIIOHEHTa BAOJb ITOM OCH w3 = ¢, & MOTOMY M3 BCeil
JBOMHON CyMMBI «BBIXKHUBAET» TOJBKO CJIAra€MOE C KOMIIOHEHTOH .J33 TeH30pa
HHEPUMY:
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Top = = Ja3 ¢* (2.353)

N =

JInst Toro 4To6bl HAUTH KOMIOHEHTY TE€H30pa HHEpIWH J33 B CHCTEME KO-
OPIHMHAT, XKECTKO CBA3AHHON € MOJYUMIMHIPOM, C HAYaJIOM KOOPJHUHAT, COB-
NaJal0IUM ¢ LEHTPOM Mace, Bocnoab3yemcst Teopemoit Illreitnepa. [eno B
TOM, YTO HaM IIPOLIE PACYUTATh KOMIIOHEHTHI TEH30pa MHEPIHH B IPYroi
cucTeMe KOODAMHAT, 8 UMEHHO B TOH, Ha4aJI0 KOOPIMHAT KOTOPOH HaXOOUTCS
HA reOMeTPHYECKO# ocH nosiynumusipa (Touka M Ha pucynke). Hamomunm,
4T0, cornacHo Teopeme Illrelinepa, KOMNOHEHTH TEH30pa HHEPUHHU Ji; B IIpo-
M3BOJILHOM CHCTEME KOOPJIMHAT, XKE€CTKO CBSI3aHHON C TBEPJBIM T€10M, MOTYT
6bITh BHIPAXKEHBL YePe3 KOMIIOHEHTbI TeH30pa HHepuuK Ji;™", NOACHHTAHHOIO
B CHCTEMe KOODAMHAT C HA4YaJOM B IEHTPE Mace, CeAyIowuM 00pa3om:

Ty = J5™ +m(a%y — aay), (2.354)

rie a; — KOMIOHEHTHl BEKTOpa @, Ha KOTOPbI OTCTOMT Ha4aJlO JAHHOH CH-
cTeMbl KOODAMHAT OT IEHTpa Macc (Hadallo BEKTOpa @ COBHANaeT C LEHTPOM
macc). Torja HeobGxoauMas HaM KOMIIOREHTa TEH30pa MHepUuH Jiz B (2.353)
(B Hammx obo3Ha4eHusX Ja3 = J35', 8 KOMNOHEHTH! TEH30Pa HHEPIUM B CH-
CTeMe KOODAMHAT C HayasoM B Touke M oGo3naumm uepes J7)

T3 = Jag — m(a2633 - a.3a3). (2.355)

U Tax xak BeKTOp @ = €,l, T0 ecTb a1 = 0, ap = 1, a3 = 0, 10
Jsz = Jiy — ma?bas = Jiy — mi®. (2.356)
KomnonenTta TeH30pa uHepuuu Jy; B CHCTEMe KOODIMHAT C HAYaJjOM B

Touke M cumTaercs TpHBHAJALHBIM 00pa3oM. B camom mene, mOCKOJBKY CO-
[J1aCHO OIPEeAEsIEHHMIO,

JU = / dm(rzdzj s .’L‘,;IJ'), (2357)
nosiarast ¢ = j = 3, Oynem umeThb

By = [am(r* = ') = [dm(@" +@')?). (2.358)

114

ITockosnbKy BCE TOUKH NONYLMWIMHADPA PAaBHOYAAJEHbl O €ro OCH,

(1‘")2 + (yn)z - Rz

% =mR2. (2.359)
Tloncrasngas B (2.356), Haxogum:

Jys =m(R? - 17), (2.360)

Tenepb Hai1eM N0JI0XKEHKE IIEHTPA MACC NOAYIUIHHPA, PACCUYNTAEM PaC-
crosinve [. HanmoMHuM, 9TO KOOpAMHATA ¥y . LEHTPA MAcC MOXKeT BhITh Hail-
JeHa HCNOAb3Yys COOTHOIEHME

1 .
v = [dm(Fy', (2:361)
m
rae dm(7") — Macca saementa TBEPAOTO TeNa ¢ PAfMYC-BEKTOPOM 7, m —
Macca BCero TBepAoro rtena. M3 pucyska cienyer, uro

n

y' = —lsina

y//

M
(84 l x//
dofC

A

Macca dm 3jieMeHTa 10y UMJIMHAPA, KOTOPbI onupaeTcs Ha yroa do, Hab-
JieM K3 Iponopuuu (B Macca m MPUXOAMTCA Ha IUIOUAAb NOBEPXHOCTH MO~
ayuunubapa 7 R- H, rne H — pjivHa noayuuiusapa BAObL €r0 OCH, 8 Macca.
3JIeMeHTa dm NPHUXOAMTCS HA MOJOCKY BIONb 0Opasylouiedl noJyluIuHapa
miomansio Rde - H):

m nR-H

dm ~ Rda-H' (2.362)
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OTKyza

dm = -’:— da, (2.363)
npuuem 0 < o < 7. Torma
17 R 2R
Y, = ~—/mda-Rsina:——/da sine=——".  (2.364)
m i ™ ™ s ™

Onnako, ¢ APYrof CTOPOHBI, KaK CJENYeT U3 PUCYHKA,
Yum. = —l. (2365)

CraJo 6uTh,

_ 2R

==

ITosTOMy KOMIIOHEHTa TeH30pa MHepHuu Ja; (2.360) u KuHeTHYeCKas SHep-
rust Bpauienusi Tpp (2.353) MoryT 6pITH 3amMCAHbl COOTBETCTBEHHO:

l (2.366)

Juy = mR? (1 - -4—) : (2.367)

2

A S

1, 4\ .,
Typ = 3R (1 - F) : (2.368)
Kunernyeckasi 9Heprusi IOCTyNATeJbHOTO ABHXKeHHs (2.351) npu sTom
4 4
Troer = = R2? (1 + — — —cos (p) : (2.369)
2 ™ T

Cobupas Bmecre (2.368) u (2.369), nyist KMHETHYECKON SHEPrUH IOTYLH-
JuHjapa OyaeM HMeTb:

2
T = Tyoer + Top = mR*$? (1 - - cos (p) . (2.370)
TloreHuuasibHas SHEPrus MOy MIAHIDE

U = mgyunm. (2.371)

¢ yuerom cooTHourenn#t (2.348) u (2.366) moxer GbiTh 3anuCaHa Kak
2
U=mgR (1 ~ —oos <p> : (2.372)
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IMosromy dyHKuMs JlarpanKa HONYUAIMHAPA 6YIeT UMeTh BUI
2.9 2 2
L=T-U=mR (1—;cos¢>~ng<l——cos<p>. (2.373)
T m
W nockosbky ciaraemoe mgR B moTeHuuaJie, npeacrabisiouiee cob6oi KOH-

CTaHTy, MOXKeT, B CUJIYy HEOJHO3HAYHOCTH OlIpesiesieHusi GyHKIUKU Jlarpanixa,
OTGPOLIEHO, OKOHYATEIbHO UMEEM:

2 9mgR
L = mR? (1 ~ = oos (p) o mrg cos . (2.374)
(!

J1st HaxoxKAEHMS NePHOJA MAJBIX KOJEDAHUM MPOU3BEIEM DA3I0XKEHUE
IIOCTPOEHHOI'O JIarPaHKHaHa B OKPECTHOCTH TOJIOXKEHUsl paBHOBeCUs oy = 0.
715t 9TOrO BOCIOJIB3YEMCsl aCUMITOTUYECKMM COOTHOIIEHHMEM IJIsi KOCHHYCA

1 1 2 .
cosp=1—=p*>+....
2

TlockosibKy HeOOXONMMO OrpaHHYHMTBLCA KBAAPATHYHBIM NPUOIMIKEHUEM, B
KMHETHYECKOM 4JIEHE 3aluIleM:

P?cosp =@ 4. ...

B urore JlarpaHuaH B KBaAPAaTHYHOM HPKSJIM?KGHYIM 110 MaJIbIM OTKJIO-
HEHUAM OT NOJIOXKEHHMA paBHOBECUHA

£O = mR2? (1 _ 3) o 2T (1 .. ﬁ) . (2.375)
7 ™ 2

Or6pachiBasi KOHCTAHTY 2mgr/T B NOTEHUUAJIBHOM “jeHe, OKOHYATENLHO

2 2
£® = mR2g? (1 - —) . Sl (2.376)
™ i
VYpasuenue Jlarpasxka 5 p
Sr. P (2.377)
dtdyp 9Dy

O4Y€BUJHO, MOXKET OBITh 3aMHCAHO B POPME yPaBHEHHS IaPMOHUYECKUX KO-
nebanuit

g 5
P+ Rz =) =0 (2.378)
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¢ cobeTBeHHON 4acTOTOH

_ g
YTV RE-2 (2.379)

(2.380)

# epuoaoM

3agmaua 2.8.2. IlocTpouTb JlarpaHxKuaH ¥ HalTH 3aKOH IBHKEHUS B
KBaApaTypax JJjisi OJHOPOJHOTO CUMMETPHYHOIO BOJYKA MACCOHM 7 C HElo-
JBMOKHOD HM>KHEH TOYKOM, eC/lu pACCTOsiHUE OT Hee J0 IIEHTPA MAacC BOJYKA
[, a rnaBuble MOMEHTH BHepiun J; = J, u J;. B kadecrse o60BIMEHEBIX KO-
OpAMHAT HCIOJIb30BAThH YIVIbI Diinepa.

Peienue.

Kak u3BeCTHO, IPOU3BO/IbHOE TBEPAOE TEJ0 MMEeT UIeCTh CTeneHeil cpo-
Goapi. OHAKO YCJIOBHE HENOJBIXKHOCTH HIDKHEH TOUKHM aBTOMATUYECKH IIPH-
BOJUT K YMEHbIIEHMIO YMCa cTenenel cBoboabl 4O Tpex (OHa He UMeeT BO3-
MOKHOCTH JBUFATBCS HH 110 BEDTUKAIM, HU B OJHOM W3 JBYX HalpaBIeHUH B
FOPH30HTANBHOM IIOCKOCTH). B xavdecTBe 0606LIEHHBIX KOOPAMHAT BbIGEpeM
vrasl Sitnepa 6, ¢ 1 .

Bribepem HeNOABUAKHYIO CUCTEMY KOODAMHAT ZTYZ TaK, UTOObI HAYANO KO-
ODAMHAT COBIAIAJIO ¢ HuxHell Toukolt Boruka (cM. puc.). Ocu cucremsl Ko-
opauMHAT T'y'2', KECTKO CBA3aHHOM ¢ BOJYKOM (ee Hayalo HeoGXOIMMO COBMe-
ctuth ¢ nenropoM Mace C), opuenTHpYeM Tak, YTOObI OHU COBIIAJANIM C OCAMHU
yepuuy (B 1aHHOM Ciydae och Oz’ BriGepeM BAOJbL OCH CUMMETDPHU BOJTYKA,).
B Taxoum ciyuae TeH30p uHepuuu J;; 6yaer quaronasnsHbiM (Ji; = 0, aus Beex
i # j ), AMAroHAIbHbIE 3JMEMEHTH ero COBNAJAIOT C IVIABHBIMH MOMEHTaMH
WHEPIMU:

JU = JZQ = J1 = Jg, J33 = J3. (2381)

Kunernueckasi 3Heprusi BOJNYKa, COIIacHO TeopeMme Kenura, ectb cymma
SHEPruu ABUKeHUS UeHTPpa MacC Ty, ¥ 9HEPrUM 4YMCTO BPALIATENbHOTO JBM-
Kenua Tpp.

Kunernyeckyio S9HEPryIO IEeHTPA MACC HalieM, KaK SHEPIHIO TOYKH € Mac-
colt, paBHOM Macce BOJYKA, U MOMEIIEHHOK B neHTpa Mace C BoAuKa:

m . . s \
T = —5(:531_“, Ut ). (2.382)
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Hcnoub3ys pucyHoK, BHIPa3MM KOODAMHATHL LEHTPA MACC Hepe3 VIIkl ii-
Jepa:

Tyw. = OC - cos (g + ’p) = [sinf - cos (g + c,a) =

— _Isin0sing, (2.383)
Yuar. = OC’ - sin (-g L (p) = [sinf cos p, (2.384)
. = lcos . (2.385)

Aucpdepennupys, HaxoauMm, 4To

i, = «l(é cos fsin ¢ + @ sin £ cos (p). (2.386)
Y. = l(9 cosf cosyp — ¢ sinfsin a,o)z (2.387)
Zom = —10sind. (2.388)

Bossousa B KBaJPaT U CKJI3AbIBAS, NPUBOAH LOIOOHBIE CJAraemele, IJs1 KH-
HeTH4ecKol sneprun (2.382) nenrpa macce OyieM HMeThH

12/, 2
Tin = = ((Bcosﬁsingo + gbsin@cos',o) +
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4 (0 cos 6 cos p — psin B sin ga)Z + 6%sin® 9) —
2 ;
= %l-(pi sin ¢ + 6?). (2.389)

Kuneruueckas 3Heprus BpawlaTe/IbHOTO JBHKeHHs ¢ yueToM (2.381) mo-
eT ObITh 3amncaHa Kak

1 2 1 1
T =3 3 Jywiw; = 5 4 (wd +w3) + 5 T}, (2.390)

t,j=1

TJIe W), Wy ¥ Wy — MPOEKLMH BEKTOPA YIJIOBOH CKOPOCTH BOJYKA HA OCH CHCTe-
Mbl KOODAUHAT Z'y'2’, ’KecTKo cBsizanHo# ¢ HuM. OHU MOryT GBITh BHIPAYKEHE
uepe3 yrubr Disiepa 6, ¢, ¥ ¢ NOMOLIBIO KUHEMATHYECKUX YDABHEHHH Dilie-

pa:

W = Wy = 0'(:051,/) + ¢sin @ sin ¥. (2.391)
Wy = wy = —fsint | ¢sinfcosy, (2.392)
w3 = wy =1 + @ eosh. (2.393)

IMoacrasnsas B (2.390), 6yaem umeTs:
1 . .
Lo = = Ji ((Qcosw + cpsinesinu‘))2 + (—9 sin ¥ + ¢ sin § cos ¢‘)2> +
1 ;‘ P 2 _ 1 .2 . 2 A2 1 . 3 2
+§ Js (u- -+ pcosﬁ) e Jl(lp sin“ 6 + 4 ) + 3 Js (1./) + cpcosﬁ) .(2.394)

O6mbemunss ¢ (2.389), 115t KMHETHYECKOH IHEPTHH BOJNUKA IIOJLYHUM Bbi-
parkeHue:

L v . 1 P 2
T= 5 J1<L,92 sin® 0 + 92) + 3 J3 ('w ~+ ¢ cos 6) , (2.395)
rjie BBeaeHO 0003HaYeHUe
J; = Jy +mi2 (2.396)

[Norennuanbhas 3HepPrus BOIYKa B BEPTHKAILHOM OJHOPOJHOM IIOJ€ Tsi-
IOTEHUS OIPELEJAeTCS TOJOXKEHUEeM ero ueHTpa Mace (2.384):

U = mgyyn. = mglcosé. (2.397)
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Kax cnexcrsue, quis dynkuun Jlarpasxka sonuka 6yaeM uMerh:
1 . i . 2
£=3; (9*sin?6 + 62) + 573 (¥ + ¢cost)” — mgleosd.  (2.398)

3aKOH ABHKEHHUS BOJIMKA HalJeM MeTOJ0M HHTEerpaJjoB ABu:KeHus. Ilo-
oL
CKOJIbKY JIarDaHKHMAaH He 3aBHCUT SIBHO OT BPEMEHU (E = 0|, unrerpanom
JBHOKEHUS SBJsieTcs 00001eHHas sHeprus

8L AL oL
2 "3 Ve

1 . 1 . s
=z Ji (¢2 sin® 6 + 02) +5 J3 (’(/) + p cos 0)2 +mglcosf = const. (2.399)

oL oc
OB6061IEHHEbIE KOOPARHATDI (0 U 1 ABJISIIOTCH LUKIUIECKUME 0 = 3 =0],
o Oy
cTaJjI0 ObITh, COOTBETICTBYIOMME UM OGOCIIEHHbIE UMILYIbCHL Dy, U Py, COXpa-
HAIOT CBOYM 3HAYEHUSL:

Do = g—ﬁ— = J]psin® 0 + J; (u'r + ¢ cos 6) cosf = const, (2.400)
2
oL :
=— = J3 (¢ + pcosf) = const. 2.401
o =g = (111 2 ) ( )

Kak 00bIuHO, 3HaueHHs] KOHCTAHT F, p, U py MOryT ObITh HaitaeHbl M3 Ha-
JaJbHbIX YC/IOBHH nosaras t = ¢y B paBeHcrsax (2.399), (2.400) u (2.401),
HX OIIPeIe/ISONUIMX.

Haiiennele Tpyu uHTErpaJa JBH2KEHUS A/18 PaCCMaTPHBaeMON MexaHuye-
CKOJl CHCTeMbl C TPEMsi CTEEHAMH CBOOO/bI 03BOJIAIOT HANTH 33aKOH JBHIKe-
Hud B KBajgparypax. B camom gmene, Bripaxkasi u3 (2.401)

b+ pcosf = pj‘*— (2.402)
3

u noacrasass B (2.400), Haltnem:
P, = J1psin® @ + py cos b, (2.403)
OTKYJa BbipaxaeM 060OLIEHHYIO CKOPOCTD ¢t

P, — Py cosf

2.404
J}sin% 9 ( )

G =
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Moacrapnss (2.402) u (2.404) B Brpaxkenue (2.399) s 0606weHHON SHED-
run, mouayuuM aucdepeHnnaibHOe yPaBHeHUe OTHOCHTENBHO OJHOMH 0600-
LIeHHOH KoopauHaTsI §:

2
i (p¢ — Dy COS 6) o5
== ~r gl cos B, 2.405
E 2J10+ 37 sin? 0 +2J3+mg cos¥, ( )
OTKY/1a HAXOAMM:
Cw | o (o= cost)’ 3 Leoss] (2406
HZEz:t\’—J—{ ~W—E-m9005 . (2.406)

Pasmensisi epeMeHHbIE © MHTErDUPYsi, NOAVYAeM KBAIPATYDY. ONPeeIsio-
WYIO HesIBHYIO 3aBHCHMOCTD § = 6(t):

6
df
£ oty = i/ . - (2.407)
b |9 (p¢ — Dy CO8 0) p2
12 g 2B Do glcost
\ E 277 s’ 6 O e

PaccmaTpuBast OTHOMEHKEe OGOBIIEHHBIX CKOPOCTelt ¥ U § ¢ y4ETOM MOJy4eH-
HbIX paHee cooTHomenuit (2.404) u (2.406)

Py — Py cost
Py — Py 0S¥
% = ‘-;% = Jigin 92 (2.408)
= 2 (pw —pd,(:089> Py — mglcost
\ Tl 2J] sin? 0 25, Y

TI0CJIe Pa3/6/IeHNs IePeMEHHBIX 1101y 9aeM KBaApaTypy, KOTopas onpeienser
3aBucHMOCTb ¢ = @(0):

[}
" D, — Dy cosf
p—po =% [do e E
BT Jisin2 0
9o
. (p i cos9)2 22 -1/2
© v )
x —,_i_ E—W—E—mglCOSB . (2409)
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11, HaKoHeLll, 3aIMChiBas OTHOLIEHHE ODOBIIEHHBIX CKOPOCTeH ¥ 1 § (1pH 310M
1) BuIpaskaeM u3 coorHomerust (2.402), kyna noacrasnsiem paBencTso (2.404),
onpeaensiomee 060BIEHHYIO CKOPOCTh )

Dy :
b dip T;:~cpcos€
9 d6 ~ ~ do
Pu Pw‘Pw0039> .0
=— 3( ‘s‘“)2 (2.410)
[ 92 Dy — Py COS O p?
:i:w!ﬁ E*Q—Jisi;T—‘éJ—s—TflglCOSG

nocJjie pasjiejieHusi ePeMEHHBIX, HaiJleM TPeTb0 KBaIpaTypy, ONpelesio-
HIYIO 3aBHCUMOCTD ¥ = 1(6):

Dy cos

df | == — ———— (p, — py COS
, ’ (J3 J} sin? 0 P = Py 208 9))

b-wo == [ 2

o |2 (pp — pucost) g2

\!7{ a 2J!sin 6 - 57@ = gl aest

Coornowenus (2.407), (2.409) n (2.411) onpenessiior 3aKOH jIBHMKEHUA BOTY-
Ka B KBAJIpaTypaX.

. (2.411)

3amaga 2.8.3. Monera maccoil m 1 paguyca R MOXKeT JBUraThCs POMU3-
BOJBHBIM 06pa30M MO FOPU30HTANbLHOI N0BepxHoCcTH. [locTpouTs sarpasKu-
aH MOHeTHbl U HAallTH 3aKOH ee JBUKEHMs B KBaJpaTypax. [J1aBHble MOMEHTbHI
uHepuuu MoHetsl J; = Jo = Jou Jy = J.

Pemenwne.

Ha nsuxkeHne MOHETHI HAJIOXKEHO €IMHCTBEHHOE OI'DAaHMYEHHEe: €€ HUrKHASA
TO4YKa He JO0J2KHA OTPbiBAaTbCA OT I‘OpHSOHTBJIbHOﬁ NIOBEPXHOCTH, MMed BO3-
MO>KHOCTb I1€PeMeIliaThCst JIMILb 110 FOPU30HTAIbHOM moBepxHocTH. TTosTomy
U3 WECTH creneHeil ¢cBobo b, MAKCMMAJIBHOIO YMCa cTenedeil ¢Bobobl Ipo-
U3BOJBLHOIO TBEPAOIO Tea, OCTAXOTCS TOAbKO NATh. B kauecTBe 06001IEHHBIX
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KOOpP/MHAT BribepeM KOODAMHATH! LEHTPA MOHETHI B TOPH30HTAIbHOM III0CKO-
CTH Ly = T, Yuu. = Y ¥ TPH yriia Diluepa 0, p u 1. Ilpu sTom Hanpasienue
OCeil HEMOABUIKHON LY2 N YKECTKO CBA3AHHOM ¢ MOHETO (C HaYaloM B LEHTpe
MOHeTbI) 'Y’z cucTeM KOOpAMHAT BbIGEpeM TaK, Kak MOKA3aHO HAa PHCYHKe
(ocu ', y' JIEXKAT B IIOCKOCTH MOHETHI, & OCb 2’ IIePNeHAUKYJISDHA eif).

z 7

| y
6

TToCKOIbKY KOOPAUHATA 2y ., KAK HECJIOXKHO YBHJETH U3 PUCYHKA,
Zym = Rsinf, (2.412)

TO KMHETHUeCKasl 9HEPTUsl ABUIKEHHMsl IEHTPA MacC

_Mmy .9 -2 12 _ M2 .2 242 2 .
Thn = E<$"'“‘ + Y, + aw_) == (w +9° + R*6° cos 0). (2.413)

Taxk Kak ocu BHIODAHHOM HAMH CHCTEMbI KOODAMHAT, JKECTKO CBS3AHHOM ¢
MOHETO#, COBNAaJAlOT C IVIABHBIMU OCSIMM MHEPLUMU, TEH30D MHEePLMU B 9TOM
cHCTEeMe KOODJMHAT JUATOHAMEH, TAK YTO JMATOHAJBHDBIE 3J€MEHTHI

J11=J22=J0v, JSB:J-
HOBTOMy KHHeTHYeCKas dHeprusi BpalaTe/lbHOIro JBH2KEHUA MOHETHI BOKDYT
OoCH, [IPOXOdIlell Yepe3 LHEHTP MacC, MOXKeT ObITh 3alMCaHa Kak:
- L& 1 2,2 1 2
T =3 Y Ty = - Jo(w} +w?) + 5 I, (2.414)
1,7=1

TJe KOMIIOHEHTBI W1, Wo ¥ W3 BEKTOPA YIJIOBOM CKOPOCTH BAOAb OCEH CHCTeMbI
KOOpAMHAT 1'y'2’ MOryT ObiTh CTAHJAPTHO BBIDA’KEHbI Yepe3 yIubl Diinepa
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B COOTBETCTBMM C paBencTBamu (2.391), (2.392) u (2.393) u3 npeapiayei
3aJa4M, TaK 4YTO, IO aHAJOLHUH C (2.394),

s = % Jo (¢2 sin? § + 92) + % J (w + ¢ cos 9)2 . (2.415)

Kak cnencrsue, 17151 IOJIHON KMHETHYECKON SHEPIUU MOHETH OYIeM HMeTb:
m :
T = Tuw +Top = 5 (£ + 9" + R?6%cos’6) +
Lo/ 2 A L S 2
+§ Jg(np sin® @ + 0 ) + 5 J (1/r + wcos@) . (2.416)
Ee norenuuanbuas sHeprus:
[ = mgzy .. = mgRsin6. (2.417)

Craso 6bITh, JArPAHKHAH MOHETbI
_ e BELg o o3 202 . 2 [ NI )2
E—T——U—?(I + y° + R°6° cos 9)+5J0(,, sin” 6 + 6 )+
1 . 2
+-2- J (u + ¢ cos 9) —mgRsinf. (2.418)

BaKOH ABH2KEHUSA MOHETbI uai«iﬂ,em UCLOJIL3YA MeTO MHTErpaJioB JBH>Ke-
nus. [Tockonbky JlarpaHkuaH He 3aBUCUT SIBHO OT BpeMeHHM, a 0606IeHHble
KOODIMHATHL &, Y, Y U Y SABIAIOTCA UMKAMYECKHUMH, TO HHTErPAJIAMHE JABUXKe-
HUA ABIAIOTCS 00001enHas sHeprus F U COOTBETCTBYIONIME EPEYHCAEHHbIM
KOOpAuHAaTaM 0000IEHHbIE UMIY/IBCHL Py, Dy, Dy U Py

oL oL 0L oL 0L

E=t—+ym+b—+p—+9p—-L=
oz Yoy "% T¥8e T Va0

- %L‘(x? + 9 + R20% cos? §) + %JO (¢sin®6 +67) +

1 : . 2 x
+§ J (z/z + ¢ cos 6) +rgRsinf = const,  (2.419)

L
Pz = 6—- = mz = const, (2.420)
0z
oL
= — =my = t, 2.421
Dy % my = const, ( )
Y '
Dy = ?}7 = Jopsin? 0 + J (\d) + pcos 8) cos f = const, (2.422)
Dy = % =J (L’) + Y cos 9) = const. (2.423)
(U]
125



3HauYeHUs 3TUX WHTErPAJIOB JBIXKEHUSI OJHO3HAYHO OIpeNEsIseTCsl Hauallb-
HbIMH YCJIOBHAMH.

Papencrsa (2.420) u (2.421) MOMEHTAJIbHO HHTEIPHPYIOTCS, YTO NO3BO-
JisieT HAMTH SIBHbIE 3ABUCUMOCTH OT BpeMennu z = z(t) u y = y(t):

z(t) = p—n: t+ 2y, (2.424)
y(t) = %t + vo- (2.425)
C yuerom papencTsa (2.423) coorHomenune (2.422) MOKeT GBITH 3AMUCAHO
B BUJE:
Dy = Jo@ sin? 6 + Py COs 6, (2.426)
OTKY/3 Bblpa3um O60BIIEHHYI0 CKOPOCTD ¢

— py cosf

- 2.427
Jysin® 6 ( )

Torza, Bulpaxas u3 cootHoumenns: (2.423) oGoOILEHHYIO CKOPOCTH 1) C
y4eTOM TIOCJIEJHETO PABEHCTBA, HMEeM:

Py cosf
b=t geoss =52 - Toa?d

[oacrapass & u y, BblpazKeHHbIE COOTBECTBEHHO M3 (2.420) u (2.421), a
TakxKe Bbipaxenus (2.427) u (2.428), B o6obumennyio suepruio (2.419), nony-
qum auddepeHuaIbHOe ypaBHEHHE OTHOCHTEIbHO OTHOM 0O0BLIEeHHON KO-
opauHaTh! §:

Py — Py COS 6’). (2.428)

2
oo L : (Pp—pwcosﬁ) .
b:§92(,]0+mR2c0526)+—W+mg}25m6+

1 L P p;
3 =t B 2.42

OTKYAa HaX0OUM
. df
9:5

| 2

2 (Pw — Py COS 9)
T\ T gy~ Myhising ], (2430
i\ﬁJ()-Fmchos?Q( 2Josin20 mgRsinf |, ( )
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rJie ¢ LeJblo COKPAIUEeHUs 3amucell BBeJeHO 0603HaYeH e
1 2‘ 2 2
E':E——(ﬂ+&+p—y , (2.431)

Pasnensis epeMenHbie, HAXOAMM KBaAPATYDY, ONPEACISIOULYIO HeSIBHYIO 3a-
BUCUMOCTD § = 6(t):

9 2 con2
t—to:i/d€1 Jo + mR2cos? 0

2
b0 o5 (p\p — Py €OS 0)
! 2Josin? 0

(2.432)
— mgRsin 0)

PaccmarpuBas Jasiee oTHOLIeHHEe 060OUIEHHBIX CKOPOCTER ¢ 1 fc V4eToM
coorHomenuit (2.427) u (2.430)

— pycosf
f — _(?f o Jo sin® §
0~ do 2 ’
5 2 , (p,p — Dy COS (9) I
= - - sin
\ Jo+mR?cos? § 2Jysin? 4 S

OC/1e Pa3Je/ie sl IEPEMEHHBIX [0Jly4aeM KBaAparypy, KOTopas ONpeiensieT
HeSIBHY10 3aBUCHUMOCTb ¥ = (f):

Py — pycost
— iy = 4
70 / Josm 0 X
2 -1/2
B (pp — pu cost)
E - — mgRsin 2.433
T+ mR? 00829( Sosmzd oo i2:456)

Haxonel, Boraucisist oTHoleHue o6obIeHHbIX CKOPOCTei u u 6. corsiacHo
pasencTBam (2.428) u (2.430)

: By . 250 g
¥ _a J Jo S-mge(lhp Dy COS 6)
§ — do | - .
2 (pge — Py COS 9)
_— T Gk A it S .
\j Jo + mR? cos? 6 (E 270 S mg R sin 9)
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Pa3zjends nepeMeHHEBIE, HAXOAUM TPETHIO KBAAPATYPY, ONPEIeIsIONLYIO HesiB-
HYIO 3aBHCHMOCTB ) = (6):

6
; p cos
U'l/)()::}:/dg <7w—m(pp—pwc059)> X
6o

-1/2

2
2 (p¢ — Py €OS 6) )

E - — mgRsin @ 2.434

Jo + mR?cos? 6 ( TR ( )

2Jysin’ 4
Coornowenus (2.424), (2.425), (2.432), (2.433) n (2.434) onpenensior 3aKoH
JBUXKEHUS] MOHETHI.

3angaua 2.8.4. OupegeanTh MOMEHTHI HHEPLUHUU OJHOPOILHOrO napado,io-
uja BpallleHUsl BBICOTOH /i ¥ DaJMycOM a IJIOCKOH MOBEDXHOCTH B CUCTEME
KOODIMHAT ¢ HA4YaJIOM B ILIEHTpPe Macc.

Peinenmne.

Cravaaa HaM ya00Hei Oyuer nojicYuTaTh KOMIIOHEHTh TeH30Pa MHEPHUY
B CHCTEME KOOPJAMHAT C HAYAJOM B BEPINHHE Napadoiionia.

2t B

Kax u3BectHO, ypaBHeHue 11apabojionja B 9TOU CHCTeMe KOOPJAMHAT MO-
2KeT ObITb 3aIIMCAaHO B BUJIE

Kosdduupnent C Haiijem u3 JAHHOTO B YCJIOBUM 33Ja4i pa3Mepa 11apaboiio-
uza: upu x? + y* = C? (ypaBHeHHe OKPYYKHOCTH ILIOCKOH €ro MOBEpXHOCTH)
KoopjuHara z = h, TO ecTb

Takum obpa3oM, ypaBHenue 1apabosiona
h/, 9 =
z= ?(x +y ) (2.435)

ITockoabKy OCb 2z Mbl HANPABUAM BAOAb OCH CUMMETPHH 1apabo.aouia,
TEeH30p UHepUuH J;;

Ise= / dm (76, — v.,) (2.436)

Oy.JeT JAMalrOHATIbHBIM (Jij =0 a1 # j).
DjieMeHT Macchl dm yaA06HO 3amucaTh yepes dj1eMeHT obbema dV:

dm = p,, dV, (2.437)

rle prm — OO'beMHas ILJOTHOCTD napabosionia. Ero, B ¢Bo 04epe b, 3auuuiem
B IMJIMHIPHYECKHX KOODIMHATAX:

D(x,y. 2)
dV = drdydz = 522 dpdedz 2.438)
Y Dlp. o 2) P2 (2.438)

¢ IKOOMAHOM IepexX0ja OT JeKaPTOBBIX KOOPAMHAT K LMIAMHIADHICCKIM

N

(3]

D(z,y,z)
il i - M A, (2.439
Dip.v.2) " ' )
To ects
dm = pm pdpdedz. (2.440)

npuieM 0<p<a, 0<¢ <27, 0<2<h.
HanoMuum, 9TO CBSI3b eKaPTOBLIX KOOPAMHAT T, Y C LMJIMHJPUYECKHMU
KOODAMHATAMU UMEeT BUA:

T = pCoS . (2.441)
y = psin ¢. (2.442)
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[Tonaras B (2.436) 3Ha4YeHust MHAEKCOB ¢ = j = 1, HAXOAMM
Ji1 = /dm(f‘z — 1‘2) = /dm(y2 + zz). (2.443)
Honcrapasas ciopa coorrowenus (2.440) u (2.442), 3anumem

J11 = Pm / pdpdpdz (p2 sin ¢ + z2>. (2.444)

IpuyYeM 3aMeTHM, YTO s 3HaYeHHit KoopauHaTsl z B npejenax 0 <z < h
KOOpAmHATa p IpoberaeT 3Hadenud B npegenax 0 < p < a\/;/_h, TO €CTh, IIpa-
BUJILHO PACCTaBJIsAS IPEe/bl MHTEPHPOBAHUS, IPHXOIUM K HEOOXOIMMOCTH
BHIYMC/JIEHUS CIEAYIOEro HHTerpaJa;

a\/z/h
Ju «pm/dw/dz / pdp p sin? +zg), (2.445)
«BHYTpeHHHUiT» MHTErpaJ Mo KOOPAMHATE p

av/z/h 1 1 N /z/h
pdp(p2 sin® @ + 32) = (Z ptsin?p + —2— z2p2>

0 \p=0
_la* i 1 azz
=qmiaer L
Torma
4 1 (12
Jin = pm/d,a/dz (4 % 2*sin? g + 3 izd) (2.446)

Brluucasg MHTErpasl N0 KOOpAMHATE 2, KMEEM:

2 4 2
Ju=pm/d (1 = — Zsin? @ + é—c;—f)‘
o

12 12 Lt
= Pm /dw(

z=h

a* hsin? p + %ar"h:") . (2.447)

N)l"’
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Haxkouew, BHIUHCIISIS OC/IEAHHI HHTEIPAJ IO YIVIY ¢, NOJLY4HM:

2r

1 1 L ...
.]11 = Pm (ﬁ a h(ﬁ = 5 sin 2(0) g (l2h350)
0

1 ;
=4 pma’h (%a2 + h2> . (2.448)

st HaXoxKaeHus 06beMHOM IJIOTHOCTH P, BBIYUC/IMM OObeM 1apadoo-
uaa:
. . . 2k eVER
V= /dV: /dmdydz = /pdpdcpdzs /d(,o/dz / pdp =
| | ’ 0 0

0

1 =a+/2/h 1
= 27r-h-—pzi = = ra’h. (2.449)
2 | p=0 2
IToaromy
M 2M
iy *= i d IR e 2.4:
& V  wa?h’ P

ruae M — macca napaboaonia.
Toncrasnsst (2.450) B (2.448), OKOHYATEABHO NOJYYaeM JLJIsi KOMIOHEHTHL
J11 TeH30pa MHepUMH CjleNYIOllee BbIParkeHUe:

Jiy = M(3a + h ) (2451)

Tonarast 3HaueHust UHIAEKCOB § = j = 2 B (2.436), m/1si KOMIOHEHTbI Jop
MOJLyYMM HHTErpa.l

27 h
= pm/dwfdz / pd,o(p2 cos® p + .zz), (2.452)
b0 i

KOTODHIH, KaK HECJOXKHO COOBPAa3UTh, NIPUBOAUT K TOMY K€ PE3yJbraTy, YTO
v unTerpan (2.445), a moToMy, TaK »Ke KaK M KOMIOHeHTa Jij,

e % M (%f + h2) . (2.453)
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Haxomer, 110Jarasi 3HaYeHHs UHAEKCOB ¢ = j = 3 B (2.436), 114 komrio-
HeHTb! J33 Oy leM MMeTb HHTerpaJ

av/z/h

Jzz = /dm(f'2 — zz) = /dm($2 +y2) = Pm 7d¢:jdz / pdpp* =
o 0 0

4”)_ s 1 at 1, 1 4
= P - 27 - /dz 0 i . = §pm7f‘]§_/ 2°dz = g PO h. (2.454)
p= 0
Ioacrasass ciona seipaxenne (2.450) 1/ IVIOTHOCTH fm, OKOHYATEIHHO
3aluineM

Jsy = é-Ma? (2.455)

Teneps ocTaercs npeobpa3oBaTh HaliIEHHbBIE KOMIIOHEHTH! TEH30pa MHep-
IIMH B CHCTEMY KOODAMHAT T'y'2’ ¢ HA9a/IOM B IeHTpe Macc napabosonaa npu
nomonw Teopembl 1llTeitnepa. Ho ana aToro neobxosuMo 3HATDH, HA CKOJb-
KO HAYAJO ONHOMN CHCTEMbI KOODPAMHAT OTCTOMT OT Hayana Apyro#t. JIpyrumu
CIOBAMH, HAM HeOBXOAMMO PACCYUTATH NOJOXKEHHE IeHTPa Mace napaboson-
72 B cucTeMe KoOpauHAT Zyz. COBEPIIEHHO OYEBU/HO, YTO €10 KOOPAMHATHI

A BoT KOOPAMUHATY Zy.m. NPHIAETCA BHIYMCIATH o OonpeieneHuIo:

1 1 y, B g
zum_:j—ﬂ/dmz::ﬁpm/dezMpm/df,p/dz / pdpz =

h p:a z/ 2
1 ma T pma 2rh
:ipm-gr-/dzz-—;ﬁ =2 /d . (2.457)
M ) 2"

ToacTaBsisl B IIOC/IeHEE PABEHCTBO BbIPaXKeHye JJist ILJIOTHOCTH Py COIVIACHO
(2.450), okOHUYATEJBHO 3aNUIIEM

s, = %h,. (2.458)

JIpyruMHu CIOBAMH, HAYa/I0 CUCTEMbl KOODAMHAT 2'y'z’ OTCTOUT OT Havala
CHCTeMBL TYZ Ha BEKTOD

2 "
d= -3 he, (2.459)
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(Ha4a/I0 BEKTOPA HAXOAWTCA B LEHTDPE Macc).
CorsacHo Teopeme IllTefiHepa, KOMIIOHEHTH TE€H30DA MHEPUHMH J, ©) g cp-
cTeMe KOOPAMHAT C HAYaJIOM B UEHTPE MACC MOrYT GbITh HARJEHB] 11O KOMIIO-

HEHTaM TeH30pa J;; B IpyToil CHCTeMe KOOPAMHAT, Ha4a/l0 KOTOPO# OTCTOMT
OT HayaJla NepBoil Ha BeKTOp d, no ¢dhopmye:

Jt(]c) = ‘]ZJ — ]\/[(a25ij - aia]-). (2460)

HO(‘KOJIbe KOMIIOHEHTBI BEKTOpa a1 = Qg = O TO, O4Y€BHUJHO, KOMIIOHEHTa
‘]11

JE = Jn - Ma® = LYY (laz +h2) - <-2—h>2 ==
u ! 27 \3 3
1 1
==-M(a*+= 2) 2
. (a +3R). (2461)
CoBeplLIeHHO aHAJOTMYHO, KOMIOHEHTA J22
(c) 2 1 2, L,y
ng = Joo — Ma* = "é Mo+ gll . (2462)
A KOMIOHEHTa TEeH30pa UHEPUMHU J;gg):
(e) _ 2 2\ _ X 2 ”
T35 = Ja — M(a® - a3) = Juy = > Ma®. (2.463)
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I'nmaBa 3

Meton I'amMmuiabTOHA

3.1 ®yskuud u ypaBHeHus l'amMmmiabToHa

Ob61ne peKOMEHAANHA.

Juis nocrpoenust pynknun [amuibToHa HEOOXOAMMO, KAK IOBOPSAT, MO~
BepruyTh pynkumio Jlarpanxa npeobpazosanuto Jlexxauapa. I1pu atom Hano
NOMHHTh O TOM, YTO AaMHJIBTOHOB (GOPMAIN3M DPA3BUBAETCHA HA MHOZKECTBE
TaK Ha3blBAEMbIX KAHOHHYECKHX IEPEMEHHBIX P;, ¢, — 0OOGIEHHBIX UMIIY Ib-
coB U 000OIIEHHBIX KOODAMHAT, GYHKIUMEH KOTOPbIX FAMMJIbTOHMAH KU HBJIS-
eTcd, NO3TOMY HeOOXOLMMO HpOoCaeduTb, 4TOOb Bee OBOGIEHHBIE CKOPOCTH
(B wacTHOCTH, DUIYPHPYIOIIME B JIATPAHXKMAHE) GBLIM BLIPAAKEHbl Yepe3 HuX
U TOJBbKO uepe3 HUX. Tak >ke KaK ¥ B JarpaHKeBOM HOpMa/iu3Me, HaIUIue
CHJI TPEHMsi HUKOUM 00pa30M He orparkaercs Ha Buje dbyHKuun [aMuabToHa.
ITosTomy, Ip¥ NMOCTPOEHMH TaMUJIbTOHMAHA JMCCHIIATHBHBIX CHUCTEM IPOCTO
3a0bIBaeM PO HaIMuKe TaKOBbIX CHil. O HUX HEOBXOJUMO BCIIOMHUTD HA 3Ta-
e MOCTPOEHUS] YPABHEHUMN [BUIKEHHS: CUJIBI TPEHHs Ja0T O cebe 3HATHh B
IIPABBIX YACTHX OJHOM M3 rpynn ypasHeHu# l'amuiibroHa.

HeobxoauMo BCera IOMHHUTD, YTO 110 CBOEMY CMBICAY FaMUAJIBTOHUEH NPeJ-
craBisieT coboit OOODLIEHHYIO SHEPIUIO CHCTEMbl, 32MMCAHHYIO B TEPMHUHAX
KaHOHUYECKHX MePeMEHHBIX.

3agaya 3.1.1. ITocTpouTh ramMuiibTOHMAH CUCTEMbI, KOTOPas OIMChIBA-
€TCst JIATPAHXUAHOM
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: . H,
L= %(7‘"2 +726% + 7‘2sin269'92) + %—cgrg sin? 0.

Pemienne.

Tlepen TeM Kak HENOCDEACTBEHHO NMPOBEeCTH npeobpa3oBanue Jlexkanipa
npeacraBuM 000OIIEHHBIE CKOPOCTH KaK (DYHKUMM KAHOHMYECKMX IepPEeMEeH-
HbIX. J1J1s 3TOTO, MCNOJBL3YH 3a1aHHy0 GyHKIUIo Jlarpamxka, mocrponm 0606-
LWIEHHbIe UMILYJIbChI, OTKYAa U Bbipa3uM 060OlIeHHbIe CKOpOCTH yepe3 0606-
HIEHHBIE UMILYJIbLCHI O KOODJMHATHI.

OB606WEeHHbIH UMIYIBC P

OTKYya
= %. (3.2)
O60061eHHbI UMIYJILC Pg:
oL 9
= — =mrf. 3.3)
Dy Y (
OTKYy/1a
Pe
e (3.4)
OGOOWEHHBIE UMIIYALC Py
’ > H,|
Py = g—f;- = mr?sin® 0p + (32—601“2 sin® 0, (3.5)
OTKYy/a
1 eH() 2 .. 2 | .
¢ = —5—77 (Po — = 9). 3.6
Y= et g (p‘,, 2c s 88

Teneps 3anuuiem npeobpasosanue JlexaHapa:

H=p7+pf+pp—L=
P ey

Py 2 2
e Bss = Ay O 51,9)—[1. 3.7
Pe m T mr? t P mr2 sin® 6 (p(p 2¢c ko (37)
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[ToacTaBuM ClOIa BhIpAasKeHHe JJIsl JarpaHXKuaHa, 3aMeHss B KOTOPOM 0006~
[IeHHble CKOPOCTH Ha BBIDAYKEHHsl COIIacHO paseHcTsBam (3.2), (3.4) u (3.6):

2 2 2
p: | DPs 0 eHy 5 . 4 Py
H:_+ +__—'_( —_— Sln9 — O
m  mr? mrisin’d \'° 2 2m

2 2
Py 1 _eHy 5 . 5 ) _
T2mr?  2mrlsin®6 (p,, 2 o0 6

1 H
ﬁ%ﬁ sin?6 - -y (p.“, - 62—cor2 sin? 9) - (38)

IlpuBoas oyeBHHBbIE NMONOOHBIE CJIaraeMble, BBIHOCA OOIIMA MHOXUTEIb B
TPETbEM U IOC/IeJHEM CJIaTaeMbIX, IepeNuuIeM:

2 2 2

Dr Ps 1 ( eHo 5 . » )

s 5 S — —r°sin“f) —
2m + Imr? | mrteinzf \P* T 2¢

H, 2
! (Pf - 6260: 2 sin? 9) =

" 9mr?gin? 0
2 2 2
=P P 2 ( _EHh gy 9) 3.9
T 2m T 2mr? ¥ Imr2sin? 6 Pe 2¢ o ’ [3.9)

3agaga 3.1.2. [TocTpouTs narpaHxuaH CUCTEMbl, KOTOPas ONUCLIBACTCS
raMHuJIbTOHHAHOM

Pemenne.

[Ipexxae yem npoBoauTh obpaTHoe Ipeobpa3zoBanue Jlexxanapa AJs no-
ctpoenus dynkuun Jlarpanzxa, BbipazsuM 060011eHHbIe UMITYJILChI Yepe3 0606-
IIEeHHbIe CKOPOCTH U KOOPAMHATH Ha OCHOBE MEPBOi rpynns ypaBHeHuit [a-

MUJIBTOHA:
o0H —_
G =—-—, (i=T,3). (3.10)
Ip;
Jns Haxoxienusi 000OIIEHHOTO UMIYIbCa P, 3aIULIeM ypaBHeHue I'amuib-
TOHA&
OH
H p=0 _Pe (3.11)
dp, m
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OTKyZa
Pp = mp. (3.12)
Ananornyso u3 ypaHenusi [amMuibTona
. oH 1 eHy ,
= B (m = p) (3.13)
HAXOMUM
, . eH
P = M)+ =2 o, (3.14)
c
Hakoneu, u3 ypasuenus [amuiabrona
. _OH _p,
b — - —, 3.15
Op, m’ (8.15)
CJIeZYET, YTO
Pz =mz. (3.16)
Hanee 3anumem obpaTHoe npeobpasosanue Jlexxanapa:
L=pp+pop+p:2—H=
, H . .
=mp‘~p+(mpzw-i—ez—cop)wp—i—mz-z—H. (3.17)

IMoacraBuMm C10A2 334aHHBLA FAMUJILTOHMAH, 3aMeHssl B KOTOPOM 0606LIeHHbIe
MMILYJIbCBI COINIACHO cooTHOUeHusiM (3.12), (3.14) u (3.16), 6yaem nmeTs:

eH, H)?
L=mp+ (mngb + =2 p2> $+mi - —(7;7‘:) ~
1

2c
1 .  eHy 2) eHy ,\°  (mz)?
—_— — Sy 4=
2mp? ( (mp B 2 ” 2c g 2m
e T

. ) . eH, .
5 (p2 + P20 + z2> + —é?opQ & — mgz. (3.18)

3agada 3.1.3. [TocTpouTh raMUIBTOHHAH U COCTABUTL ypaBHeHHus [a-
MWIbTOHA OycHHKM Macco#l m, HaHM3aHHOM Ha CIUILY. M30THYTYIO B dopme
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napaboasl y = az’,

U COBepaollell JABHXKEHHe B BePTHKAJIbHON IJIOCKO-
CTH B OJHOPOJHOM II0jle TAIOTEHUs § 104 AeHCTBHEM CHJbI CONPOTHB/ICHUA

Fconp = —fu.

Pewrenne.

OueBUAHO, YTO JAHHASI CUCTEMA MMEET OAHY CTeleHb cBoGOIH. B kauye-
crBe 06001IeHHOM KoopauHaTh Bbibepem abcuyccy r OYCHUHKH.

11 nocTpoeHus raMUIbTOHMAHA HeOOXONMMO CHAYa.1a NOCTPOUTh (PYyHK-
umio Jlarpas>ka, a 3aTeM NOIBEPrHYTH ee npeobpasosanuio Jlexkanapa.

Y

—

g
m

O x

KuHernyeckast 3Heprusi OyCHKH, COBEpIIAOLILH I1JI0OCKOe ABMXKEHME B ILJIOC-
KOCTH LY,

T =—(#*+¢?). (3.19)

Juddepenuypys ypBHEHUE CBA3HM, KOMM fBIATCH yDaBHeHMe mapabosibl
y = ax?

y' = 2azt, (320)
HaxoauM
2
o mx 2.2
T = (1+ 40 ) (3.21)

HOTeHuHaJIbHaﬂ SHEprus 6yCﬂHKH B OJHOPOJHOM 1I0JIe TAI'OTE€HUA
g=—g&

U = mgy = mgaz>. (3.22)
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ITosromy JlarpaH>kuMaH pacCMaTPUBAEMON CHCTEMbl, KaK Pa3HOCTb KHHe-
TUYECKOH ¥ IIOTEHIMAJIbHON SHEpruil,

)
L= %(1 + 4a2$2) — mgax?. (3.23)

OTMmeTuM emie pa3, 4TO HaJMYMe CHJIbL CONPOTHBJIEHMS, defcTByomIel Ha
GyCUHKY TpM IBIKEHMM, HUKAK HE OTPA’KAeTCs HU HA BU/AE JarpaHyKHaHa,
HM Ha BUJE TaMUJILTOHUAHA.

IToxsepruem nocrpoennyio dyukumio Jlarpanxa (3.23) npeobpazosannio
Jlexanapa. Jns aroro Bbipa3um 0600LIEHHYIO CKOPOCThL I 4epe3 KaHOHUYe-
CKue nepeMenHble p,., . OOOOWEHHBI UMIYIbC, COTVIACHO ONPEeIeHHIO,

Pz = % = mz‘(l + 4a2x2), (3.24)
oz
OTKY1a
Pz

ITosTOMY raMUIbTOHMAH

Pz i

H=psz-L=p,- m(+ 40%27) B 2m (1 + 40222

P2

=t | mgaz®. (3.26)
2m(1 + 4a2."1:2)

Janee nocTpoum 0606LIEHEYI0 AUCCUIIATHBHYIO CHiY Q%, KOTOpas B ypas-
HeHuAX ['aMH/IbTOHA IO3BOJISET YYeCThb JelicTBhHe HA OyCHHKY CHJIBI COMPO-
Tupienusa Feonp = — 3. Cornacso onpenenenuio (2.11),

-, OF oz o
Q=F =Y (3.27)
oz ox oz ‘

C yueroMm ypaBHEHHS CBSI3M Y = a1,

% = 2azx.
KomnoHenTbt HbIOTOHOBOIL JpccUnaTUBHOM cuulbl ¢ yuetom (3.20)
F} = gz, (3.28)
F¢ = -By = —23axt,
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Crajio 6bITh,
Q* = —pi(1+ 4a%2?). (3.29)

OHaKo, IIOCKOJIbKY Mbl paboTaeM B raMu/IbTOHOBOM HOPMYIHPOBKE, HEOG-
XOAUMO Bce (PU3UYECKHME BEIUUNHBI BHIPA3UTD 4€Pe3 KAHOHHYECKHUE NepeMeH-
mete. [Ipunumas Bo BHrManue (3.25), nepenuiem 0606LmEHHYIO AMCCATIATUB-
HYIO CHJIY

@=-2p (3.30)

Tpusuaibroe auddepenuuposanye ramubToHKaHa (3.26) nossossier sa-
nucaTh cucreMmy ypasHeHu# [amunbroHa

. OH
B =g
P:a_H . Qd (3‘31)
P= ox
B BHUJE
P
m(l + 40212
] 4a’zp? B (3.32)

3.2 Ckobku Ilyaccona
O6inue peKOMEHIAIMHA.

Cko6xku ITyaccona or aByx GyHKUMIA KAHOHHYECKHUX [IE€DEMEHHBIX MOX-
HO BCErJa CYMTATh IO ONPEAESIEHUIO, SIBHO PACIKCHIBAS UX ONPEAEJIAIONIYIO

cymmy. OqHAKO, eCiln U3BECTEH SIBHBIA BUA DYHKUMHA, 4aCTO TeXHUYECKH 6O~
Jlee IPOCTHIM OKAa3bIBAETCH BbIMMC/EHNE NMYTEM CBEJEHUs] MCXOMHOH CKOOKM
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ITyaccona Kk Tak Ha3biBaeMbIM byHJaMeHTaJIbHbIM ckoOkaM Ilyaccona. Drto
JOCTHIaeTCsi IPUMEHEHHEM OCHOBHBIX CBOMCTB CKOBOK ITyaccoHa, Takux Kak
OGUIMHENHOCTb, HEKOMMYTATHBHOCTb U AHAJIOr Npasuaa Jleitbuuua.

3amaga 3.2.1. Boiuncauts ckobky IlyaccoHa ans KOMHOHEHT MOMEHTa
HMITYJIbC3, ¥ MMIyJIbCa MaTepuaJibHO# Touku {L,,p.}.

Pewenue.

Ilpexcae yeM NPUCTYIUTH K BHIYMCIEHUIO CKOOKH [lyaccona, npeacTaBuM
KOMIIOHEHTY MOMeHTa umnyssca L, B Buie dDYHKIMU KAHOHHYECKUX [epe-
MeHHBIX. [IjIsl 9TOr0 BEKTOPHOE IIPOU3BEAEHHME PANUYC-BEKTOPA M HMIIY/1bCA
3amnuuieM B BUJE ONPeJeIMTeNs 1 PACKPOEM ero pasJaras 10 IepBOil CTPOKe:

. t Cz € €,
L=[F><ﬁ]=t z Yy z =
i Pz Py P
=&, (yp, = zpy) + €y (zpz = a:pz) + €, (xpy — ypz), (3.33)
OTKY/la HaXOAUM
L, = zpy — ypa. (3.34)

Wcnoab3ys csoiicTBo Juneiinoctu ckobku Ilyaccona no mepsomy apry-
MEHTY, NPeJICTABUM HCKOMYIO CKOOKY B BHIE CYMMBI JBYX:

{L..pz} = {xpy — YPz. P} = {zPy, P} — {YPz. Dz} -

/asiee pacnuchiBast Kax 1y U3 ABYX CKOOOK 110 ripaBuiy Jlelibuuua, cso-
auM ux K dyngamentaibabiM ckobkam Iyaccona:

{L: -0z} = 2{py. D} + {Z,P:} Py — Y {P2. Dz} — {¥. Ps} P2
HeTpusuaipBo# 0Ka3blBAETCS TOJBKO CKODKA BO BTOPOM CIAraeMoM:
{z.pz} = = {pz,2} = -1
Takum o6pazom,
{L..pz} = —py-
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Sazaga 3.2.2. Beruncnurs ckobky IlyaccoHa KOMIOHEHT MOMEHTa HM-
1yJbca MaTepuanbHo# Touku {L,, L,}.

Perenne.
Hcnonbsys seiparkenue (3.33), 3anuiueM aprymeHTHl MCKOMOH CKOBKM
IIyaccona siBHBIM 06pa3som B Bune GYHKIUHE KAHOHHYECKMX NEPEMEHHDBIX:

L, = YPz — 2Py, L,= IPy — YPz-
Wcnons3ys cBOMCTBO MUHEHHOCTH MO MEPBOMY apryMeHTy, 3alluiiem

{Lz, L.} = {yp. — 2py, 20y — ypz} = {yp., zpy — Yo} —
—{zpy.zpy — yp.}. (3.35)

Hcnonb3ys CBOACTBO MMHEHHOCTM 10 BTOPOMY APTYMEHTY, KaXIYIO 3 ABYX
NOSIBUBIIMXCS CKODOK TaK>Ke DACIMILEM B BUJAE CYMMBbI ABYX:

{La; L.} = {ypz, zpy} — {ypz. y02} — {21y, 2Dy} + {20y, v} . (3.36)

Hanee xaxayio u3 yerbipex ckoGOK pacnuumem 10 npasuiy Jle#buuna, cso-
A8 ux K pynnamenTanbHbiM. Tak npu BolaucieHny nepsoil ckobKy cHauasa
npuMeHuM npasuiio Jleitbruua s nepsoro aprymenTa

{ypz.2py} = y{p:, 20y} + {y. 20y} P2, (3.37)

a 3aTeM B KaxIO# u3 gByx obpa3oBaBLIMXCS CKOGOK — NpuBMJIO Jle#bHuIA
JJ15l BTOPOI'O apryMeHTa:

{vps 2} =y (2 {paps} + (P22} m) + (2 {v. 2} + {v. 2} B, )p.- (3.38)

U3 yersipex dbynnamenTaibbix ckobok [lyaccona, K KOTOPBIM Mbi NIPUIILTH,
HETPUBHAJBHON ABJAETCA JMIIbL OJHA:

{y.p,} = —{py. 9} = 1.

TToaromy

A{vpz,2py} = —ap.. (3.39)
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AHaNOrMYHO PACIUCHIBAEM OCTABLINECS TPU CKOOKHU B (3.36):

{yp:.yp=} = y(y{p. o} + {p= v} p2) + (v {y. 2} +
+{y,y}pa)p: =0, (3.40)
{zpy, 2Dy} = z(m {py. 0y} + {py. z} py) + (:v {z.py} +
+{z,z} py)py =0, (341)
{zpy. yp=} = 2(y {Py-Pa} + (P v} pa) + (v {202} +
+{2.y}pe)py = 2{py-y} P = 20z (3.42)
B utore,

{Lz. L.} = 2ps — zp, = L. (3.43)

3amaya 3.2.3. Ins KjIacCM4ecKOi 4YacTUIBL MACCO# ™, JABMKyIIelcs B
POM3BOJILHOM JIEKTPOMArHUTHOM 110Jle, BHIYHCAMTh CKOOKY Ilyaccona kom-
NOHEHT BeKTopa CKopocTd {,y}. OTBeT BHIPa3uTh Yepe3 HANPSIKEHHOCTh
MarHUTHOT'O NOJIS.

Pemuenue.

TlpeacTaBuM KOMIIOHEHTbI BEKTOPa CKOPOCTH KJACCHYECKOH 4acTHLBI B
Buje DYHKLUMHA KAHOHMYECKMX IepeMeHHbIX. [is 3TOro, Hampumep, BCIOM-
HUM, Kak BeIDIsauT ee dynkuus Jlarpasxka:

1 8.9 €
L=-mr?+-

A 7—ep. :
3 A T—ep (3.44)

rae A. ¢ — BeKTODHBIH 1 CKa/ISPHbI NIOTEH UMbl 3/1€KTPOMATHUTHOIO NOJIL.
OB6001LeHHBIR HMIYJIBC YACTULBL
oL o € =
p=—=mr+ -4, (3.45)
or c

OTKY/2 BbIPAKAEM BEKTOD CKOPOCTH:

35

-36-20)
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ITosromy aprymenthl ckobkm Ilyaccoma, KOTODYI0 Ham OPEJCTOUT NOACYM-
TaTh,

o i LY .
J:Wm(pz (;Ax>’ y—m(py cAy>' 247)

Vcnosp3ys cBoiicTBO GUIMHEHHOCTH, IPEACTABUM HCKOMYIO ckobKy Ilyac-
COHa, B BHJE CYMMBbl YeThIpex:

{x,y} = # {pa: = %Ax-,py - EAH} =
e 2
= & (omd = St = S+ (£ 1404 ) .08

CkobKka B nepBoM cjiaraeMoM ¢yHIaMeHTalpHa U papHa Hymo. Ilocneaussa
cKOOKa,

3
((M’ e an%ﬁ) =1, (3.49)

{4 A=Y | == —

s Ay

S\ Op; Ox;  Ox; Op;
[OCKOJIbKY BEKTODHBIH norenuuan A = A(F,t) He 3aBHCHT OT MUMILYJIBCOB U
NOTOMY IIPOM3BOJHEIE

0A, 04, _ 0
dpi  Opi
CkoBky Ilyaccona B0 Bropom ciaraeMoM B (3.48) pacmuuieM Io onpeje-
JIEHHIO!

3. (0p, 0A, 0Op;0A, _
(pe 4} =3 (T - P2 (3.50)
Ip: ; : Ops
TlpousBosaHa: B = ( aas BCcex 3HaueHmit ¢ = 1,93. A npoussomHas ﬁ_p_

OTJIMYHA OT HyJsl ¥ PaBHA eJuHKNeE Jub 11 ¢ = 1. TloaTomy u3 Beelt cyMmbl
0 MHAEKCY i «BBDKHMBAeT» TOJbKO OJHO C/IaraeMoe CO 3HaYeHHeM HHIEKCa
cymMmupoBanus ¢ = 1:

Op: 04y 84,

{p. Ay} = P Oz B (3.51)

CosepiieHHO aHaJIo0rM4uHo, B ckobke Ilyaccona B TperheMm ciaraeMoM B
(3.48)

3 (E)Azapy 6A1(_9_pl> (3.52)
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OPOM3BOJHASA TAKXKE «BbIKMBAET» TOJIBKO ONHO C/1araeMoe co 3HaYeHHeM HH-
JIeKCa CYMMUPOBaHMS § = 2:

_0A.0py 04,

Az, = — = . 5
{Az.py} 3y o, %y (3.53)
Cobupas Bce BMecTe, 4718 HCKOMOH ckobku ITyaccona momyuaem:
T e (0A, O0A;
B, = ——7 (—5; ~ ) . (3.54)

Benomunas, 4TO HANPAXKEHHOCTh MATHUTHOTO IOJS ONPEIRJISIETCS POTO-
POM BEKTODHOrO MOTEHUMAJIA,

& & & |
= = o 8 0
i AI Ay Az ?

HECJI0KHO COOBPA3UTH, YTO PA3HOCTb NPOK3BOAHBIX KOMIIOHEHT BEKTOPHOTO
norenupaia B (3.54)

0A, 04,

o H,. (3.56)
OKOHYaTENbHO,

T —t3 £ =

{9} =- =5 (3.57)
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3.3 HWHrerpaJjibl ABUXKEHUSA B MeTOe
l'amuabTOHA

O6mue peKoOMeHIAIUN.

Yacro ciydaercs Tak, YTO B CU1Y Te€X WM MHBIX IPDUYHMH HEMOCPEeNCTBEeH-
Hoe pemenue auddepeHnyaIbEbIX YpaBHeHnit [aMuibrona 3aTpyqHeso. Tak
K€ KaK U B JIArPaHXKeBOM, B FAMHJITOHOBOM (bOpMaju3Me Ha IOMOMIb MO-
2KeT IPUHTH MeTO/ MHTErPAJIOB IBMXKEHWS: BMECTO TOro, YToObl peliarTh Cu-
cremy nuddepeHIMaNbHBIX YPABHEHUN JIBHKEHUs, MOXHO DEIIaTh CHCTe-
MY, COCTABJIEHHYIO M3 HHTErpasoB ABMxKeHus. [Ipn sToM cucrema ypasHeHuit
J02KHa OBITh 3aMKHYTOM: YHCJO YPaBHEHMI JIOJXKHO COBIAJATH C YUCJIOM
HEU3BECTHBIX OGOOIIEHHBIX KOODIUHAT, HAXO0XKAEHNHE KOTOPbIX KaK PyHKIUK
BPEMEHY U SIBJISETCS LeNbI0, TO €CTh HEOOXOAUMO HANTU CTOJLKO HHTErPAIOB
JIBUM2KEHU S, KAKOBO YHUCJIO CTeneHelt cBO0Obl MMeeT paccMaTpUBaeMasl CHCTe-
ma Tes. OqHaKO MHTErpaJsl ABMXKEHHSI B FAMHUJIBTOHOBOM GOpMAIU3MeE IIPel-
cTaBasier cobo# QYHKIMY KAHOHUYECKMX NIEPEMEHHBIX (TO ecTh 0600IEHHbIX
MMIIYILCOB U KOODAMHAT), MOITOMY, 4TObbI IpeBpaTuTh ero B Auddepennu-
aTbHOEe YPABHEHME NEePBOro NMOPSAKA TOJNBKO 110 OB0BIEHHBIM KOODANHATAM,
HEOBX0MMO, HCIIOJIb3Ysl ypaBHeHust [aMuiIbTOHA, BBIPa3UTh 0000IEHHbIE HM-
1LyJIBCHI Yepe3 06OOIEeHHbIe CKOPOCTH M [IOACTABUTD B HaliJleHHbIe HHTEIPAJIb]
JBUAKEHNUS.

Caefyer IOHMMaTb, YTO CYLIECTBOBAHUE WHTErPAJIOB [BHKEHUS SIBJIHAET-
csi CIeACTBUEM YDAaBHEHUMH NBHXKeHUsi [aMUIbTOHA, 4YTO U JeJaeT pelleHue
CHCTEMbl YPaBHEHHMIt, COCTABJIEHHO! M3 MHTEIPaJIOB JBHUXKEHHUs, IKBUBAJIEHT-
HBIM DELIEHHUIO CUCTEMbl YDABHEHUH [BUXEHMH.

3agaua 3.3.1. Halith 3ak0OH ABUXKEHUSI B KBaApaTypax OJd CHCTEMBI,
KOTOpas ONMCHIBAETCS JarpaHKuaHoM (a=const)

£ iz %(p2 + P27 - 2 ‘:’f“".

Pemmenne.
OTmeTuM, 4TO HCIIONB3YS U3BECTHBIE HA JAHHBIK MOMEHT METOARLI, MO BH-
Ay dyHkuum Jlarpanaka MOXXHO HAHTH TOJILKO OJHMH MHTErPaJl JABUIKEHHS —
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060011eHHY10 3Hepruio. LHKIN4YeCKX KOODAMHAT HET, 1103TOMY HM OJMH M3
0606LIEHHBIX MMITY/IbCOB HE SIBJSETCS MHTeIDAJIOM ABHXKEeHUs. B To Bpems
KaK paccMaTpuBaeMasl CUCTEeMa uMeeT JBe creneHu ¢Boboas. OaHako cieay-
€T JONyCKaTh, YTO HEBO3MOXKHOCTbH HAWTH HEJOCTAIOIMI MHTerpaJ ABUIKe-
Hust o Buay dyukuuu Jlarpanka, He 0O3HaYaeT BOBCE, YTO OH HE CYIIECTBYET.

Ilepeitiem K raMMJIBTOHOBY ONMCAHHIO cHCTeMbI. [lojBepruem 3aIaHHEBL
JlaTpaHKuaH npeobpasosanuio Jlexkanpa 1 nocrpoum byHKIuK0 [aMHIBTO-
Ha. [1s sroro cHavasa BbpasuM 0606LIEHHbIE CKOPOCTH 4€Pe3 KAaHOHUYEeCKHe
IIepeMeHHbIe.

Ilo onpenenenuto, 0GoBIIEHHEBIH NMILYIIBC Py

oL 3
Do = a_p =1mp, (358)
OTKyda

y=Pe
p=_" (3.59)

AHanorunyHo, 0600MWEHHbIH HMILYIIBC Py

oc
P, = — = mp-p, 3.60
£ aap PP ( )
oTKyHA.
_ Py ,
= (3.61)

Oyuknus [amunprona

Ty P P
H=pp+po=—L=pp o 4pe 15 -

2 2 2
m 2&)2 . a¥ B acosp Py Py |, QCOSp g
2 (m R mp? ¥ 02 2m * 2mp? . p* 6]

Mocrpoennas ¢yukuusa TamunbroHa He 3aBUCHT SIBHO OT BpeMeHHM
oH
at

JBYOKEHWSL:

=0 , 1 OTCYTCTBYIOT AMCCHIIAIIMM, OHA CaMa BJIA€TCsl UHTErpaJoM

H =const = E. (3.63)
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(TTocKOJIbKY TaMHIBTOHHAH IIO0 CBOEMY CMBICJIY €CThb OBOOIIEHHAasi SHEprus
CHCTEeMbl, 3HAUEHHE ero MMeeT CMbIC/I 0003HAa4nTh KOHCTauToi E.) s na-
XOKJIEHUSI BTOPOI'O MHTErpaJsa ABUKeHUd, nepenuiueM GyHKuuo [aMunsTo-
Ha cieayomum obpa3oM:

P 1(Pp;
H = 2;}; +? (ﬁ-&—acosw) . (3.64)

Takas dopma 3anucu raMUJIBTOHHAHA II03BOJISIET CAEJIATH BHIBOJ, O TOM, YTO
BbIDaXKeHue, cTosilliee B CKOOKaX, ecTh DYHKUMSA Mapbl KAHOHMYECKU COMpS-
JKEHHBIX [IEPEMEHHBIX Dy, ¢

-

f(By: %) = 22 +acosy, (3.65)
KOTOpble Hurde 6osee, Kak B Heit, He BCTpeyaloTcd B pyHkuuu [amMuasTo-
Ha. B 3TOM ciiy4ae TOBODSAT O TOM, YTO MMEET MeCTO (DaKTODH3aUMUs 3aBU-
cumocTy GyHKIME [aMUIBTOHA OT NAaphi KAHOHUYECKY COTPSIAKEHHEIX Nepe-
MEHHBIX Py, ¢ B GYHKIMIO f, a NOTOMY NOC/IENHSISI SIBJSETCS HHTErPajoM
JIBHKEHUS:

2
P
=~ + acosp = C = const. (3.66)
2m
Ilpu srom cama dyskuus I'aMuIbTOHZ, K2K MHTErDAN BUXKEHHUS, TENephb
MOKeT OBITh 3anucaHa Kak
2
P C
=t +==F (3.67)
2m  p
Cornacho obmeMy a/iropuTMy, JaJjiee HeoOX04UMO, HCIIOIL3YS YPABHEHHUS
TamunsToHa

. O0H p

p= 5;‘ i’ (3.68)
_0H  p,
8;0‘; T mp? )

BHIPA3UThH 0600IIEHHbIE HMITYBCH Py, P, depe3 0O0CIIEHHbIE CKOPOCTH p.
1 nepenucarh HHTErpasisl Apuxkennus (3.66) u (3.67) B Buge auddepenunans-
HbIx ypasHenuit. OfHAKO, IOCKOJIbKY HCXOAHO 3a/aua 6b11a chOpMYINpoBa-
Ha B JIarPaHKkeBOM (opMau3Me, U Mbl COBEPLININ IIEPEXOL K FAMUILTOHOBY,
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HeobxoauMble HaM Bbipaxcenns (3.58), (3.60) yxke umerorca. IlogcraBaas ux
B HallJleHHbIE MHTEIPAJibl ABMXKEHHUS, IOLYYAM CUCTEMY:

mp*  C

2 (3.70)
= -—mp &* + acosp.

E =

Beuipaxxast u3 nepBoro ypasHeHusi p

P dp _
SN ) -

U pa3lenifid NepeMeHHble, NOJYYHM KBaJpaTypy, KOTOpAas ONpeleNseT HesB-
HYIO 3aBUCHMOCTb p = p(t):

t P d
/dt = i/—‘-’———. (3.72)
to PO _2. (E s 9)
m p?

Bripasum u3 (3.66) 06061eHHYIO CKOPOCTE (:

R
- ﬂ:%\/}% Y (3.73)

PaccmorpuMm nasiee orHomeHue 060BIMEHHBIX CKOPOCTEH p M ¢, KOTOPOe
cornacHo pasexcTBaM (3.71) u (3.73) moxker 6biTh 3aMUCAHO KaK

N EY P
m p?

i%\/% (C — acosy)

Paznensist nepeMerssle, nony4aeM KBaapaTypy, ONPEAENsIOLLYIO HESIBHY O 3a-
BHCHMOCTB p = p(p):

&1&

il

(3.74)

G-

(3.75)

,,
i/m /;—'\/'Z)_=£
p2

149



Boiffop 3HaKOB «+» OCYUIECTBIISIETCS MCXOAsl M3 CJEAYIOMUX coobparkeHuit.
3HaK Tepejs MHTErPaJOM IO yIVIy @ CJjeBa onpeiessier 3HaK 0006IeHHOM
ckopoeTH ¢ (3.73): 3HaK «+» Gepercst B TOM Ciydae, KOTAa IPH ABMXKEHUH
NPOMCXOJUT BO3PACTAHHE YIVIA o, 3HAK «—» — B CJIy4ae yMEHbINEHUS YIJia
. 3HAK nepej UHTErpasoM IO IMepeMEeHHO! p B IPaBOil YacTu onpexnesisieTcd
anaxom 06obmenHoil ckopoctu p (3.73): 3HAK «+» HEOOXOAMMO MOCTABUTEH,
€CJIH TIPH ABMYKEHMH KOODAUHATA p BO3PACTAET, B IPOTUBHOM CJIyYae CTaBUM
3HAK «—».

3Has KOODAMHATHI P, Y M MX IEpBble IPOM3BOAHBIE p. () B HAYAJbHbBIH
MOMEHT ¥ nosarasi t = fy B paBescTsax (3.70), HalijeM OQHO3HAYHO 3HAUEHMSI
koHcranut E u C.

Wrak, 3aKOH JBUIKEHUS] CHCTEMbI C 38,JaHHBIM JIAIPAHKHUAHOM ONpeAesIs-
ercs pasencrBamu (3.72)(3.75).

3agaua 3.3.2. YacTtuua onucsiBaercs JarpaHKuaHoM
L= —2—(7'2 + 4% + TZSIII?@L,OZ) — apcost.
HaitTu 3ax0oH 1BU:KeHMs 4acTUUB B KBajaparypax (a = const).

Pemenne.

OrmMeTnM, YTO IO BEAY JarPaH>KHaHa MOXKHO YCTAHOBUTb [BA HHTErpaJia
JABukeHus:: 06o0Omennas sHeprust ¥ 00OOWEHHbBIM UMNYJILC, COOTBETCTBYIO-
mui nukardeckoit xoopauuare . OJHAKO MX HAM HEJOCTATOYHO MJIs Ha-
XOXKIEHMS 3aKOHA JBHXKEHUS CHCTEMBI C TPEMsl CTeIeHAMH CBOGOADL.

[Toasepruem aarpaH:kuan npeobpasoBanuio Jlexxanapa u nepefijiem K ra-
MUJIBTOHOBY OmucaHuio. Beipasum 06GoOmeHHble CKOPDOCTH 4Yepe3 KaHOHMYe-
CKHE IIepEMEHHBIE.

o onpeaeenio, 0606IEHHbLH UMIYILC P!

>

Dy = g = mr, (376)
OTKyJ8
> o B
r=— 3.77)
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O6OOIEHHBI UMILYJIBC Pg:

po = — = mr?f. (3.78)
oTKyz2

5 _ Do
b= (3.79)

Ananoruuno, 060OUIEHHBIA UMIYJIBC P,y

oL 2. 20,
Pp = = = mr-sin“f¢ — acosh, 3.80
v 3(‘0 ( )
OTKYJ2
p= m(pv—%acosﬁ). (381)
Oyuxkuua FamunbToHa
. . . Pr Do (pr- + acos 9)
H=pr~+pb+p,p—L=p,-— - - -
Pt + pob + Py Proe ¥ P et

2
m Pr 2 2 ( Pe )2 2. 9 (pv 7'_0‘0089)

== | = — | +rsin®f | ———-5—% -

2 (m) T s mr2sin’ @

(p‘p + acos 6)

== cosf =
mr2sin? 6

—a

_n . P !
2m  2mr?  2mr?sin®f

(p¢, + acos 9) : (3.82)

Hocrpoennas dyuxims lamMuabTOHa BHO HE 3aBUCHT OT BPEMEHH:

OH
=0
ot ’

a MOTOMY OHA CaMa SIBJISIeTCS MHTErPajioM JIBHXKEHUs
H = const = E. (3.83)
O6061eHHast KOOPAUHATA » SIBJAAETCS LUKJIHYECKOM:

o0H

By
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a noroMy OOOOILEHHbI! HMILYJIbC D,,, €fi COOTBETCTBYIOWIMH, ABJISAETCA UHTe-
IPaJIOM JIBUXKEHHUS:

p, = const = P. (3.84)
[epenumemM raMUILTOHHAH CJIEAYIONIUM 0OpPA3OM:
2
= Pr 2 1 2 _
H= -2% + - (]Jg -+ m(pw + acos 9) ) . (380)

Buipaskenue, crosiniee B CKOOKax, MOXKeT OBITh MHTEPIPETUPOBAHO KaK PyHK-

nys JByX Nap KaHOHMYECKHX NEPEMEHHBIX Py, U p,, ¢ (KoopamHaTa , Kak

y2Ke ObLI0 CKa3aHO, ABJISETCS UMKJIAIeCKOH, NOTOMY 3Ta (DYHKLUMS DEasbHO

HE 3aBUCHT OT Hee; TeM He MeHee, He OyleT OIMOKOH, eciiu MBI CKaXKeM Tak),

B KOTOPYI0 PaKTOPU3YETCH 3aBUCUMOCTb FAMUJILTOHUAHA OT ITHX KAHOHUYE-
CKUX TMEPEMEHHbIX:

1 2

f(po,0:ps.0) = 1§ + —.-T—(pp + acos 6) ; (3.86)

sin® 6

JelcTBUTENBLHO, BHE 3TUX CKOOOK MEPEYUC/EHHbIE KAHOHHYECKHE MePeMeH-

Hble B qynkuuu [aMuibrToHa Hurige He Bcrpevatorcs. CilenoBaTenbHO, 31a

GbyHKUMsS ¥ OpencTapssier co00i HeOOXOAMMBIM HAM TPETH# UHTerpas IBu-

JKEeHUsA:

f(pe,0;pys, ) = const = C. (3.87)
C yueroM 3TOTO MHTErpaj AsrxKeHus (3.83) mepennuieM kKax
2
Pr c :
H om T T2 (3.88)

Jlanee mepenuineM CHCTEMY U3 WHTErpajoB asuxenud (3.88), (3.84) u
(3.87) B Buze cuctemsl auddeperunanbELIX ypaBHeHuii. s aToro, B caMom
obweM cuyyae, Heobxogumo 6110 661 U3 ypapHenuil Famuiasrona

( 0H _p,
dp. m
;  0H Po
. OH 1
6= By, = mAdp e + 5e7)
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BbIPa3UTh 0GOOIIEHHbIe HMITYJILCH Yepe3 06061enHbie ckopoct. OaHaKo 3Tu
BbIDAX<EHHMS Y HAC y>Ke I10JIy4YeHbl IIPH NPOBeieHUM Hnpeobpa3oBanus .Jle-
xanzapa. C yuerom (3.76), (3.78) u (3.80) nepenuuem HHTErpasbl ABHKEHUS
(3.88), (3.84) u (3.87) B BHAE:

mr? &
L S
2 + 2mr?
P =mr?sin?4p — acosd, (3.90)
2
. P +acosf
C =mr*6? + ﬁ( ) .

sin? ¢

Hy, a nanblie pemaeM 3Ty cHCTeMY CTaHIAPTHBIM 06Pa3OM. IlepBoe ypasne-
HUe JIONYCKAeT Pa3jesieHue [E€PEMEHHBIX M MOXET GBbITh Cpa3y HPOMHTEIPHU-
posaHo. B camom jeiie, BbIpa3uM U3 Hero 7

o _dr ]2 C
== m (B (3:9)

OTKYJa I0CJIe PA3/E/IeHNUs IePEMEHHBIX, MOJLYY9aeM KBAAPATYPY, OIPeIeJIsiio-
LLYI10 HESIBHYIO 3aBUCUMOCTb T = r(t):

t T
dr
dt=% | e ;
zu/ ;{ [2 (E__C_> .
m 2rnr?

Beipasum u3 Tperbero ypasHenus cuctemb (3.90) 6:

2
e i 1 IC (P—f—acos&)
B mrz\l B sin?f (8.93)
¥ DACCMOTPMM OTHOMIeHHe 060BIIeHHbIX CKOpoCTelt 7 1 6. B cooreTcTBum ¢
paseHcTBamu (3.77) u (3.79),

r dr 2 —72; (E ) < 2)
- mr
i=® = =. (3.94)
4 1 | (P + acos 9)
mr? sin? 0




Paznensst nepeMeHHble, MOyuaeM KBaApaTypy, KOTOPas IO3BOJSIeT HAMTH
HESIBHYIO 3aBUCHMOCTD 1 = 1(f):

6 T
i/ , s =z & —  (39)
b | (P + acos 9) 0 mr? 2z (E _ ___>
\J C - _‘f m 27’”7‘2
sin® 6

Haxkonen, paccMoTpuM oTHoweHue 06obimennbix ckopocreit 8 u ¢. [Ipuan-
Mas BO BHMMaHMe COOTHOLEHHe (3.93) 1 BhIpakasi ¢ U3 BTOPOIO YPABHEHMUSI
cucremsl (3.90)

|
_ ii(‘ (P+acos€)
9 _d0 _“NT " sin’f (3.96)
P 1 ¥ .
¢ dy

S_m26(P+aC059)

HaleM TPEThI0 KBALPATYPY, MO3BOJSIOUIYIO OIPENeNITh HESIBHYIO 3aBHCH-
mocetb 0 = 0(¢p):

2 2 (P + acos 9) do
i = & , . (3.97)
4’{ : éu/ sin* E (P + acos 8)2 ’
V i sin? 6

Brauenuss KOHCTAHT F, P u C OIHO3HAYHO ONPEIEISIOTCS HAYAAbHBIMU
yesoBusiMu: niosiarast t = to B (3.90), HaxoquM ux. 3aKOH ABUIKEHMS YaCTUILL
onpeaensercs KBaaparypaMu (3.92), (3.95) u (3.97). 3uaku «£» B ITUX BbI-
parKeHUSX Iepe]l UHTETPAJaMU [0 NEPEMEHHBIM 7 1 6 cieiyer BuIOUpaTh U3
coeayomuX coo0parkenuit. 3HaK nepes HHTErPajioM IO T ONPeNeIseTcs 3Ha-
KOM 0BOBIIEHHOH CKOPOCTH T B COOTBETCTBMU C PaBeHCTBOoM (3.91), mosromy
B Ciy4ae JBUXKEHHS 4aCTHLbl B CTOPOHY yBejmueHuss 0DOOIIEHHONR KOODIH-
HATHI T nepe/] MHTerpanamu o r B pasencrsax (3.92) u (3.95) cienyer 6parn
«+», B IPOTUBHOM CJy4ae — 3HaK «—». AHAJOTHYHbIM 00pa3oM, 3HAK Iie-
pes MHTerpasiom 1o § onpeaensieTcss 3HAKOM IIPoM3BOAHOM # coryacHo (3.93).
CiieoBaTesibHO, €C/IM YACTUIA JBUIKETCS TaK, YTO UPH 3TOM yroi f Bo3-
pacraer, nepej MHTErpaJjaMu 1o § B 1IOJy4YeHHbIX KBAAPATYpPax, HeoDXOAMMO
OCTABUTDb 3HAK <«-+», HHAYE — 3HAK «—».
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3.4 Kanonumdeckue npeobpasoBaHus

O01ue pekoMeHjaium.

Taxzke kax u B narpaHxkeBoM dopManusme, B Meroe [aMHIBTOHA YCIex
U MPOCTOTA PEIleHUs TOR WM MHOM 3ajJadm MOKeT 3aBUCEThb OT BLbopa ne-
PEMEHHbIX, YTO 4aCTO NPUBOAUT K HEODXOAMMOCTH COBEPLIEHUS X N1peobpa-
30BanMd. [lockonpKy B raMHJIBTOHOBOM (OPMAIU3ME HE3ABUCUMbBIME IHEpe-
MEHHBIMH ABJIAIOTCA He TOJLKO 000OLIEHHbBlE KOODAWHATHI, HO i 000BIeHHbIe
MMIIY/IbChI, HEOOXOMMMO 331aBaTh 3aKOH NPeOOPA30BaAHMSl M /13 KOODLHUHAT
U JJIs1 HMIIYJIBCOB, NPUYEM 3aKOH NpeoOpa3oBaHus AJis OJHMX aBTOMAaTHYe-
CKHM HE 33JaeT 3aKOH NpeoOpa3’oBaHHsi AMs APYIUX (B JlarpaH»kesoM ¢op-
MaJl3Me Jesl0 OOCTOUT MHAYe: 331aBasl 3aKOH Npeobpa3oBaHus 06061eHHbIX
KOOPAMHAT, aBTOMATHYECKU 33JaeTCsl 3aKOH lpeobpazoBanusi o6OGIEHHbIX
CKOPOCTeH, KOTOPbiC Ha napy ¢ 0DOOIEHHBIME KOOPAMHATAMH O6bIBASIOTCS
HE3aBMCUMbIMU [I€PEMEHHbIMM B J1arpanxesoMm dopMasausme). [lepexons ot
OJHHX MEPEMEHHBIX K APYTHM, Ba>KHbIM SIBISETCS HEOOXOAUMOCTb COXPaHe-
HUsi BHJA YDaBHEHM ABH2KeHUs -—— ypaBHeHM#t [ammibrona, yxe xorst 6bI
NIOTOMY, 4TO 3apaHee 6yeT u3BeCcTHA (GOPMa YPaBHEHUH JBUKEHHS, 4 TAKKE
GyayT AefCTBYIOLIMMH BCe METOIbI, PA3BHTHIE Ha 6a3e KAHOHMYECKO#H hOPMEbI
vpasHenuit [aMuibToHa (Hanpumep, METO MHTEIPAJIOB ABUKeHus ). UTo6b
3TOro J06MTHCS, MMEET CMBIC] PACCMATPHBATH TOJBKO Te NMpeobpasoBaHus
K3HOHMYECKHUX II€PDEMEHHbIX, KOTODBIE B OIIPEALJIeHHOM CMbICJI€ COIIACOBAHBI.
Takue npeobpa3oBanust HA3bIBAIOTCH KaHOHMYeCKUMH. COIIACOBAHHOCTE 3a-
KOHOB Npeobpa3oBanusl 060BIEHHBIX KOODIMHAT ¥ UMMNYJbCOB BhIPAXKAETCs]
BBINOJIHGHMEM Dsifia TPeOOBAHMM, 3aJI0XKEHHBIX B IBE TEOPEMbI: HEOOGXOIMMOe
U JOCTaTOYHOE YCJIOBME KAHOHMYHOCTH W KPUTEPHil KAHOHHYHOCTH.

Heobxoaumoe u JocTaTo4HOE yC/IOBHE KAHOHHYHOCTH YTBEDMKIAET, YTO
A1 BCAKOIO KaHOHMYECKOTO NpeoOpa30BaHusl CYIECTBYET XOTs Obl OJHA U3
4eThlpexX BO3MOXKHBIX IPOM3BOLSILUMX (DYHKUAH, yAOBJETBOPSIOMMX OIpe-
JennbiM cooTnomenusaM (opmynaM KaHOHMYecKux npeobpasosanuii). Ha-
000pOT, Kax/1ad INPOoU3BOAALIAL DYHKIUS COOTBETCTBYET CTPOTO Olpele/leH-
HOMY 3aKOHY KAHOHMYECKOro npeoGpa3oBanus. [Ipu HAXOXKJEHHH NPOU3BO-
ased GYHKUMM OfHOTO M3 YEeThIPeX KJACCOB MpexKJe BCEro HeOBXOMHMO
LIDOBEPUTD YCJIOBHE €€ CYIIECTBOBAHUS (B BHIe HEPABEHCTBA HYJIIO MecCHaHa
— ONPEJENNTEs, COCTABJEHHOIO M3 YACTHBIX NPOM3BOJAHBIX -— CBOEro 1
Ka2K/101'0 KJIacca NPOU3BOAsILNX (DYHKUMIT), 4T06bl He TPaTHTL BpeMs W CH-
Jibl Ha 1IOMCKHU DelleHMsi CUCTeMbl YPaBHEHUH Aisl npou3Boasinelt MyHKIuK
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B CJly4ae, ecJIM TAKOBas BCe XK€ He CYILECTBYET.

3nanue npoussosmeil GyHKIHME 03BOSET HAHTH B «HOBO» (DYHK-
iy [aMuIbTOHa — raMMIBTOHMAHA MCCIIEyeMON CHCTEMBI B <HOBBIXS KAHO-
HHYECKHX NepeMeHHHX. TeM caMbIM, OAOMpAs TO WM MHOE KAHOHHYECKOE
npeobpa3oBanne, MOXKHO NOBIMATH Ha BUJ (ysKkuuu [amunprona, Hanpu-
Mep, IBITAACh €€ NPUBECTH K MAKCHMAJIbHO IPOCTOMY BHAY.

Kpurepuil xaHGHHYHOCTH ITO3BOJIAET IPOBEDUTH, ABILETCS JH JAHHOE
npeofpa3oBaHMe KAHOHMYECKHX II€DEMEHHBLIX KAHOHMYECKMM 6e3 HaxXoxie-
Hust npoussoasameft dynxuuu. st sToro Heo6X0AMMO NOACYHTATH DS CKO-
6ok [lyaccona oT «HOBBIX» KAHOHMYECKHM MEPEMEHHBIX MO «CTapbiMs. IIpn
arom ckobku Ilyaccona s ABYX JIIOGBIX «HOBBIX» MMIIYJILCOB IR AJ18 OBYX
<HOBBIX» KOODJMHAT [OJIKHBI ObITh DaBHBIMH HymO, a CKOOKHM Ilyaccona
A BCEX NAD KAHOHUYECKH CONDSKEHHBIX <HOBbIX» HMILYJIbCA U KOODAH-
HATBL JOJIKHBI OBITH PaBHBI OJHON ¥ TOH XK€ KOHCTAHTE, ISl KAHOHWYECKM
HECOTIPSKEHHBIX — HYJIO. JIONOJIHUTEIbHHIM «BOHYCOM» NPUMEHEHHS TOro
KPUTEPUs AB/SETCA BO3MOXXHOCTh HAHTH BAJEHTHOCTh KAHOHHUYECKOTO IIpe-
obpazoBaHusi.

3anmaua 3.4.1. JloxasaTs, uTo npeobpasosauue (p. q) — (P, Q) apnderca
KaHOHHYECKUM ¥ HAiTH ero NpoM3BOAAIIYI0 DYHKIMIO:

1,
P=g"* (p“ - 5q">,
Q@=mpg"

Peurenne.

na goxasaTesbCTBa KAHOHMYHOCTH 11pe00pAa30BAHUA IPHMEHHM KDHTe-
pult xaHoHH4HOCTH. s sTOoro HeoGxomuMo moacyuraTh ckobxm Ilyaccoma
BCEX «HOBBIX» KaHOHMYECKHX IIePeMeHHbIX, KaK DYHKUUH «CTApBIX», 110 «CTa-
pbiM» nepemenusiM. Ckobku Ilyaccona

{P@ﬂJ)Pm%ﬂ} —o, {Q@AJLM@&Q} —o.

g Pq

B CWJIy CBOHCTBA HEKOMMYTATHBHOCTH. JloncuuraeM ckobxy 0606LIEHHOrO UM-
nynsca ¢ koopauraroit. ITo onpegenenuio,

: oPdQ 0OPoQ
P(p5Qat)'Q(p)q:t)} =S a3 T Em a.
{ og 0P Oqg  Oq 0p
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= (07" 49°) (-pa™?) - (~4p'¢ ~q) ¢ =1. (3.98)

Tlockonbky B pesyibraTe Mbl NOJYYHIIM KOHCTAHTY (a He dyHKUHMIO), OTiIHy-
HYIO OT HyJsl, COIVIACHO KPHTEPHIO KAHOHMYHOCTH, 3TO O3HAYAET, YTO, BO-
IEPBBIX, 3aaHHOe NpeobpasOBaHHe IEPEMEHHBIX SIBIAETCS KAHOHMYECKHM,
¥, BO-BTODbIX, BaJEeHTHOCTb npeobpasoBaHusi

c=1.

ITpoBepum ycnosue cymecrsoBahus NpPOM3BOAsMIEH DyHKIMM Kjacca
F1(Q.q,t). Jonxuo BeinonusTbes TpeboBanue:

det (?) #0.

Dj
B namenm Caydae JaHHBI reCCHaH CBOAMTCH K YaCTHOH NpPOM3BOIHOMN
9Q
-1
= =q #0.
dp

UTO O3HAYAET BO3MOXHOCTb OOBABUTL NMepeMeHHble (), ¢) HE3aBHCHMBIMH
Y [IOCTPOMTH HA MX MHOMKECTBE NPOH3BOAsiLLyI0 Dynkumio Fi(Q, g, t). Halitu
€€ MOXKHO IIyTeM MHTerpupoBanus hbOPMys KAHOHHYECKOro Ipeobpa3oBanus,

KOTOpble B OBlIeM ciyyae s NpoM3BOISILeH dbyukuun xaacca F) umeror
BU;

L = 9h
=
(3.99)
oF,
ek %
) 0Q;

Ilpu 3TOM HEOGXOAUMO JI€BHIC YACTH STHX PABEHCTB (neosHOpOAHOCTH) BBIpa-
3uTh Yepe3 He3aBuCHMbie nepementsie (Q, q). Mcuonb3ys 3a1anHbH B yeII0-
BHM 3aJa4# 3aKOH IIPeOODPA30BAHUS, HAXOJUM:

WQ.)=0s  P@a=Q'- 1

IMosromy cucrema NPUHAMAET BUA;

_ R,
Qq"[)_q"
(3.100)
o 1o, 9R
P-z0= 30
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VuTerpupyst nepBoe ypaBHEHHE CUCTEMbL (NP ITOM NMOMHMM, YTO NEepeMeH-
Hble () M ¢ He 3aBUCAT ADPYr OT APYra), HAXOAUM

F(Q.¢t) = %Qq2+f1(Q~t)-, (3.101)

rae fi(Q,t) — mpousBosibHas GYHKUMA yKa3aHHBIX NepeMeHHbIX. VuTerpu-
poBaHue BTOPOTO ypaBHeHusi cucreMsl (3.100) naer

Fi(Qa.t) = Q¢ — +@° + f2(a. 1), (3.102)
2 5

¢ npousBoJbHON dyHKIMeH fo(g,t).
Cpasuubas (3.101) u (3.102), yGexxgaemMcs, 4TO COBIAAEHUS PE3YJIbTATOB
s npoussoasiel PYHKIUM MOKHO AOBUTHCS, TONOKHUE

1 .
fl(Q,t)=gQa+(](t), fZ(qvt):g(t):
rae g(t) — [IPOU3BOJIbHAA (l)yHKU,IdH BPpEMEHH.

Takum o6paszom, npouspoisias GbyHKIMA HCKOMOTO KAHOHUYECKOrO TIpe-
obpa3opanus

Fi(Q.q.t)= %qu - éQé +g(t). (3.103)

Jsist IpoCcTOTH MOYKHO 110J102kMTh g(t) = 0.

Banauya 3.4.2. [logBepruyTh OJHOMEDHBIH raPMOHHYECKUM OCUHUILISTOD

C TaMUJIbTOHHAHOM 4

_P L 22
T om F 2 e
npeobpazosanuio (p, q) = (P.Q):
i3
P=— (qu = ip)e*““‘.
v o (3.104)
= ——-m (qu + 'Lp)e .

Jokazare, 410 npeobpa3oBanue siBIsieTCsl KaHOHM4ecKuM. Haitru ero mpo-
nm3Boysuyio ¢ynkuuo. Ilocrpours «HOBBIM» ramuibronuan K. 3anucars
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«HOBble» ypaBHeHHs ['aMHJIbTOHA M MX PelINTh. 3Has pelleHHs NOCJEIHUX,
3aIMCaTh PEIleHUs! «CTapbix» ypasHenuit [amuibrona.

Pewuenue.

15 noka3aTesbCTBA KAHOHHYHOCTH NPEOOPA30BAHMS IPHMEHHUM KDHUTe-
puit kKanonuyHocTH. Ckobxu [Tyaccona jisi ABYX «HOBBIX» MMIIYJbCOB H s
IBYX «HOBBIX» KOOP/JMHAT B CHJIy CBOKCTBA HEKOMMYTATHBHOCTH aBTOMATH-
YECKU OKa3bIBAIOTCS PaBHBIMH HYJIIO:

{P(p,q,t),P(p-q,t)} =0, {Q(p,q,t)-,Q(p-,q;t)} =0.

pq r.q

Cxobka IlyaccoHa Jijisi KAHOHMUYECKH CONPSKEHHOH napbl P, Q:

_8P3Q 9PAQ
e~iwt mweiwt imwe—iut ieiwt

= = — —==1#0, (3.105)
V2muw V/2mw V2mw 2muw

4YTO O3Havaer, 4TO 3ajaHHoe npeo6pa3OBaHne ABJSACTCS KAHOHHYECKUM H

YHHBaJIeHTHbIM (BaJieHTHOCTH ¢ = 1). CorlacHo HeoBxoauMoMy ¥ A0CTAaTOY-

HOMY YCJIOBHIO KAHOHHYHOCTH, CYLUECTBYeT IO KpaitHell Mepe OaHA NPOU3BO-

namas pyHkuust. YCJIOBHe CYIIECTBOBAHUS NPOM3BOAsiLel dyHKUMHE KJIacca

Fi(Q.q.t) ,
9Q;\  0Q et
det [=2) = =% = #
Op; dp 2mw
BBIIIOJIHEHO (B HalleM OJHOMEPDHOM C/ly4ae IeCCHaH CBOIUTCS ITPOCTO K 4aCT-

HO# npou3oaHoi). Jas unrerpuposanus GpopMysi KAHOHHUECKOrO npeobpa-
30BaHus

_OR
cp = 3"
(3.106)
OF,
P=-25

BbIPA3¥M M3 3aJAHHOIO B YCJIOBHMH 337a4d 33KOHA Npeobpa30BaHusl nepe-
MeHHbie P, p, HEeOJHOPOJUHOCTH YpaBHeHuil, Yepe3 nepeMenHbie (Q, g, KOTO-
pble CYMTAIOTCS HE3ABUCHMbIMM 1P HAXOXKACHUM NPOM3BOAAIel dyHKIUM
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F(Q,q.1):
p(@,q,t) = —i (Q\/ 2mw — qu) ; (3.107)

PQ,q.t) = \1/62_717.:5 <2qu - \/meQe‘M) . (3.108)

Torna, HHTErpUPysi epBoe ypaBHeHue cucremst (3.106), nosy4um:
F(Q.0.t) = [p(@.q,t) da+ /1(Q. 1) =
=4/@Qwﬁ&-—mwhﬁ@ﬁ=
— (Qq\/i?“ - -qu ) +A(Q.8),  (3.109)

rae f1(Q,t) — upousBoibHas GyHKLMS.
Wuarerpuposanue Broporo ypaesenus B (3.106) gaer:

Fi(Quat) = - / P(Q,0,t)dQ + fula.t) =

~twt

/dQ 2qu — V2mw Qt’"“t) + fa(q. t)

V2mw
ie —twt

R <2m.qu— 2 VaImwQPe -M) + falg,t).  (3.110)

rae fo(g,t) — npousBosnbHas yHKUHL.
CpasnuBas (3.109) u (3.110), BbiGupas B kadecTse f1 4 fo

AH(Q.t) = %Qzﬁ_mm; falg,t) = %quZ,

HaXOAHM TPOM3BOAAILYI0 DPYHKIHUIO:
Fi(Q,q,t) = —iV2mw Qge™™* + %quz + é Q%e~2wt, (3.111)

Jna saxoxaenus «Hosoil» dyukuuyu amuabrona K BOCIONB3yEMCS CO-

OTHOLIEHUEM
OF;
K=cH+— (3.112)
at
rae upe,monarae'rcs;, YTO BCE CJjiaraeMble B Ilpa,BOﬁ HYaCTH B KOHEYHOM HUTOre
6y,."1yT Bblpa)KeHbI yepe3 «HOBBIE» KaHOHHMYECKHE NEPEeMEHHBbIE P, Q C IIOMO-

b 33JaHHOI'0 3aKOHa KaHOHUYECKOIrO npeo6pa:303aﬂnﬂ.
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Huddeperunpys paBeHcTBo (3.111) Mo BpemeHU, HAXOmUM:
oF,
at
Moxacrasum (3.107) B MCXOAHBIN raMUILTOHMAH, BPEMEHHO BLIDA3HB €TI0

yepe3 nepeMeHHsbie (), ¢ Ayt ya06CTBa, CII0XKEHHSs: C TOJBKO YTO HNOACYUTAHHON
YaCTHON NIPpOM3BOAHOM:

= —wV2mw Qge ™! 4+ w Q%™ (3.113)

g 1 1 .
=2 4 ~mwl¢® = — o (Qv2mwe"“"t - qu)2 + %mwzq2 -

2m 2
= —w Q% ™ + wV2mw Qge~™t. (3.114)
B urTore «HOBbI#> rAMHJIFTOHHAH OKA3HIBACTCs PABHBIM HYJIIO:
aF;
K=H+7t1=o. (3.115)

C TaKHM raMHJIbTOHHAHOM <HOBbIE» YpaBHEHHA TlamunsToHA BBITVIAAAT
MaKCHMaJIbHO NPOCTO:

p__ 0K _. (3.116)
=~%0 "
M UMEKOT pelueHHe B BUJE KOHCTAHT Qg u Fy:
Q(t) = Qo, P(t) = P (3.117)

3Has 3aKOH ABMKeHus cucTeMbl (3.117) B «HOBBIX» KaHOHMYECKHX Iie-
PEMEHHBIX, HaiteM 3aKOH JBMXXEHHS B MCXOHBIX, «CTAPBIX», NEPEMEHHBIX.
Zljd 3TOr0 MOACTABHM DeIUEHHA <HOBBIX» ypaBHeHuil ['aMu/ibTOHA B 3akoH
npeobpasopanus (3.104):
i ;
Py= (qu - zp)e
2mw
Qo =

~iwt

(3.118)

T (qu + ip) et

U BBIPA3UM «CTapbie» NEPEMEHHbIE P, ¢ KaKk PYHKUMM BpeMeHu t:

g(t) = m (Qoe "“f — iPoe™"). 19
p(t) = —z\/; (Qge_"‘" + inei“‘) ;
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OrmeTuM, B YSCTHOCTH, YTO [1€PBOE COOTHOILEHHE, NeACTBUTE/NbHO, IPEACTaB-
qgder coboft 3aKoH KosieDaHMil OHOMEDHOrO OCIHMJLIATOPA, NPaBJa 3alUCaH-
Hblil B KOMILIEKCHOM BHj€e. Beps BEleCTBEHHYIO 4aCTh, [/ BEIECTBEHHOH
NepeMeHHol I, OIMCHIBAIOIIEH ABMKEHNE OCUMJIJIATODA, MOJIYYMM, KaK U 10~
JIOXKEHO, JIMHEHYI0 KoMOHHauuIo sinwt u coswt:

z(t) = Reg(t) = Asinwt + B coswt, (3.120)

[Jle BelleCTBeHHbIe KOHCTaHThl A m B npeacraBnsiior coboit ompeeseHHbIe
KOMOMHAIUH BEIECTBEHHBIX X MHUMBIX 4acTell KOMILIEKCHBIX KOHCTAHT Py 1
Qo.

Jlannas 3ama4a Ha TIpUMepe TTPOCTeIell CUCTeMbl ONHOMEDHOIO rapMo-
HMYECKOT0 OCIIMLIATOPA JAEMOHCTPHUPYET BCIO CYTh METOJa KaHOHMYECKHX
1peo6pa3oBaHuil: BCErIa €CTh BO3MOXKHOCTH NEPEHTH K «HOBbIM» KAHOHH-
YeCKUM NepeMeHHBIM, COBEpIIasi HEKOTOPOe KaHOHMYecKoe Ipeobpa3oBanie,
nonbupas ero u3 coobparkeHwmil, 4TOObI «HOBBIH» FAMHJILTOHMAH BBHILIALE]
MaKCHMajbHO npocTo. Toraa, pelus «HOBLIE», IPOCTHIE IO BUAY UM CTPYKTY-
pe, ypaBHenns ['aMuIbTOHA, HCNONIB3YA ABHBIA B Npeobpa3oBanuit KaHOHU-
YeCKMX MePeMEeHHBIX, JEIKO HAXOAUM 33KOH JBUKEHHs CHCTEMBI B TEPMUHAX
«CTapblX» nepemeﬂnmx.

3.5 Mertoa 'amunbroHa—AK0oOu

Ob6ue pekoMeHJAlUM.

Meron [amunsrona-fkobu 0CHOBAH Ha MAee O IPHHIMIHAJIBHON BO3ZMOX-
HOCTM JJist JI060T0 raMU/IBTOHMAHA NOAODPATH HEKOTOPOE KAHOHI YeCKoe IIpe-
obpa3oBanue, IPUBOJAIIEE K «HOBOMY> raMuiasToHuany K = 0.

Jlns HaxOXK IeHMs 3aKOHA JBukeHus: MmerosioM amunnprona-#xobu Heob-
XOJMMO:

1. 3amucars ypashenue [amuiabrosa—Axkobn.

2. MeTonoM pa3jleieHust NePEMEHHbIX HAlTKH YacTHOe PEINEHHE ypaBHe-
HUST — TIOJIHBIH MHTerpaa ypasHenusi l'ammiprona—flkobu (nmepemennble Je-
JSTCH CyMMO#: Npou3sBosuias QyHKIUA, KaK (YHKIUSA BCeX 06OOuUIeHHbIX
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KOODJAMHAT U BPEMEHM, HILETCH B BHAE CyMMbl DYHKUMIH, KAXIAsd U3 KOTO-
PBIX 3ABMCHMT TOJIBKO OT OJHON NepeMeHHOH).

3. Iludbdepenumpys HalJEeHHBIA NOJHBIH MHTErpPaJ MO HEeaJAMTHBHBIM
KOHCTAHTAM M NPHPAaBHUBAs NPOU3BOIHYIO K APYIMM NPOM3BOJIbHBIM KOH-
CTaHTaM, HAaXOJUM 3aKOH JBHXKEHHs (SIBHO WIM HEsBHO). 3HaYeHHs BBCIEH-
HBIX KOHCTAHT MOTYT ObITH OZHO3HAYHO HANJEHBI U3 HAUYAJIBHBIX YCJIOBUI.

4. CMBICJI ¥ 3HAYEHUS HEALAUTUBHBIX KOHCTAHT, BO3HHUKAIOILMX NPH HA-
XOXKJEeHMM TMOJIHOTO MHTErpasa, onpeaensor nyrem AuddepeHuHpOBaHHS
NOJHOIO MHTErpaJa 1o OO600OIIEHHBIM KOODAWHATAM M [pPUPAaBHMBas NOJY-
YeHHbIe [IPOU3BOJAHBIE K COOTBETCTBYIOIUM KAHOHUYECKH COIPSIZKEHHBIM MM-
nyabcaM. 3aTeM, Bblpakas, 10 BO3MOZKHOCTH, Hea AUTHUBHbIE KOHCTAHThl AB-
HbIM 00pa30oM, 1oJ1araioT t = ty U, HCIIOJIb3Ysl HAYAJIbHbIE YCJIOBHUS, HAXOAAT
HX 3HAYeHHs.

Caiesiyer NOHMMATh, YTO yCHex npuMeHeHHs Meroaa [amuibroHa—fIkobu
JJ1SE HAXOXKACHUS 3aKOHA JBHXKEHHMS] CUCTEMbl ONPEIE/ISIeTCS BO3MOXKHOCTHIO
IIOJIHOTO pa3jieeHns TepeMeHHBIX. TO eCTb, K BEJIMKOMY COXKAJIEHMIO, JaH-
HBbI# METOJZ He MOXKET ObITh MPUMEHEH K a0COJIOTHO IPOU3IBOJILHOA CHCTe-
me! OHaKO BCeryia MMeeTcs: LIaHC YAOB/IETBOPUTh ITOMY YCJIOBHIO (YCIOBHIO
[IOJIHOTO pa3je/leHus MePEMEHHbIX), HALIPUMED, [ePeX0ofs K «HOBbIM» KAHO-
HUYECKMM NEePEMEHHBIM, B KOTOPBIX, BO3MOXKHO, OHO 6y1eT BBIIIOJHEHO.

3amaga 3.5.1. Meroaom lamunbrona-Akobu B chepuyeckux KOOpAUHa-
Tax HAlTH 3aKOH ABMIKEHHS] B KBAAPATYDPaX I/ YACTHUIlBI, JABHXKYIlelics B
nenTpansdoM nose U(r).

Pemenne.
JlarpaHKuMaH 4acTHLBI, ABMXKYIeics B LueHTpaibHOM nose U(r) B cde-
puYeCKux Koop,zmna'rax, HMeeT BUI

L= —T—;—('r'2 + 726 + r2sin? 05%) — U(r). (3.121)

Jas npopenenusi npeobpasosanus Jlexanapa BbIpa3uM o6obueHHbIe CKOPO-
CTH 4epe3 UMNYJAbehl. [lJist 31010 nocjiennue NOCTPOUM IO ONpe,Ie/IeHHIO:

oL . e

Dr = 'a—r = mr, (3122)
oL -

Bi= = mr26. (3.123)
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oL

= — = mrsin? 8y, 3.124
Py % mr?sin® 6, ( )
OTKYJa

- (3.125)

m
- ﬁa;z, (3.126)

mr
5 3197
¢ mr2sin? 6’ 8.12%)

Torna dysxuusi [amMuaprona

H:Prf"*“PaéJrPcpﬁb—E:Pr'%"'PO'%*‘PW%%;—G—
= ((%)2 +12 () 417 (m—gﬁ)) )=
= 2p'r£n 21]::7*2 i mr2psiin29 +Uir) (3128
B ypasnenuu Famunprona—Axobu:
%Z‘— +H (—66—:-, q,t) =0, (3.129)

nepBbii aprymenT dyHKIMH [aMUIbTOHA B BUje YaCTHON IPOU3BOAHOM O3HA-
yaer, 4To B GYHKIMA [aMuibTOHa HEOGXOAUMO Bee 0GOGIIEHHbIE UMILYJIbChI
3aMEHNTh Ha YaCTHbIE IIPOUM3BOJHBIE 110 COOTBETCTBYIOIHM 0B0OIEHHBIM KO-

OpAMHATAM:
o8, L0, o gt
pr — ar’ Do 30’ yo 3o . .

B namem ciyuae ypaBHeHue [amuaproHa-fKo6u npuHEMaeT BUA:

oF 1 (9F\* 1 (9F\’ 1 6F)2
e ) e f — —— | =— | +U(r)=0. (3.131
ot 2m (c’)r) 2mr? (89) t ot sin? 0 (3ga ) ( )

CornacHo Teopeme $xofu, Al HAXOXK/JEHHS 3aKOHA JBUIKEHUs YacTHULPbI,
TpebyeTcs HallTM YaCTHOE pellenHe 3TOro AudQepeHnuaibHOr0 ypaBHeHMs!
[10/L HA3BAHMEM MOJIHBIA MHTErpal. DTO PelleHHe UIIETCs METOLOM pasjeie-
Hust nepemennbix. IIpencrasum dbynkumo F(t, 7. 6. ¢) B BUuAe CyMMBI 4eThipex
GyHKU@ OHOrO apryMeHTa:

F(t.r,0.0) =T(t) + R(r) + ©O(8) + (). (3.132)
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TMoncranoBka B ypaBhenue (3.131) naer:

T’(t)-{--,zi—n-(R'(r))2+ 1 (@'(9))2+-—1—(¢>’(¢))2+U(r):O. (3.133)

2mr? mr?sin? 6
34ech WITPUX O3HAYAET NPOU3BOLHYIO (DYHKIMK OHOH IEepeMeHHOH Mo ee
apryMeHTY.
Haunem fpasiee noc/iejoBaTenbHO OTACASTh NepeMeHnble t, 7,0, ¢ Apyr or
Apyra. Jas 3Toro nepenumeM nocjeHee paBeHCTBO:

1
2m

1
2mr?

1

e
mr? sin® 6

~T'(t) = = (R(")" + = (0®)" +

(¥(@) +Ur) = 3. (3.134)

B n1eBoit yacTu TeM caMbIM Mbl COBPAJIM BCIO 3aBUCHMOCTb OT NepeMeHHOil ¢,
npaBas 4acCTb 3aBHCHT OT BCEX OCTAJIbHHIX. /IBe byHKIMHM pasHbiX M He3a-
BUCHMbIX APIyMEHTOB PaBHbI APYT APYTY NPM JIOOBIX 3HAYEHMAX UX apry-
MEHTOB TOTZA ¥ TOJbLKO TOrJa, KOrja o0e OHM paBHBI OAHON M TOH XKe IO-
crosHHo#. Tak Mbl BBe/M HEANIUTHBHYIO KOHCTAHTY [3; M IPUXOAMM K ABYM
VPaBHEHUSM:

(&) = B, (3.135)
%(R’(r)f + QWIW2 (((—)’(9))2 + sinlz ; (¢'(¢))2> UG = Br. (3.136)

IlepBoe ypaBHeHME TPHBHAJILHO HHTEIPUPYETCH:
T(t) = —Bit + C, (3.137)

rae C; — npou3BO/bHASA alJUTHBHAS KOHCTAHTa. B ypasHenun (3.136) npo-

U3BeJeM OTHeNIeHHe NIePEMEHHBIX §. ¢ OT 7 NEePENUCaB ero CJAeAYIONHM 06pa-
30M:

2 1 2 1 2
0'0) +—=(¥'(p)) =2mr*| - —(R'(r)) = U(r) | = Ba. (3.138
(€'0) + 5=25(®'(2) Br—5=(R(") ~UE) | = b (3.139)
JleBasi wacTb paBeHCTBa NpeicTaBisier cOOON (DYHKIMIO ABYX NMepeMEHHbIX
0, ¢, npaBass — HYHKUMIO NepeMeHHON 7. DTU ABe DPYHKUMM HE3ABUCHMBIX
[IEPEMEHHBIX PABHBI APYT APYLY, €C/JAH KaXK1as U3 HUX PaBHA KOHcTanTe. Tak



Mbl BBOAMM BTODYIO HEQJJUTUBHYIO KOHCTAHTY . B urore mosiyuaem asa
YDaBHEHHUSL:

1 . )
(9’((9))2 + 57 (® (cp))2 = B, (3.139)
; 1 ’
2mr? (m ~ %(R (r))2 - U(r)) = fa. (3.140)
Tlocnennee ypaBHeHHe no3BossieT HalTu byukuuo R(r):
R(r) == /dr\!Zm (,31 - 5%5 - U('r)) + C,, (3.141)

rae Cy — npou3BOJIbHAS 3JJUTHBHAS KOHCTAaHTA.
Hakonen, B ypasHennu (3.139) npoussenem oTiesieHue nepemMeHHod £ or
[IEPEMEHHOH {p, IePeNuCcaB ero CjaeAyIOUuM 06pa3oM:

1/2
P'(p) =% ((,32 - (@'(9))2> sin? 9) = ;. (3.142)

U BHOBB MBI 00€ YACTH ITOrO COOTHOIICHUS! IPUPABHSAJIMN K HOBOH Hea 1 1uTHB-
HOM KOHcTaHTe (3 BCJIEICTBHE PABEHCTBA APYr APYIY ABYX (DYHKUME He3a-
BUCUMBIX apryMeHToB § 1 . lHTerpupys BO3HHKAIONUIME [BA yPABHEHMS

@'(p) = 3s, (3.143)
(@’(6))2 I B (3.144)
sin2g % £
HaXOIUM:
®(¢) = B3 + Cs, (3.145)
5(8) — ’ 3%
() = i/dﬁ\/dz gt Cy, (3.146)

rae C', Cy — OPOU3BOJIBHBIE AU THBHBIE KOHCTAHTHI.

Cobupas Bce BMeCTe, OObEAUHSS YEThiPE MPOU3BOJLHBIX AJJUTHUBHBEIX
koucrantbl C), Cy, Cy u Cy B onny 34, Haxoaum nosiHbii nHTerpas (3.132)
ypaBHeHus [amMuIbTORa-KOOH

f
|

F(t.r,0,¢) = it + A/-dr\}'_’m (51 _ B U(r)) &

2mr?
: 1 53 -
3 / A9\ By — —op + By + Ja. (3.147)
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Kaxk u 1moyioxeHo NoJIHOMY HHTErpaJy AJjs CUCTeMbl C TPeMs CTEHEeHSIMU CBO-
60,1b1, HAlfJIEHHOE PEIIEHNe 3aBUCUT OT TPEX Hea JAUTHBHBIX KOHCTAHT J1, 32,
B3 1 OOHON aAAUTUBHON KOHCTAHTH J4. Iloc/IenHSAS He OKA3bLIBAeT BJAUSHUS
Ha JUHAMHKY CUCTEMY, IOITOMY 3a4acTylO €€ IIPOCTO He BbIIMCHIBAIOT.

TIpexxje uyemM HENOCPEACTBEHHO HAXOAUTH 3aKOH JBHMXKEHHS, BBISCHHM
CMBICJ U HallleM 3Ha4YeHHsl HEANJUTHBHBIX KOHCTAHT. i 3sToro, corsac-
HO Teopeme ko6, HEOGXOAMMO BBIYUC/IHMTL YACTHBIC TIPOM3BOIHbBIE OT HAali-
JIEHHOTO I10JIHOTO MHTEIrpaJa 1o 0GOBIEHHbIM KOODAMHATAM U IIPUPABHATH
pesyabrar AuddepeHuupoBans COOTBETCBYIONMM KAHOHHYECKH COIPSIZKeH-
HBIM OBOBIIEHHBIM UMIIV/ILCAM.

LOF (. B ‘
Pr = 8_7 - ﬂ:\j 2m (31 s W = l]('f')) (3148)
oF 2%
H= 6 :}:\/,32 " sin20’ (3.149)
aF
Po =5~ =05 (3.150)
d¢

OTKYOa, BbIpaKas HealJUTHBHbBIE KOHCTAHTbI, HAXOAUM:

p=Ty By (3.151)
YU om T 2me? (r), ’

. 32
3y = ph+ ——, .
172 Pe + sin2f’ (3 152)
Bs = p,. (3.153)

Mbl BHIMM, UTO BHLITMCAHHBIE KOMOMHBLUHHM KAHOHUYECKHX IIePEMEHHBIX CO-
XPAaHSIIOT CBOM 3HAYEHHS CO BPEMEHEM, TO €CTh ABJILAIOTCH UHTEIPAJAMH JABH-
xeHusi. UToObl HMETH BOBMOXKHOCTh HAWTH MX 3HAYEHHS, BRIpa3uM 06061eH-
Hble HMIYJ1bChl Yepe3 000buIeHHbIe CKOPOCTH Ha OCHOBE ypaBHeHuit [amiib-
TOHA:

. _OH p,
e = (3.154)
) OH Do -
= — = — 3.15¢
i Opy  mr?’ (3.158)
oH Dy

(3.156)



B KOTOPBIX MBI Y3Ha€M DaHee ye IOJIy4eHHbIe NP IPOBEACHHH Npeobpaso-
Bamus Jlexxanapa soipaxkenms (3.125)—(3.127). CoorsercTBenno, 06061eH-
HBIE HMIYJLCHI BHIPAKAIOTCS Yepe3 06OBIEHHbIE CKOPOCTH COMIACHO PABEH-
crBam (3.122)-(3.124). Ctano 6biTh, Hea UTUBHbIE KOHCTAHTEL

. mr? B2

By = b5 U, (3.157)
A _ 24)2 g3

Bz = (mr?)” + =y (3.158)
B3 = mrZsin? . (3.159)

W sor Teneps, nonarasi B 3THX PaBeHCTBaX t = tp M 3HAd M3 HAYAJIBLHBIX
yciosuii (KOTOpble B JAHHOM 3ajaue SBHbHIM 0BPA30M He 331aHbl, HO OHH BCe-
ria noapasymesarorcs!) sHauenus: 0BOBIEHHBIX KOODIMHAT U OBOGIIEHHBIX
CKODOCTEH, Mbl CMOXKEM HANUTH 3HAYEHUS HEAIUTUBHBIX KOHCTAHT:

B =5 . (3.160)
lt=to

TlepeitaeM K HaxoXaeHuwo 3aKoHA ABUkerus. COrNacHO Teopeme $xobu,
AAs 9T0r0 HeoOxoA¥MO pesysbraT AuddepeHIUpPOBAHUA NOJHOTO MHTErpa-
Jla Y10 HeaJAMTHBHBLIM KOHCTAHTAM NPHPABHATH K JAPYIMM NPOH3BOJIbHBIM
KOHCTaHTaM, KOTOpble B JaJibHelllleM MOTyT ObITh HalAeHb U3 HAYaJIbHBIX
ycjoBuil.

BrrauciuM npou3BOAHYIO OT HAMJEHHOTO NOJHOTO KHTErPaIa yPaBHEHHS
lamunsrona-Akobu (3.147) no HeaaauTUBHOM KOHCTAaHTE J;, paccMarTpuBas
3aBUCHMOCTD €T0 OT () KaK IapaMeTPH4ecKylO, U DUPABHIEM De3yJbTaT K
KaKo#-TO IIPOH3BOJIbHON NOCTOAHHON (vp:

E dr/2m
a,ﬁl B ,(32
2J,31 = 2177,1'2 - U(T‘)

[lony4ennoe COOTHOLIEHHE y)Ke NPEACTABIsSeT COBOU HesBHYIO 3aBUCHMOCTD
KOOpAuHATH T 0T BpeMeHU t. OiHaKO HEepeIIHIIeM ero HECKOAbKO HHaye, 4YTo-
6B JIMLIHUI Pa3 He 3aHUMATHCA HAXOXKAECHHEM 3HAa4YEeHUSA KOHCTAHTBI (65

= oy, (3.161)

r d
by = :l:] = . (3.162)
0 3 3. _ fa2 .
m ('31 2rnr? Gir)
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Ilepexox ot (3.161) k (3.162) MOXHO HOHMMATh TaK: KOHCTAHTY o GbLia
pasnenena Ha JBe vactu. Ilepsas ectb ty, a Bropas mpencraBaser coGodt
NOJCTAHOBKY 3HAYEHUs HHTErDAJIa Ha HHXKHEM npejesie.

Janee BHIYUCIUM NPOMSBOAHYIO OT MOJHOTO HHTErPaia N0 KOHCTAHTe 3,
¥ IIPHPABHAEM DE3YJIBTAT K MPOU3BOJIbHON KOHCTAHTE (rp:

o ro(- b

- 2
oF " / 2mr :t/ df — s (3.163)
08, ' 2\/51 _ B U(r) 2\//3 _ A

2mr? 27 sin?g

KOTOPYK BHOBb pasoﬁ'beM Ha ABe 4YaCTH, Ka’KAYIO0 U3 KOTODHIX IIpeNCTaBUM
KaK pe3yJjblaT INOACTAHOBKHU 3HAauyeHM oboux HHTErpajioB Ha HAX>KHHX Inpe-
AeJiax:

1 dr

9
do
— =B fapi)
2
CS Y PR 90/'32~ 5
Qm 17 omr2 V sin® @

Jannas xBajparypa npeicrasnsieT coboit HEesIBHYI0 3aBUCHMOCTb T = 7(6).
Hakoneu, BHYHC/INM IPOU3BOLHYIO OT [OJHOTO MHTETPAJa [0 KOHCTAHTE Bs
U DpYpaBHAEM Pe3yJbTAT K HOBOW MPOU3BOJIbHOK KOHCTAHTE (v3:

= 3.165
55 = N (3.165)
V72 sin?0

Pazbusas KOHCTaHTy (i3 Ha IB€ 4aCTH: o H 3HA4YEHUE IOACTAHOBKH HHTErpa-
Jia Ha HUJKHEM npejerne, 3aluiiemM

[’
R do
o By o i

sin?§

9r0 HpejcTaBasier coboit 3aBUCHMOCTD p = y(6).
Cootrowenns (3.162), (3.164) u (3.166) 3a1a10T 3aKOH JBUKEHHS YaCTH-
LBl B KBaJAPaTypax.
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OrmeruM, 4TO MHTerpa B COOTHoweHun (3.166) MoxeT GhITb JIErKO Bbi-
YHCJIeH, a NOJIy4aloleecs: Bhpakene OyneT npeacTasisTh cofoil ypasHenue
IUIOCKOCTH, YTO FOBOPHT O TOM, KaK Mbl 3HAE€M, 4TO JABHXKEHHE B JIO60OM LiEeH-
TPAJIbHOM 1OJIE SIBJISETCS ILIOCKUM.

Bhi6op 3HaKOB «£» B MOJIyYEHHBIX KB3JAPATYPax OCYIECTBJSAETCS CTaH-
JapTHBIM 00pa3oM M OIpenessieTcsl HCKAIOYMTEIbHO HAlPABICHUEM JIBUZAKE-
HUSL YaCTUILBI.

3agaua 3.5.2. CucreMs ONHCHIBAETCS aMUJIBLTOHHAHOM

1 (pi+p} (2 1) )
H= (222 (245 ) (+a)).
2 ( 0 — 0@ D3 2 (Q1 (12)

Metoaom lamunprosa—Adxo6u HaliTH 3aKOH ABMXKEHUS CHCTEMEI B KBAADATY-
pax.

Pemenue.

Cpasy ckaxkeMm, 4TO 3Ty 33Ja4y Mbl He CMOIVIM 6bl PElIMTh METOJOM KH-
‘TerpaJioB JBHIKEHUS, UCIOJIb3ys W3BECTHHIE HAM NpaBUJIa HAXOXMKIEHHS HX
0 BMAY TaMIJIbTOHMAHA. B camoM mene, 1o Buay dynkiuu FaMuiasTona mul
3aKJII0YAEM, YTO HHTErpaiaMy ABUXKEHNUS SABJISIOTCH: CAM FaMU/IbTOHUAH (OH
HE 33BHCHUT SIBHO OT BDEMEHH), a TaXxXe hyHKuus

flps.qs) =13 + ~15 (3.167)
a3
B KOTOPYXO akTopusyeTcs Best 3aBUCUMOCTh GyHKnuu ['aMUIbTOHA OT Naphl
KAHOHHMYECKY COMPSKEHHBIX TEPEMEHHBIX P3, 3. OJHAKO ITHX ABYX MHTe-
TPaJiOB JJisl CACTEMBI C TPeMsi CTENEHU CBOGOIBI HEJAOCTATOUHO, YTOOE! HAMTH
3aKOH ABHKeHHMs. V1 Kak Mbl y2Ke OTMEuaJid, HEBO3MOXKHOCTL HAHTH MHTe-
rpaq asuKeHus 10 Buny ¢pyukuun Famunsrona (wnn dbyuxkuun Jlarpanxa)
He 03HA4aeT BOBCE, YTO UX OOJIbIIIE He CYLIECTBYeT AJis AaHHOM cucTembl. Ceit-
4ac MBI yBHJAMM, Kak Meron [amunsroHa—$KoOu BOCIPOH3BEAET 3TOT HENLO-
CTAOUIMA MHTErpajl JBUKEHHS BeCbMa JIeFaHTHLIM 06pas3oM.
Sanuiem ypasaenue lamunbrona—Akobn:

oF , 1 (8F>2+(F)2 .
ot 2 g 9g, a1 — G2
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2
+ ((g—:) + qlg) (o + @)} =0. (3.168)

IMonubiit MHTErpa 3TOro ypaBHeHHs OyneM UCKaTh METOAOM Da3jelieHusi
nepeMeHHbIX, JUis 4ero npeacrasuM byHkuuio F(qy,qs, 3, t) B BAe CYMMbI
yerbipex byHKImit:

F(g1.92,03,t) = T(t) + Qu(q1) + Q2(g2) + Q3(g3)- (3.169)
PesysnbraToM noactaHoBku B ypaBeesue (3.168) Gymer:

1
—q

70+ 3 | (@@ + @@))

; 1
+ ((623(113))2 + 5-2-) (@ + tb)] =0. (3.170)
3
Tlepemennas ¢ MOMEHTAJILHO OTAEJISAETCH:

-7 = 3 | (QUan)" + @4fa))

+
g1 — Q2

1
+ (@@ 3) @) =5 @
3
OTKya BpeMEHHasA 3aBUCHMOCTDb IIOJHOro MHTErpaJjia
T(t) = —ht+Cy, (3.172)

roe C; — npou3Bo/bHAA aAJUTHBHAA KOHCTAHTA.
B ocraBiiemMcsi ypaBHEHAU

3 | (@@ + @) 2

+
Q1 — Q2

+ ((Q’s(qs))2 + 51?) (a1 + qz)] =p, (3.173)

JIErKO OTAEIHTb NEPEMEHHYIO g3, /s YEro IEPEIMIIEM €ro CJIeiyomuM o6-
pa3oM:

(@@ + = =
a3

{m—mmW+mmm 1] L% (3174)

@ —G2) G +aq
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CienoBaTesIbHO, MHTETDUPYs [IEPBOE ypaBHeHue (JeBast 4acTb pasHa J;),

Qs(gs) = :t/d%”ﬁz - 3132-'% Cy (3.175)

(C; — npomnsBosbHA IOCTOSIHHAST) .

Bo Bropom ypassenuy B (3.190) (npasasi 4acTb paBHA ,Jp) NPOM3BE/EM
pasjie/ieHHe NEPEMEHHBIX ¢ M (z, cOOGupasi B JIeBOH YacCTH BCe CllaraeMbie,
3aBHCHIIME OT MEPBOIA, B JIEBOM — OT BTOPOI KOOPAMHATDI:

(Q’l(ql))2 — 2811 + Po? = ~ (Q4(@))” + Bagl — 2512 = Ba, (3.176)
orkyza HaxoauM dbyakuun Qy(q1) 1 Q2(g2):

Qilq) == / dg1y/ B3 + 28191 — B2a? + Cs, (3.177)

Qa(g2) = £ / dlh\/—ﬂ;s —281q2 + 3243 + C. (3.178)

B urore, nonHbli HHTerpaJ ypasHenns lamuibrona-fkobu Gyser umMerb
BHI:

F(q1.q2,03,t) ==t £ / dgiy/ 33 +251q1 — Bagi £
1
£ [ dan/~3s ~ 28100 + ok £ [ dasy[32 ~ 5+ 3u. (3379)
3

rfe aiiuTUBHAS KOHCTaHTA J4 NPeACTaBisieT coboll cyMMy paHee BBEJEHHBIX
01, Cz, Cg u C4.

3akoH ApHKeHHus HalljeM nyTem nuddepenuupoBaHusl NOTHOrO HHTErpa-
JIa IO HeaINTHBHBIM KOHCTAHTAM M NPHPABHUBAS Pe3Yy/bTAT K IIPOM3BOJIb-
HBIM TOCTOSIHHBIM.

Juddepenuuposanue 1o 3; AaeT KBaJpaTypy, KOTOPas BbIPAaXKaeT HesdB-
HYIO 3aBMCHMOCTD MEXJy NePeMEeHHbIMHU t, ¢ 1 ga:

. / i
03 : 2\/133 +281q1 — 52‘1?
N / dgz (—2¢5) =a;, (3.180)

2\/—33 — 2B1q2 + B2¢2
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KOTODYIO TYT )K€ IepenuiieM, pa3buB NPOU3BOJbHYIO KOHCTAHTY (¥] Ha TPHU
yacru (oaHa npejcrapisier coboit fo, ABe APYrHe — PE3YJbTAT IOACTAHOBKU
000KX MHTErpajioB Ha HIKHMX IIpeJesax):

a
t—ty=% dg1 1
ot \/53 +2B1q1 — Bogi

92

dgs gz
F =,
e \[—53 — 20192 + B243
Auddepennyposanne N0 HeaUTUBHONR KOHCTAHTE 3 IPUBOIUT K KBAJ-

paType, Bblpaxkaouie# HessBHYIO 3aBUCHMMOCTb MEX/y TpeMs 06001eHHbIMY
KOOpIMHATAMH (1, g2 U g3:

(3.181)

OF _ +/ dgr (—q}) i/ dga ¢ "
9B, 2\/3s + 231qs — Baq? 2\//‘33 =281z + Bag}
et
2,/32— =
V 93 '
KOTOpy!O nepeinruueM B Buie, y‘{KTblBalOmeM HavaJlbHblE ycaoBua:
q1 g2 .
" / dg1 ¢} s dg> a3 +
gos \/33 + 281q1 — Bag? i \/’ﬁs — 28142 + Boq
q3 dqs
4 (3.183)

‘15’/3 {2~ 51;2'

Haxkonen, nuddepenuuposanne no HealIuTHBHON KOHCTaHTe 3 NPHBO-
JUT K KBaJApaType, YCTaHAB/IMBAIOIIEH HEesIBHYIO 3aBHCHMOCTb Mex iy 06006-
LIEHHBIMH KOODIMHATAMY g1 U go:

oF [, _ duCD
083 : 2\/[33 +231q1 — B2 - 2\/—53 —2/1G2 + ;32(15

Pa36uBas npOM3BOJIBHYIO KOHCTAHTY (3 HA JBE YACTH, NPEICTABSIONMAE O]~
CTaHOBKH MHTEIPAJIOB Ha HMXKHUX Npefesiax, 3anuineMm ee B dhopme:

= . (3.184)

g2

q1 d d
+ / A = o i . (3.185)
& \/53 + 2811 — Bagd iz \/—/33 — 281g2 + 3243

173



Cooruowmenns (3.181), (3.183) u (3.185) ycTaHaBIAMBAIOT 3aKOH JBUXKEHUA
CHCTEMH B KBaJpaTypax.

ﬂflﬂ MOJIHOTHI KapTUHBI BBHISCHUM CMBIC/ U IOJYYUM BBIPA>KE€HHS, I103-
BOJISIIOLIME ONPEIE/IUTH 3HAYEHUS HEQJAUTUBHBIX KOHCTAHT 31, Jp U By, dns
9TOro NOCJaeI0BaTENbHO NponuddepeHupyeM HalieHHbIH TOJHbIH HHTErPaJ
ypaBrenust NamuiibToHa~5ko6u (3.179) no 060BIIEHHBIM KOOPAKHATAM ¢, Go

U qgs:
oF )
p1= o0 = £/35 + 25141 — 342, (3.186)
1

OF
P=g-= :I:\/—ﬁs — 23192 + B263. (3.187)
2

oF / 1
=—=x= -—, 3.188
Ps3 3(]3 r32 qg ( )

OTKyJa MOCJE HEeXUTPHIX NPeoOpa30BAHMM HAXOAMM BBHIPAXKEHUSA [JIS Heaj-
JUTUBHbIX KOHCTAHT:

; 2 4 2
5= 2 (g ) + PER (3.189)
z 2(q1 + )
1
A (3.190)
a3
2 + 2
% = —Pargy + PEZPHL (3.191)

Q2 — q1

Koncranra 3, KaK HECJI0XKHO BHJETb, BOCIPOU3BOAUT OO0 paHee ynoms-
HyTbIM uHTErpaj apwxenus (3.167), KOTOPbI# Mbl HAILIK IO BUAY FaMUILTO-
anana. C yuerom (3.190) koHcTanTa J3; upejcrabiser coboil raMUILTOHUAH
CHCTEMBI, KOTODBIH TaKKe, KaK Mbl BBISICHAIM B CAMOM Hauajle DEeUIeHMS,
TaKxKe sBjsercss MHTerpaiom apwxkenud. Kouncranrta f3;, onpegensiemas pa-
pencteoMm (3.191), npeacrasisier coGoil HOBbIN, HEU3BECTHHIM HaM MHTErPas
ABUXKEHUS, KOTOPbIH Mbl HE CMOIVIM HailTu paHee.

Yrobbi ¥MMeTh BO3MOXKHOCTH HAWTH 3HAYEHMS HHTETDAJIOB ABHXKEHUS
(3.189)—(3.191), HeobxOmMMMO Ha#TH BBHIDAXKEHMs UL OGOGIIEHHBIX HMILYJb-
COB Py, P2 U D3, BHPa3UB UX 4epe3 00oOIeHHbie CKOpOCTH U 06OOLIeHHbIE
koopauHaThl. CeaTh 3T0 MOXHO HA OCHOBe ypaBHeHu# [aMunbroHa:

fi=5—=—", (3.192)

. aH D2
_gq__® 3.193
= o2 - ( )
. OH
%= o = ps(a1+2). (3.194)
OTKY/a, BHIParKas HMITYJIbCh, HAXOLHM:
pi= (2 - @), (3.195)
p2 = (Q1 = 42)(i2: (3.196)
gs
= 3.197
P Q1+ ( )

Tax uT0 Teneps, 3xas 3HaueHHsT OGOGILEHHBIX KOOPAUHAT g;(tp) n 06obeH-
HbIX CKOpOCTe#t ¢;(fp) B HaYaIbHBIA BpeMeHH, HAXOIMM 3HAYEHMS OBOGUICH-
HBIX HMIYIBCOB p;(to) mpu t = ty. Janee, nosarasi t = ¢, B COOTHOLIEHHSIX
(3.189)—(3.191), Haiinem 3HAYCHUSA HEANIMTHBHBIX KOHCTAHT 3.

3.6 Ilepemennbie «aeiicrBme—yroj». Aanadaru-
YeCKne MHBAPUAHTHI

O61uue pekoMeHaaMN.

Ilepemennpte «jeficTBUE—yION» — 3TO OCOOBIE KAHOHMYECKH CONPSI2KEH-
HbI€ epeMeHHble, KOTOPhle MOTYT GBITh BBEJEHBI HE JJIsI BCSKOH CHCTEMBI.
Cucrema 10/)KHA y/I0B/IETBOPATS PsiAy Tpe6OBaHMI, CPENU KOTODHIX, B 4aCT-
HOCTH: COBEPILIEHNE CHCTeMOH MEPHOANYECKOrO ABUKEHHUS, KOHCEPBATHBHOCTD
CHCTeMBI ¥ BO3MOXKHOCTD ITOJTHOrO pa3fie/ieHus! iepeMenHbix. Ilepexos k atum
KaHOHMYeCKMM NEPEMEHHBIM NPeCTaBIseT COO0H KaHOHMYECKOE YHUBAJIEHT-
HOe npeobpa3oBaHue ¢ npoussoisielt dbyHKIMeH, npeacTasasiomwen coboi
KOODAMHATHYIO YaCThb IIOJHOIO UHTErpasia ypasHeHus [amuiabrona—$Iko6u.
Cama nepemeHHas «IeHCTBHE» JAETCS UHTErPAIOM IO NEpHOY H3MEHEHHS
COOTBETCTBYIOWIEH KOODAMHATHI. Ba)kHOH OCOGEHHOCTHIO TNepeMeHHbIX
«JeHACTBUE—YroJI», KaK KAHOHHYECKHX NEPEMEHHbIX, fBJISETCS TO, YTO Ta-
MWJIbTOHMAH, 3aMUCAHHBIR B 3THX NEPEMEHHBIX, 3aBUCHT TOJILKO OT mepe-
MEHHBIX «JeHCTBHE» U He 3aBHCHT OT NEPEMEHHBIX <YTOI».
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B ciaydae cUCTEM C MeIIEHHO MEHSIOIIMMUCH MapaMeTpaMy MepeMeHHble
«JleficTBHE» ABJSIOTCH 301abaTHYECKUMU MHBAPHAHTAMH, TO €CTh COXPaHs-
JOT CBOHM 3HAYEHHS HEM3MEHHBIMM HECMOTDPS HA HE3aMKHYTOCTb CHCTEMb. B
3TOM CJly4ae NepeMeHHble «IeHCTBUE», KaK aauabaTHyecKue MHBAPHAHTHI,
NPEeACTABASIOT COGO HEKOTOPble KOMOUHALMY HECOXPAHSIIOIIUX CO BPEMEHEM
CBOM 3HAYEHMSA SHEPIMM CHCTEMbl M MEHSIONMUXCS NapaMeTPOB.

Ecau B 337a4e peub HAET O MEIUIEHHO MEHSIIOUIMXCs IIapaMeTpax, TO B
NepByI0 odepeap HeOBXOOMMO 3aHATHLCA BBIUMC/IEHHMEM INEPEeMEHHBbIX <«Jeft-
cTBHE», YTOObI 3aTEM BHIPA3UTh YepPe3 HUX IHEPTHIO CHCTEMBI.

Sagaua 3.6.1. lcnonb3yss mepeMeHHble «JeHCTBHE-yIo», HaWTH COB-
CTBEHHYIO YaCTOTY OJHOMEPHOIO FAPMOHHYECKOI0 OCLUJLIATOPA C TAMUJIIBTO-

HUAHOM
p? mwir?
O L
2m 2

Pemenne.

JanHasa npocrefiiiasg 3aJa4a WLTIOCTPUPYET BO3MOXKHOCTb HAXOXIEHHS
YaCTOT CHCTEM, COBEPIIAIOMMX Mepuoandeckoe Asuzkenue. CormacHo obmeit
TEOPHH, UCKOMBIE YaCTOTHI NAIOTCHA JAaCTHOM IIPOM3BOAHON! IaMHJILTOHMAHA
H(J), 3auucaHHOTO B TEPMHHAX IEPEMEHHBIX «IeHCTBHe-yIoid» (IpH 3TOM
TAMUJILTOHUAH OKA3bIBACTCH 3ABUCIIIUM TOJIbKO OT IEPEMEHHBIX <«JAeHCTBHE» )
1O IEPEMEHHBIM <«JeficTBue» J;:

oo 2 198
0J;
TosTomy 3ama4a cROZMTCS K HaxOxkAeHMI0 Gynkuun lamuabrona ocuunis-
TOpa, BBIPXKEHHOrO 4epe3 NepeMeHHYIO «reificTBues. IlocnefHss, kak us-
BECTHO, OIPEAEJISATCS UHTErPAJIOM 110 NEPUOAY UBMEHEHMS KOODIMHATHI:

J = 517—1_ }(p(;t)dcc. (3.199)
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E

I1 X9 &

Ans ocMmbicnienns HHTErpaja «C KpyXKOYKOM», IPOBENEM KaueCTBEHHOE
uccnesosanue apukenus. I'padux norernuana ocuunnsropa

2.9
MWGT

2

Uz) =

IpHUBEJieH Ha pucyske. JIBM>KeHME BO3MOXKHO NDH JI000M HOIOMKHTEIbHOM
3HayeHuu sueprun E > (. Kiaccudeckn mocTymHol 061aCTIO ABHIKEHHS
ABJjsgeTcs 06s1acTh

21 <z < 7o

MENCLY ABYMS TOYKAMH IIOBOPOTA T; U Tp. [109TOMy MHTerpai «c Kpy»ou-
koM» B (3.199) npencraBiser cobo#t cymMMy HHTErpDaJOB MO AByM obaacTsaMm:
OT 1 JO Tp W OOPATHO OT Lz U Ty, TEM CaAMbIM BYIET <HNOKPHIT» NOJHBIH
NEpUOJ U3MEHEHNs KOOPAHHATH T. OJHAKO C/IEAYeT OTMETHTD, YTO BbIPaXKe-
HUSl T8 UMIIYJbca p(z) Kak PYHKIME KOOPAMHATHI HECKOIbKO OTIMYAIOTCS
B 3TUX ABYX obsacTsx. B camom aese, nockombky raMusibToHHAH eCTh 0606-
LIeHHAas dHeprusg F, 3anuiuem

2 2.2
= ;T-n— + m—“;i (3.200)
OTKYyJa
“)2, 2
p= :i:\J! 2m (E - T—é-)f——) (3.201)

HecnoxHO 1OHATH, YTO 3HAKM «+» B KOHEYHOM CueTe OIIPeJENIAIOTCH Ha-
HpaBJeHueM JBuKeHusl. [JefCTBUTENBHO, COTNACHO ONHOMY H3 ypAaBHEHHUil
FamunwToOHA,

YL (3.202)



[losToMy 3HAK «+» nepen kopHem B (3.201) COOTBETCTBYeT IBMMKEHUIO B
CTOPOHY YBeJMueHUs: KOOPAUHATHL £ (B 9TOM ciyyae & > 0), 3HaK «—» COOT-
BETCTBYET ABUXKEHUIO B CTOPOHY yMEHbIICHNS KOOPAUHATHI I (B ITOM Cilydae
& < 0). CemoBaTenbHO, NPeJCTaB/IAs HHTErPal «C Kpyx)oukom» B (3.199) B
BUIE CYMMBI MHTErPaJioB IO ABYyM OOJIACTHM: OT L1 AO Tz M OT Tz J0 T1,— B
NOABIHTErPANTLHOM BbIDaXKEHUHU [JIsl EPBOil 06/1aCTH CliejyeT [Jis HMIYJIbCa

3anucarTb
: 272
i mwsd
p=-+,2m|E— —2—
\@ 2

Jisi BTOpOil —

. 2.2
p=_\2m<E—%)

To ects nepeMeHBast «JIelcTBHE»

1 | mw2z? o mwiz? _
T=5 +z'[ da:\ll2m (E - —2"-—) —l dx\!Zm (E - —2——) =

1 F ¥ mwiz?
=_.9 2 i il 3.203
= 5 /da:\i 'm( 5 ( )

Ty

TeMm caMbIM Mbl CBEIM MHTEIPAT «C KPYXKOYKOM» K OOBIYHOMY OIpejeJieH-
HOMY MHTerpaJiy, KOTODbiif MOXHO BHIYMCISATh JIOBBIM H3BECTHBIM CIIOCOOOM.
K npumMepy, IpOK3Be/ieM ero BEIUHCJIEHUE MCTIONB3Ys F€OMEeTPHYECKUH CMBIC
onpeeaensoro uaTerpaia. OGO3HAYMM NOALHTErpaibiylo byHKIHIO

g 20,2
y=.2m (E - M) (3.204)
\ 2
Y710 3KBUBAJEHTHO MOXKHO NepernucaTsh B BHAEC ypaB}{e}m;{ JNJUICA:
2 2
L ST A (3.205)

2F " 2mE
mwg

a= 4 E‘i’ b= V2mkE. (3.206)
muwy

C 110JIyOCSIMH

Touku noBopoTa z1, Za, npeaesns uarerpuposanus B (3.203), onpesens-
I0TCsL YCJIOBHEM PaBEHCTBA NOTEHLMAJa U SHETPUH

E =U(z), (3.207)
OTKYJ1a
2F
12 = + ang i (3208)

U mockoabky |z)| = z2 = a, KelaeM BbIBOJ O TOM, YTO 3HAYEHHE OMpe-
JesteHHoro uHrerpana B (3.203) umcneHHO OKa3bIBAaeTCs DABHLIM IUIOLIA LM
TOJY3JLINIICA:

lmab 1 [ 2E E

Sopa = =22 = —\/——2 v ImE = =, (3.209)
T mw,

Orcroga HAXOQUM, YTO

E = Jup. (3.210)

W nockosibky 0606uieHHast sneprus # dysaxuusa amunbToHa no cMbICay Of-
HO ¥ TO K€, NOJY4YaeM BbIDAXKEHHE JJIsi TaMWJIbTOHMAHA OCHUJLIATODA, 3a-
MHCAHHOI'O 4Yepe3 NepeMeHHble «JeficTBHe-Yro» (PeanbHO, KaK BHIAMM, OH
OKa3blBAeTCs 3aBUCHUIMM TOALKO EePEMEHHON «JeiicTBHe» ):

H(T) = Jwo. (3.211)

HO3TOMy cobCTBEHHASA 4acToTa OCUUJIATOPa COIVIACHO COOTHOWIEHHIO
(3.198),
8H(J)
W= —o>= = Wwy- 3.212
o = (3212
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3amaua 3.6.2. lllapuk maccolt m, ABHrascCh IO IVIAJKOH HAaKJOHHOH
wiockoct AB B OZHOPOIHOM T0JIe TSIKECTH §, B HU2KHEH ToukKe A HCIBITHI-
BaeT yupyroe cTOJKHOBenue co cTenkoit. HaliTu, kak co BpemeHeM U3MeHSIOT-
Csl 3HepIHsi ¥ MAKCHMAJbHAS BBICOTA NONbEMA WIAPUKA IPH aauabaTnyeckn
MeJIeHHOM M3MEHEHUH YIJ1a (¢ HAKJIOHHO! NJIOCKOCTH.

B

>4

A

Pemenwue.

Ob6mas naest pemieHUs dTOH ¥ MONOOHBIX 3334 3aKJI0YaeTcs B MOCTPO-
enuy aauabaTUyecKOro MHBAPHAHTA, KOTOPHIH NpeACTaBsgeT cobo# HEKOTO-
PYI0 KOMOMHAIMIO MEHSIOMMXCS CO Bpemenem sHeprum E(t) u napamerpa
a(t). ViMenHo OTCIO/a TIPeICTABIAETCH BO3MO2KHBIM HAXOXK IEHHE 3aKOHA U3-
MEHEHHs JHEPIMU CO BPeMEHeM.

MoHO 65110 6bI HONBITATHCA 3AIIUCATh BhIPAXKEHHe 71 SHEPIHUHU IIAPUKA
¥, 3Has 33KOH €ro JBHXKEHMsl, MOACTABUTH 3aBUCHMOCTb €10 KOODIMHAT OT
spemenn B Hero. OHAKO ITO NPEACTABAACTCS NPAKTUIECKN HEBO3MOXKHBIM,
XOTs1 Gbl IOTOMY, YTO Mbi HE 3HaeM SIBHOIO 33KOHa M3MEHEHMs napamerpa
& CO BpeMeHeM, YTO 3aTPYAHMT pellenHe AudPepeHunanbHOr0 ypasHeHHs
[BHKEHHUSA C IEJbI0 SBHOTO HAXOXKAEHUS 3aKOHA JBUKEHHA.

OueBuHO, CHCTEMA MMeEeT OJHY CTreneHb cBOOOAbI (IOJNOXKEHHEe IIapuKa
Ha HAKJIOHHOM IVIOCKOCTM MOXKHO OJHO3HAYHO 33JaTh, BBEJsS OJHY KOODAH-
HATY, TOCKO/IBKY YI'OJ HAKJIOHA €e CUMTAETCs] U3BECTHBIM B JIOGOH MOMEHT
spemenu: o(t) — 3aannas dbyukuus). U tak kak HaMm B JajbHeflueM npu-
1eTcsi HAXOAMTH MAKCHMAJLHYIO BHICOTY MOAbEMA, PAIMOHAJIbHBIM Oyuer B
kayectBe 06ODLIEHHOR KOOPAWHATH BEIOpATh OPAHHATY Y IIAPHKA B CHCTEME
KOODJMHAT, OCH KOTOPO# M300pazkeHbi Ha PHCYHKE.

®J
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Jna nocTpoeHus anuabaTMyecKOro MHBAPHAHTa, KOMM SIBJSIETCH Iepe-
MEeHHast «aefcTBue»

= o § ptw)y, (3.213)

HaM HeoOxoaMMo HaiiTu OGOBIEHHBIN HMMIYJAbC p Kak PYyHKuuo 0600mieH-
HO xoopauHaTH y. CuenaTh 910 MOXKHO, HANPUMEP, IOCTPOUB JarPAHXUAH
CHCTEMH].

Kunernyeckas 3HEPruy HapukKa, COBEpPHIaIOIero njaockoe ABU2KEHHE,

T= 1;-(9;2 +9). (3.214)

Koopaunary £ Heo6x0aMMO BHIPa3uTh Yepe3 0GobLIeH Y0 koopauHalsl y. 13
4HCTO IeOMETPHYECKHX coobpaxceHnH (cMm. puc.),

T = yctga. (3.215)

dudbdepennupyst no spemenn,

&= di(y ctga) - jetga — ya (3.216)
t

sin?a’
OJHAKO HEe CTOUT 3a6BIBATH, UTO YIOJ (x MEHSETCS CO BPEMEHEM O4eHb Mel-
JIeHHO, YTO [O3BOJISET CYUTATH BTOPOE CIAraeMoe, COAePKALIEe ¢, HUYTOMKHO
MaJIbiM O CPABHEHHIO CO CJIAraeMBIM, COAEPHKALINM ¥/, TOr/IA

I = jctga. (3.217)

Ceii daxT 1n03BOsISET CUMTATH MEIJIEHHO MEHSIOIMECs NapaMeTpbl (PUKCH-
POBaHHBIMU (KOHCTAHTAMH) NP NIOCTPOCHHMM JIATPAaHKHaHa cucTeMbl. Beno-
MMHATb O TOM, YTO OHM BCe K€ U3IMEHSIFOTCsI CO BpeMeHeM, HeOOXOIUMO IPH
COCTaBJIEHMH YDaBHEHUH ABIKEHHS 10 MIOCTPOEHHOMY JIArPAH KHAHY.

Wrax, KnHeTHYECKasl SHEPrus IapHKa

m .. my?
T = — (1 + ctgla) = —Z—. bl
2 Y ( & a) 2sin’ o fedty
[MoTeHuuanbHas SHEPrUs NIAPUKA
U =mgy. (3:219)
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Crayo 6biTb, GyHKUUsA Jlarpaska pacCMaTpuBagMoil CHCTEMbI

my?

L=——7F—— ; 3.220
2sin® o may ( )
OB6061LIEeHHBIA UMITYIbC
— L (3.221)
Oy sin‘a
060011IeHHAA IHEPTUS
oL my?
= — L = . 3.222
oy 2sin’ o i ( )
Beipaxkas ¢ u3 (3.221) u nogcrasiss s (3.222), sanumem
2 (2
. p’sina
EFE=——— 3.223
o + MY, (3.223)

OTKy/Ja HaxoauM MMIYIbC p(y) Kax PyHKuuo o6o6ueHHol KOOPAUHATE ¥

2m
sin’

p=ck (B - mgy). (3.224)

ITosTomy nepemeHHas «aeiicrsue» (3.213):

- J = 2#% ’JV——“ E mgy (3.225)

B npenpinyuie#t 3aaade Mbl BHISICHHIIM, YTO J3HHBIA MHTErpasl «C KPyXou-
KOM» CBOAMTCH K YJBOGHHOMY ONPeIEJIEHHOMY HHTerpasy, Npeie/taMiu KO-
TOPOro SBJSIOTCS TOYKM TIOBOPOTA, OrpaHMuKBaiomue 06acTh GUHNMTHOTO

JBUIKCHMSA:
1/ Y (E mgy) (3.226)

sin® o

JleBo#i TOuKO# moBopoTa sBasercs y; = 0 (ona ofycnosrena 6aprepoM B
HIDKHeH TOuYKe HAKJIOHHOM ILIockocTH). IlpaBas Touka mosopora y; ompe-
JejsieTcs CTAHJAPTHO YCIOBHEM paBeHCTBa noremuuasa (3.219) m sHeprum
E:

= —. 227
v= (3.227)
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Wnrerpan B (3.226) xak MHTErpan OT CTeMeHHOH dyHKIuH,

2 1 2m \? 3/2|V2=E/mg
J =~ 3 ('T) (E—mgy) =
Tmg \sin’ a _
y1=0
2 2 1/2 E3/2
= — - ; .22
3ng ( ) sin o (2

U nockosbKy HaiineHHass mepeMeHHas <«IeHCTBUe» siBisieTcs anuabaru-
YeCKMM MHBApHAHTOM, IOJLYyYEHHAs] KOMOMHAIMSA MEHSIOMIMUXCS CO BpEMEeHeM
sHepruu E u yria a cOXpaHsieT CBOE 3HaY€HHe HeH3MEeHHBIM:

L) s

v o const, (3.229)

OTKY/1a HAXOAMM, YTO SHEPIHsi MEHSIETCH CO BDEMEHEM IIPONOPIMOHATBHO CTe-
nenu 2/3 cuHyca yria q:

E(t) ~ sin?® a(t). (3.230)

MakcuMaJjibHasi BbICOTA HOABEMA Aimax NO CYTH €CTb TOYKA IOBOPOTA Y2,
onpejensemMas paBeHCTBOM (3.227), n09TOMY M3MEHEHNe ee CO BPeMEHEM

haax(t) = —= ~ E(t) ~ sin®/3 a(t). (3.231)

3aznaga 3.6.3. OnpeneauTh, Kak CO BpeMeHeM MeHSeTCsl IHeprus cucre-
MBI, ONUCHIBAEMON JarpaH>KHaHOM

Mmoo . k
L= —Q-(zf + z%) - E(zf + 23+ 2ax1x2),
npy aanabaTHIeCKH MeJIEHHOM H3MeHeHuH napaMerpa o (0 < a < 1).

Perrenne.

«JIo6oBOI» M CTAHJAPTHHIA NYTb DElleHHs, NOAPA3yMEBAIOIMHA HAXO0XK-
JleHHue Bbipazkenus a1s 06o0menHo sneprun no dbyukuuy Jlarpan:xa 1 nog-
CTAHOBKM B HEro 3aKoHa ABWXKerusi I (t), z2(t) oOpeden Ha Heysauy no mpu-
YNHE HEBO3MOXKHOCTH HAXOXJEHUS AHATUTHYECKHMMH METONAMM IOCHEIHero
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(x mpuMepy, Mbl He 3HAeM SBHOTO BUJa yHKLMH a(t)). Tosromy, Kak u
NPEIACHIBAIOT HaM OOLIMe PEKOMEHJANUM MOBEJEHNUs! DY aHaJ/M3e CHCTeM
¢ MEAJICHHO MEHSAIOUMMUCS TIAPAMETPaMHl, IOCTPOMM 3uabaTHIECKUE UHBA-
PHAHTHI, IlepeMeHHble «JeficTBhe», [Ji, J2 M 4epe3 HHX BHIPA3UM HUCKOMbIH
3aKOH u3MeHeHus snepruu E(t) co BpeMeneM.

OAHAKO CPa3y MEPEXOAUTH OT JIArDAHXKEBOI'O ONMCAHUS B KOOPJMHATAX
T1, T2 K TAMAIBTOHOBY C LE/IbIO IOCTPORHHS NEPEMEHHBIX «JAeHACTBIe> Hellb-
3q. IIpuuunoOil TOoMy SIBJISIETCS IEPEKPECTHbIN YieH ko Iy T2 B [IOTEHUHATE.

HanoMmHuM, 4TO IepeMeHHble «AelCTBMe~yTOM» MOTYT 6bITh BBEJEHBI HE
ISl BCSKON CHCTEMBI, & JIMIUb AJIf CHCTEM, YAOBJIETBOPSIOUMX ONpele/eH-
HbIM TPeGOBAHMSM, CPeIy KOTODHIX, B YaCTHOCTH, HMEETCs YC/IOBHE Cylle-
CTBOBaHMs HAG0Pa KAHOHMYECKMX NEPEMEHHBIX, JOMYCKAIOUMX MOJHOe pas-
JleJIeHHe NepeMEeHHBIX. YKa3aHHbIA NePeKPeCTHBIA iIeH Byser IPUCYTCTBO-
BaTb X B raMHJIHTOHHAHE, M HMEHHO OH He NO3BOJIMT Pa3Je/UTh [E€PEMEHHbIE
IpM HAXOXJEHMH HOJHOTO MHTEIPAla yPaBHEHMS Tamuisrona—-Akobn. [Mo-
3TOMY IIpeie HaM HeoOXOAMMO, HAXOAACh B JIArDAHIKEBOM ONMUCAHUH, 1040
6parh Taxue 06OBIEHHbIE KOODAMHATHI, KOTOPbIe Obliii Obl JIMILEHD! yIOMS-
HyThIX TpobiemM, u dynkuus Jlarpanxa Gbuia Gbl ANATOHAILHOMR.

PaccmaTpuBaeMasi CHCTeMa, SBAASCh CHCTEMOM, copepuiaromieft komeba-
TEJbHOE JBHAKEHME, uMeeT ocobbie 06obmIeHHbIe KOOPAMHATL §; — HOPMAJIb-
Hblé KOOPIMHATHI, B KOTOPbIX JArPAHXKHAH YJIOBJIETBOPSET XKeNaeMOMY Tpe-
GOBAHMIO: OH JVATOHAJEH M IIPeJCTaBJsSeT cODON CyMMY JarpaH»KMaHOB Of-
HOMEDHBIX FapMOHHYECKHX OCLMIISTOPOB C YACTOTAMH, COBMNAJAIOMMMHU C
COBCTBEHHBIMM 4aCTOTAME w(zi) CHCTEMBI:

1 s 1 1 L
L= (5 £ —2-w(21>§;") + (553 -3 'W‘(Z'z)fg)- (3.232)

Ha nassblii MOMEHT 3ajaya CBElach K HAXOXKIEHHMIO COOCTBEHHBIX €acTOT
w(zi) cucTeMbl. Kak Mbl y2Ke OTMETHJHN B Npebiayliedl 3aiaqe, NpH coBep-
HIeHMH KaKUX—1u60 aeficTBuii Ha ypOBHE JarpaHykuasa (2 Mbl, PaKTHHECKH,
XOTHM COBEpIUUThL Npeobpa3soBanue 0GOGIEHHBIX KOOPAHHAT T; — & HMeH-
HO B yHKuuK JlarpaHika) MOKHO CHHTATb MEJAIEHHO MEHSIOWHECT CO Bpe-
MEHEM NapaMeTphl MOCTOSHHBIMH. Taxk M Mbl Oyzem HCKaTh CTaHJAPTHBIM
06pa30M, ONMCAHHKIM paHee B naparpade 2.7, cobCTBeHHbIE YACTOTHL, 11032~
6biB 06 U3MEHEHMHU I1apaMeTpa a CO BpeMeHeM. l/1si 9TOro cocTaBuM CHCTEMY

184

ypaBHeHuit JlarpaHxa,

mZ; + kz1 + akzy =0,
My + kxo + akz; =0 (3233)

U, CHHUTAS @ = CONSt, MIUEM PeLIeHHe €e, KAK CHCTEMbI C IOCTOSHHbLIMU KO-
apdunmenTamu, B CTaHAAPTHOM BUIE:

() \ _ A1\ i
( B ) = Re ( ile (3.234)
C KOMILJIEKCHBIMHE aMINIMTYIaMi A; 1 A,

PesynbraToM noacranopku B cucremy mucpdepeHIMaNbHbIX YpaBHEHUH
Gyaer onsoponnas cucTeMa airebpauyecKux ypaBHEHUH:

—mw? +k ak A
ak  —mul+k J\ A4 )T (3.235)

HOJIY‘IGHH&S{ cucTeMa MMeeT HETPUBHAJILHOE pelleHWe JMIlb IpH YCJIOBHH,

4TO ONpeJesIUTe/lb MaTPUIBI e DaBeH HYJIO (XapaKTepHCTHYECKOe YpaBHe-
Hue):

—mw?+k k '
g mil’k _mfjw i= (=mw?+k)" ~ (ak?=0, (3.236)

OTKyla COOCTBEHHBIE YACTOTHI

k
2=
Wiz = (1 + a) (3.237)
Wrax, renepr Gyaem paborars ¢ jgarpanxuanom (3.232) B HOPMAaNbHBIX

xoopaunatax &;. Ilposoas npeobpasopanue Jlexxanapa crangaprabiv o6pa-
30M, IOCTPOMM TaMUJILTOHUAH:

. 8L | . oC 2 whyél 2 whés
H={—+6——-L= (’_’1. 4 —w‘”él) + (Ez 3 ——-w(z’{"’) ., (3.238)

o6 ' "0 27 2 2" 2
0O603139uM
2 . ]
P1 u"(1)51 o
5 + 5 = 51, (3.239)
2 2 ¢2
?2 w(2)§2 _ LS
5 + ~a = 32, (3.240)
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Tor/a SHeprus E cucrembl (raMHIBTOHHAH IO CMBICY €CTh SHEpTusi)
E =5+ 8. (3.241)

Benuunust §1, 8; npeacraBimor co6oit SHEPrUM OCHUIISTOPOB.
lasee BBeneM mepeMeHHble «IeHCTBHES:

1 1
T = o ]{Pl dé,, Ty = 2 ]{Pz’ dés. (3.242)

Bripakast MMIYJIbCHL P1, P2 4Ye€Pe3 KOODAMHATBHI M3 COOTHOMICHHMM (3.239) u
(3.240), nepenumem ux B BHgE:

1
Jy = rm fdfu/Zﬁl = W(21)§12: Jo = 2% %d{gdZﬁg - w(22)522_ (3.243)

Hy, a 311 uHTerpaJIbl BHIYKCIISEM COBEPUIEHHO aHAJIOIHYHO unTerpauy (3.199)
B 3ana4e 3.6.1 (Toapko Tenmeps BMecTo 3uepruy E y Hac durypupyer 3;). B
UTOTE,

B 2

T = —, T2 = —. (3.244)

w() w(2)
Ilepemennbie «gelicrues, Jy, Jo SBAAIOTCS 3 uabaTHYecKUMU HHBaPUAHTA-
MH, COXPaHss CBOM 3HAUEHMS HEH3MEHHBIMU:

T2 = const. | (3.245)

Buipaxcas u3 (3.244) 1, 3; u noacrasisist ux B (3.241), Haxonum, 4To SHeprus
CHCTEeMbl

E= k71(,‘)(1) + L72L4.)(2). (3.246)

Benomunas sbipaxenus (3.237) ans 9actor w(yy, w(z), OKOHYATEIBHO HAXO-
JMM 3aKOH U3MEHEHNS SHEPTUH CO BPeMEHeM:

E(t) = Jl\/%(l +a(t)) + Jz\/r—l:l-(l - a(t)). (3.247)

3agnaua 3.6.4. BolsacHutsh, Kax Co BpeMeHeM MeHsercs pajuyc opouThl
YaCTHIBL MACCOR M K 3apA70M e B MAarHMTHOM none H = Hyé, npu anuaba-
THYECKH MEJJICHHOM M3MeHeHUM ero HanpsikenHoctu Hy = Hy(t).
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Pewmenue.

SanumeM ¢ynkuuio Jlarpanxa 3apaxeHHON YaCTHLDL, ABHXKYyUIEHCS B
OHODOJHOM MOCTOSIHHOM MATHMTHOM mojie H = Hyé,, B unuaunapugeckux
KOOpAMHATaX (OTMETHM, YTO HANPAXKeHHOCTh Hy MACHUTHOTO 1OJIS B Helt MbI
paccMaTpuBaeM KaK NapaMeTp, KOTOpbI# Aajee GyeT CYMTAThCH MELJIEHHO
MEHSIOLIAMCS ) :

_Mra 2.0 .2\ €Ho 5.
L—z(p + 09+ ) + =i (3.248)

¥ nonBepraeM ee npeoGpasosanmio JlexkaHApa, TOCTPOUB CTAHIAPTHHIM 06-
pasom dysxiuio Famuierona (cm. samauy 3.1.2.):

2 2 2
P, 1 eHy , D,
H‘Tm+2—m92(p*"2—c”) *om e

OrMeTuM, YTO HOCKOILKY 06061EHHbIe KOOPLHHATH ¢, 2 ABJIAIOTCH LUK~
JIMYECKUMHM, KAHOHHYECKH CONPSI>KeHHbIE UM OGOOLIEHHDBIE MMITY/IbCHL SABJISI-
JOTCA MHTErpaJlaMi JBUKEHUSI:

P, = const, P, = const. (3.250)
Ilpu 3TOM caM raMUILTOHHAH, IpeACTaBAsIOWH} coGolt suepritio E wacTuipi:
H=E,

He ABJAETCA MHTErpajioM ABUXXEHHS, MOCKOJIbKY 3aBUCHT SIBHO OT BpeMeHH
110 NPUYUHE U3SMEHEHHUSA CO BPpEMEHEeM HANPAKEHHOCTH MATrHUTHOTrO NOJS Ho.
2

2z

Cunaraemoe
2m

= const B ramuibToHHaHe (3.249) obo3maunm

2
<

2m

Beesnennad sesmunna £, 1o cMbiciy npeacrabiser coboM sHepruio ABHe-
HUsi B IONEPETHOM MarHMTHOMY IIOJIO HANPABIEHUH H, COIIAcHO (3.249) mo-
}KeT ObITh 3anKcaHa Kax

2 2
D 1 CHQ .
BL= gt t o (pe = 504) A
OTKyAa
’ 1 eH, “
P, = w 2m (EL -~ (p‘,, . ’570 p2) ) (3.252)
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Ilepemennas «JueiicTBues

1 : _ 1 5 ! 1 EHU 2
Jﬂ:m‘l’pdﬂ—E;.W\ﬁ’”@——m(pw‘z—c )) (3:258)

ABJseTCst a1uabaTHIECKUM HHBADHAHTOM:
J, = const. (3.254)

Unterpan B (3.253) MoxkeT ObITH BEIYHC/IEH, HANIPUMED, IIPM IIOMOIIY TE0-
PMM BBIYETOB, NEPEXOJS K KOHTYPHOMY MHTErpajy B KOMILIEKCHOH ILIOCKO-
cru. OJHAKO IJIsT HAIUMX Lenelf HeT HeoOXOMMOCTH 3HATL ero 3HaueHue. Brl-
HECeM M3-TIOJ, KODHSL MHOXKHTeJb 1/p, MOC/Ie 4ero BhIAENUM B HOAKODEHHOM
BbIPAXKEHHH IOJHBIN KBapaT:

I 1 eH, 4
V’”(Eim(m‘—sz'z) )z

1 eHo o . ‘EHU 2>2_
- (mp - L) s () -
1 eHy g 2mcE | ))2 N (chEL )2 3
‘EJ'(TC” (eHo tPe)) T\ Tem, TP) P
B uurerpane
_ 1 1 ey o <2mcEL ))2
J”‘E?fd”;( (52 eH, "Pe)) T

/2
2mcE | )2 2 !
+ + - D, 3.255

( CHU pw p’o ( )

COBEpLINM 3aMEHY MEePEMEHHBIX

eHy , (chEl )__
2¢c P CHQ M “ =u

(3.256)
(32 HOBYIO TIEpEMEHHYIO Mbl O00O3HAYaEM BbIPAYKEHUE, CTOsIEe MO NOJHbIM
KBa/IPaToM B IOJKOPEHHOM BbipaxkeHun). Beps nucdbdepenuuan or obenx va-

crei,

dp= o e (3.257)

Hali/leM 3aKOH M3MEeHeHHs Mephl nHTerpaja (3.255):

do 1 du

= [(3.256)] =% S (3.258)
u

i1y |
2Cp F SH() TP

Crano 6biTh,

1 du s (2mcE, LIt

= — —u+ | — - . (3.259

jp 4r f U+ <2mCE‘L £l ) < ( eHy K p¢) Py ( )
eH, 0 Pe

CoBepliIeHHO HEBAXKHO, Y€My PABEH STOT MHTerpaJ. BaxKHo, 4To, BO-IIepBEIX,

3HaueHMe €ro ecTb KoHcTanTa (3.254), u, BO-BTODBIX, OH NMapaMeTPUYECKH
33BUCHT OT KOMOUHAILUK

2mcE 1 r
CHQ P
HOBTOMy MO2KHO CXeMaTH4YHO 3alliCcaTh
/2mcE|
Jo=f— T, +p¢) = const, (3.260)

rae f — nexkoropas dynkuuda. Toraa, mockoabky cama OyHKIHS f €CTb KOH-
CTaHTa, MOMEHTAJIbHO 3aK/I0YaEM, YTO M €¢ apLyMeHT

2mcE,
eH, + p, = const. (3.261)
ITockonbky p, = const, TO u
2meE |
—_— = st, 3.262
eH, const, ( )
TO €CTh
% = const. (3.263)

Takum 06pa3oM, SHEprHsl ABMKEHUS YACTULBI B HAIPABJIEHHH, OPTOIOHAb-
HOM MarHHTHOMY TOJIIO, MEHAETCA CO BDEMEHEM IIPONOPLMOHAIBHO MOAYJIIO
BEKTODA €ro HaIPSKEHHOCTH:

E. ~ H,, (3.264)
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YTO IeperuiieM B BHIEL:

By =8y, (3.265)

rae C — nexoropast koucranta. C gpyro#l CTOPOHBL, 3Ty YHEPIUI0 MOXKHO 3a-
IMCATh KaK KMHETUYECKYIO IHEPTUI0 BPAUIEHHS 110 OKPYKHOCTH HEKOTOPOTO

pagauyca R ¢ NUKJOTPOHHOH 4acTOTOH wo = 6—0:
me
mv?  m 2 m feHy 2
E =T =P (wR) =2 (Q_L R) (3.266)
Cpasnupas (3.265) u (3.266), nmeem
m (eH 2
CHy = <—“ ) .
o=\ 5 R, , (3.267)
OTKYZAa
HyR%(t) = const, = (3.268)

YTO MOXKET ObITh UHTEPHPETUPOBAHO KAK HEU3MEHHOCTDb [IOTOKA MAarHUTHOI'O
noJsda

® = Hy nR® (3.269)

yepe3 [I0BePXHOCTh, OIPAHUYEHHYVIO TPaeKTOpHell JBUKEHUS HACTHULbL, KOTO-
poil SBJISeTCsi OKPYZKHOCTh paauyca R.

Taxum o6pa3om, IpKU MeJJIEHHOM U3MEHEeHUH Hanpsi2KeHHOCTH MarHUTHO-
ro noasi Hy paguyc R OKPY?>KHOCTH, IO KOTOPOH IBU2KETCsl 4aCTHLA, MeHd-
eTCs TaK, YTO OCTAETCs HEM3MEHHBIM NOTOK MACHHTHOTO NOJIS Yepe3 NOBEpX-
HOCTH, OFPAHMUYEHHYIO TPAaEKTOpUEH 4acTUUbI.
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